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| Abstract

Improvements in cost-effectiveness and reliability of wind turbines is a constant in the
industry. This requires new knowledge and systematic methods for analyzing and de-
signing the interaction of structural dynamics, aerodynamics, and controllers. Thisthesis
presents novel methods and theoretical control developments, which contributes to the
analysis and design of wind turbinesin an integrated aeroservoel astic process.

From a control point of view, awind turbineis a challenging system since the wind,
which is the energy source driving the machine, is a poorly known disturbance. Addi-
tionally, wind turbines inherently exhibit time-varying nonlinear dynamics along their
nominal operating trajectory, motivating the use of advanced control techniques such as
gain-scheduling, to counteract performance degradation or even instability problems by
continuously adapting to the dynamics of the plant. Robustness and fault-tolerance capa-
bilities are also important properties, which should be considered in the design process.

Novel gain-scheduling and robust control methods that adapt to variations in the op-
erational conditions of the wind turbine are proposed under the linear parameter-varying
(LPV) control framework. The modeling and design procedures allow gain-scheduling
to compensate for plant non-linearities and reconfiguration of the controller in face of
faults on sensors and actuators of the system. Stability and performance in closed-loop
are measured in terms of induced £ 5-norm. The procedures are appealing to solve some
of the practical wind turbine control problems because the controller structure can be
chosen arbitrarily, and the resulting controllers are simple to implement online, requiring
low data storage and simple math operations. The modeling procedures also alow the
generation of reduced-order LPV models from high-fidelity aeroelastic tools. Structured
controllers, simplicity in the implementation and aeroelastic codes are in line with the
current industrial control practice. Simulation results illustrate the effectiveness of the
proposed methods.

Tuning amodel-based multivariable controller for wind turbines can be atedioustask.
This often involves selecting weighting functions in a trial-and-error procedure. Multi-
objective control via linear matrix inequalities (LMI) optimization is exploited to ease
controller tuning. Regional pole constraints (D-stability) facilitate intuitive and physical
specifications for vibration control, such as minimum damping and decay rate of aeroe-
lastic modes. Moreover, the number of weighting functions and consequently the order
of thefinal controller is reduced.

Inspired by this application, theoretical control developments are presented. New
LMI conditions for some hard, structured control problems are proposed. Necessary
and sufficient conditions for stability and quadratic performance of vector second-order
systems are presented, as well as sufficient conditions for the synthesis of vector second-
order controllers. New sufficient conditions to the static output stabilization problem are
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also presented. A sufficient characterization is given to the H ., and #2 model reduction
problem. The passive plant design and simultaneous plant-controller design are char-
acterized as sufficient LMI conditions. Due to the linear dependence of the proposed
LMIsin the Lyapunov matrix, problem such as simultaneous stabilization, robust synthe-
sisand LPV control can be treated naturally by defining the Lyapunov matrix as multiple
or parameter-dependent. The effectiveness of the proposed conditions are verified by nu-
merical experiments. Numerical examplesalsoillustrate their application on wind turbine
control.




| Synopsis

Forbedringer i omkostni ngseffektivitet og palidelighed af vindmaller nyder konstant beva
genhed i branchen. Det kraaver ny viden og systematiske metoder til analyse og design af
samspillet mellem strukturelle dynamik, aerodynamik, og regulatorer. Denne afhandling
prassenterer nye metoder og regul eringsteoretiske resultater, som bidrager til analyse og
design af vindmgller i en integreret aeroservoelastic proces.

Fra et reguleringssynspunkt er en vindmglle et udfordrende system, davinden, hvilket
er den energikilde, som driver maskinen, er en darligt kendt forstyrrelse. Derudover, da
vindmgller i sagens natur udviser tidsvarierende lineaa dynamik langs deres nominelle
driftskurve, motiveres anvendel sen af avancerede teknikker sdsom gain-scheduling, for at
modvirke forringelse af ydeevnen eller endda stabilitetsproblemer ved | gbende at tilpasse
sig dynamikken i anlaagget. Robusthed og fejltolerance er ogsavigtige egenskaber, som
bar overvejesi designprocessen.

Nye gain-scheduling og robuste reguleringsmetoder, der tilpasser sig variationer i de
operationelle betingel ser for vindmellenforeslasi form af den sikaldtelineagre parameter-
varierende (LPV) kontrol. Modellering og design procedurer ger det muligt ved hjadp
af gain-scheduling at kompensere for system-ulineariteter og at foretage rekonfiguration
af regulatoren i lyset af fejl pasensorer og aktuatorer i systemet. Stabilitet og perfor-
mancei lukkede slgife mélesi form af induceret £ 5-norm. Procedurerne er velegnede til
at l@se nogle af de praktiske vindmglleregul eringsproblemer, fordi regul eringsstrukturen
kan vadges vilkarligt, og de resulterende regulatorer er enkle at implementere online, da
de kreever lav datalagring og simple matematiske operationer. Modelleringsteknikkerne
giver ogsamulighed for generering af reduceret ordens LPV modeller fra high-fidelity
aeroelastiske vagktgjer. Strukturerede regulatorer, enkelhed i gennemfarelsen og aeroe-
lastiske koder er i overensstemmelse med den nuvaaendeindustrielle reguleringspraksis.
Simuleringsresultater illustrerer effektiviteten af de foresldede metoder.

Indstilling af en modelbaseret flervariabel regulator til vindmgller kan vaare en kedelig
opgave. Dette indebaaer ofte valg af vaegtningsfunktioner i en trial-and-error procedure.
Flerkriterie-regulerign vialinesare matrix uligheder (LMI) optimering udnyttestil at lette
regulator-tuningen. Regionale polbegraansninger (D-stabilitet) muligger intuitive og fy-
siske specifikationer for vibrationsregulering, sasom minimum daampning og indsving-
ingstid for aeroelastiske modes. Desuden er antallet af vasgtningsfunktioner og dermed
rakkefalgen af den endelige regulator reduceret.

Inspireret af denne anvendelse, er teoretiske reguleringsmetoder prassenteret. Nye
LMI betingelser for nogle vanskelige, strukturerede regul eringsproblemer foreslas. Nad-
vendige og tilstrakkelige betingelser for stabilitet og kvadratisk ydeevne af vektor an-
den ordens systemer er vist, savel som tilstraskkelige betingelser for syntesen af vektor
anden ordens regulatorer. Nye tilstragkkelige betingel ser til statisk output-stabilisering er
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ogsapraesenteret. En tilstrakkelig karakterisering er givet til H ., 0g H» modelreduktions-
problemet. Passivt systemdesign og samtidig system-regulator design er karakteriseret
som tilstraskkelige LM betingelser. Pagrund af den lineaere afhaangighed af de foreslaede
LM’ er i Lyapunov-matricen, kan problemer sasom simultan stabilisering, robust syntese
og LPV kontrol behandles naturligt ved at definere Lyapunov-matricen som multipel eller
parameter-afhaangig. Effektiviteten af de foreslaede betingelser verificeres af numeriske
eksperimenter. Numeriske eksempler illustrerer ogsaderes anvendel se pavindmalleregul e-
ring.
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1 | Introduction

This chapter begins with an introduction to the notation used throughout the thesis. Next,
an exposure of the motivation of the present Ph.D. research is given. Some background
material and literature survey on wind turbine modeling and control as well as control
theory relevant to thiswork is presented follows. Lastly, the research objectives are stated
and the thesis structure is outlined.

Notation

Dueto the widerange of subjects dealt with aswell asthe” collection of papers’ structure,
it is a hard task to make notation uniform throughout the manuscript. However, expla-
nations about the notation are embedded in the text of each chapter and should be easily
understandable from the context. The symbol (-) 7 denotes transposition. The space of
sguare and symmetric real matrices of dimension n is denoted S™, while R™*™ denotes
the space of real matrices of m rows and n columns. I,, isthe identity matrix with di-
mension n. If the sub-index n is omitted, the dimensions of the identity matrix are taken
from the context. The set of n-dimensional real vectorsis denoted by R ™. The Kronecker
product is denoted by ®. The symbol >~ (<), i.e. P = 0 (P < 0) is used to denote
that the symmetric matrix P is positive (negative) definite, and = (<) stands for positive
(negative) semi-definite.

1.1 Motivation

Ongoing improvementsin the wind turbine efficiency and reliability led the cost of elec-
tricity (COE) of wind turbines to become economically competitive against conventional
power production. Increasein the annual energy production and lifetime of wind turbines,
and decrease of operation & maintenance costs are among the key factors to reduce the
cost of energy.

The CASED project with the full title ” Concurrent Aero-Servo-Elastic Analysis and
Design of Wind Turbines’ is a four year project supported in part by the Danish Coun-
cil for Strategic Research, wherein Aalborg University and the Technical University of
Denmark are collaborating with Vestas Wind Systems A/S on further improving the cost-
effectiveness and reliability of wind turbines through new knowledge and systematic
methods for analyzing and designing the interaction of structural dynamics, aerodynam-
ics, and controllers of a complex aero-servo-elastic system such as awind turbine. The
present thesisis part of this project and brings contributions towards its objectives.
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Aeroservoel asticity of wind turbines describestheinteraction of the aerodynamic flow
around the turbine, the servo actions by its controller, and its elastic vibrations. Main
aero-servo-elastic elements of awind turbine areillustrated in Fig.1.1. Fundamental un-
derstanding of thisinteractionis required for the development of future wind turbinesthat
are structurally and aerodynamically optimized. Today, the design of awind turbine con-
troller isisolated from the structural and aerodynamic design; the controller is considered
as an add-on to a pre-determined and fixed aeroel astic design (Fig.1.2). Novel control the-
ories and aero-servo-€el astic methods are devel oped in this thesi s, which contributesto the
analysis and design of a wind turbine in a concurrent aero-servo-elastic process. Other
technical and scientific elements addressed in this thesis are the development of novel
gain-scheduling and adaptive control methods that adapt to variations in the operational
conditions of the turbine.
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1 Motivation

Figure 1.3: (left) Windmill in Holland, (middle) Poul La Cour test center in Denmark and
(right) American multi-blade model.

Historical Overview of Wind Energy [Joh04, AndQ7]

Conversion of kinetic energy of the wind into useful mechanical energy has been applied
by man since ancient times. Wind energy is, along with hydro power/waterwheels, the
oldest source of energy used by mankind. Utilization of wind energy hasits origin in the
eastern civilizations of China, Tibet, India, Afghanistan and Persia, with very uncertain
date. It was reported that the Babylonian emperor Hammurabi planned to use wind tur-
bines for irrigation in the seventeenth century BC. Hero of Alexandria, who lived in the
third century BC, described a horizontal axiswind turbinewith four simple sailstotrigger
an organ. With more solid evidence, Persians used wind turbines extensively around the
seventh century AD; vertical axis machine with a number of radially mounted sails.

From Asiathe use of wind energy has spread across Europe. Windmills were used in
the X1 or XII century in England, taking advantage of lift forces. The first record of an
English wind turbine is dated from 1191. The first wind turbine was built for grinding
in the Netherlands in 1439. There were a series of technological developments over the
centuries, and in 1600 the most common wind turbine was the windmill. The word mill
refers to the operation of crushing or grinding grain, so common that all wind turbines
were often called windmills, even when applied to some other function. Interestingly, the
blades of many Dutch windmills are "twisted” and "tapered” in the same way as mod-
ern rotors to optimize the parameters necessary for maximum aerodynamic efficiency,
indicating good knowledge of aerodynamicsat a much earlier period to present.

By mid-1800, there is a need to develop smaller turbines to pump water. The Ameri-
can West was being popul ated and there were vast and good grazing areas with no surface
water, but with large reserves of groundwater a few feet beneath the surface. In this con-
text, wind turbines known as American multi-blades were developed with high starting
torque and efficiency suitable for pumping water. It is estimated that 6.5 million units
were built in the United States between 1880 and 1930 by a variety of companies. Many
of them still operates satisfactorily.

With the invention of the steam engine in the eighteenth century the world has grad-
ually changed its demand for energy and machinery based on thermodynamic processes,
especialy with the introduction of fossil fuels (coal, oil and gas). Although the impor-
tance of wind power as an energy source declined during the nineteenth century, the
research and construction of wind turbines continued on a larger scale. Theorists and
practitioners have continued to design and build wind turbines for electricity production.

3



Introduction

Figure 1.4: Modern wind turbine (Courtesy of Vestas Wind Systems A/S)

Denmark was the first country to use the wind to generate electricity. In 1890 the Danes
utilized a 23 m diameter wind turbine and, in 1910, severa hundreds of units with capac-
ity of 5to 25 kW were in operation. It is worth to highlight the turbines from the Dane
P. La Cour (around the turn of the century) and J. Juul (After the second world war). In
America, the famous 1250 kW Smith-Putnam al so noteworthy.

The devel opment of new materials and technol ogi es marksthe beginning of new eraof
wind energy in 1970. Composite materials such as fiberglass proved very suitable for the
blades. Wind turbine were now controlled by electronic systems. These advances led to
the modern large wind turbines of nowadays: 3-bladed, variable-speed, pitch controlled.
They aso reduced the energy generation costs by approximately 80% over the last 20
years [Cha04]. Notably, in late 2012 the global installed capacity (cumulative) of wind
turbines connected to the network totals 237,699 MW, and grows exponentialy every
year [GWE].

1.2 Wind Turbine Control

Control of wind turbinesreceived considerabl e attention from both academiaand industry
during the last decade. A number of survey papers can be found on the topic [LCOOa,
L C00b, Bos00, Bos03b, L PW09, PJ11]. A consensusfrom al the work done so far isthat
wind turbine control plays an important role on maximizing the energy generation while
alleviating mechanical loads.

The development of a wind turbine controller pass through the definition of control
objectives, control strategy, plant modeling, and controller setup. The control objective
is a qualitative and quantitative description of the goals which should be achieved by
the controller such as increased energy capture, reduced dynamic mechanical loads and
power quality. The other three subsequent steps are carried out to ensure that the con-
troller objectives are satisfied. The control strategy is a selection of the operating points
that the wind turbine should be regulated around. Plant modeling involves the determi-
nation of a wind turbine dynamical model for control design. In the controller setup,
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2 Wind Turbine Control

controller structure is determined such as the controlled variables, the performance mea-
sures, the reference signals, the switching/gain scheduling procedure between different
controllers, aswell as the controller tuning.

The main purpose of a wind turbine is to generate energy. Therefore, one would
expect a control strategy in which the machine operates at al times at maximum con-
version efficiency. However, economical and practical limitations prevent such strategy.
Generator speed has to be operated within minimum and maximum limits, in order to
comply with centrifugal forces, aerodynamic noise emissions and lubrication of bearings.
Produced power should not exceed nominal power, in order to limit reaction torque on
the drive train and power flowing on the electrical subsystem. In essence, the electrical
power produced by a wind turbine should be maximized for each mean wind speed, but
subject to certain operational constraints. The control strategy can be determined by solv-
ing a static non-linear optimization problem. We illustrate the problem with the following
simplified example

(0256*) = argmaxpg (Qg,B,V) (1.18)
(Qz.8%)
subject to
Cl: 7g min =~ Q (11b)
C2:Q, <9, (11c)
C3: Py <Py (1.1d)
where -
= 1 - QR _, (B,
Py = SprR*V? ) - B 11
g 2'07TRVCP<NV§) (N2+ ) (L1e)

In the above, P, and Py arethe generator and nominal electrical power, respectively,
isthe generator speed, 3 is the pitch angle, V' is the wind speed, p is the air density, R
istherotor radius, N, isthe gearbox ratio, 13, and I3, are speed-dependent losses on the
generator and rotor si de, respectively, and C p is the power coefficient. The subscripts (-)
and (-)* stands for steady-state and optimal values, respectively. Other constraints can
be included in the above optimization problem, e.g. maximum thrust and noise limits.
Instead of the simple equation 1.1e, the generator power P, and other variables can be a
function of a high-complexity aeroelastic model. An |mpI|C|t dependence of the optimal
operating point on the wind speed exists, e.g. (Q;(V), *(V)). Infact, the collection of
operating points can be uniquely parameterized by 1 as depicted in Fig. 1.5.

A wind turbine dynamic model is required to the task of designing controllers, irre-
spective of whether classical or modern control theories are adopted. Wind turbines are
non-linear systems, with aerodynamics being the main source of non-linearities. Three
distinct and usual modeling approaches can be highlighted. A quite popular approach re-
lies on first-principles modeling, with few structural degrees of freedom and often based
on static aerodynamics. These can also include one or two modes representing unsteady
aerodynamics (e.g. dynamic inflow) [Henll, Hy11] and actuator dynamics (e.g. pitch
actuator, power converter). Another way to obtain suitable models for control design is
by means of high-fidelity full aeroelastic codes. Linear periodic [Jon] or linear time-
invariant [Han11] models are generated from the origina non-linear aeroelastic model

5
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Figure 1.5: Optimal operating points of a5MW wind turbine.

through numerical differentiation [Jon] or analytical linearization [Han11] around equi-
librium points. Lagrangian mechanics is the mathematical machinery to formulate the
dynamical equations of motion as vector second-order differential equations

M(t) + Cq(t) + Kq(t) = Ff(t) (12)

where ¢(t) is the vector of positions, M, C' and K are the mass, damping and stiffness
coefficient matrices, respectively, F' is the forcing matrix, f(t) is the force input vector.
Depending on the physics chosen to represent the dynamical behavior of the wind turbine,
the coefficient matrices have different properties that characterizes the nature of the so-
Iution ¢(t). Simplified first-principles modeling may result in symmetric matrices while
full aeroelastic codes usually yields models with non-symmetric matrix coefficients. For
control purposes, system (1.2) is often re-written as first-order differential equations

(1) = Az(t) + BF() (1.33)

commonly referred to as state-space form. The relationship between the physical coordi-
nate description (1.2) and the state-space description (1.3) is simply

z(t) = (Z%) A= [—Mo‘lK —MI—lc} , Bi= [ME)lF} (24)

where a nonsingular matrix M is assumed. The inversion of the mass matrix may bring
complicating non-linearities whenever it depends on some parameter, eg. M (#). For
example, § may represent variations of rotor mass due to icing conditions. Wind turbine
dynamics change along the range of mean wind speeds V. Figure 1.6 depicts magnitude
plots of autility-scale wind turbinefor mean wind speedsfrom 14 to 24 m/s obtained with
the aeroelastic tool HAWCStab2 [Hanl1]. The third approach for modeling is through
system identification techniques. Although not consolidated in either the wind industry
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2 Wind Turbine Control
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Figure 1.6: Magnitude plots of a5MW wind turbine for mean wind speeds from 14 to 24
m/s. Inputs are generator torque, pitch angle and wind speed disturbance. Rotor speed is
the ouput.

nor academia, system identification of wind turbines is receiving considerable attention
of the research community [VW08, vVWHFV09].

A classical structure for the control of wind turbines is illustrated in Fig. 1.7. A
couple of control loops with distinct objectives can be noticed. The power and speed
controller loop tracks power and generator speed references generated by the reference
block. Theclassical, industry-standard structure of the power and speed controller isbuild
at one controller for partial load and another controller for full load operation. In partial
load operation, an usual schemeis anon-linear feedback taking the generator torque as a
control signal, proportional to the square of generator speed, eg. @ 4, = KQ? [Bos00].
Another structure involves a Pl controller to track the generator speed reference, Q7
with the generator torque, @, as the controlled input. There can also be a combina-
tion of the non-linear loop with a Pl controller. An open-loop optimal pitch referenceis
usualy supplied to increase energy capture, limit thrust forces and/or avoid stall oper-
ation. In full load operation, another Pl controller tracks the generator speed reference
with pitch reference as a control signal, while the generator torque (or power) are kept
at their nominal values. There are systematic methods for tuning the Pl gains, including
"classical gain-scheduling” to cope with aerodynamic non-linearities[HB02, PLHO5].

Modern wind turbines are lightly damped mechanical structures. Resonances can be
excited not only by the turbulent wind hitting the rotor, but also by the generator speed and
power controllers, increasing fatigue loading of components. Active vibrational control
is usually adopted to overcomethis. Thetower correspondsto a significant amount of the
wind turbine cost; therefore mitigation of tower oscillations in fore-aft and side-to-side
directions is of mgjor concern. Feedback terms on the tower acceleration in each direc-
tion to pitch angle and generator reaction torque can mitigate loads without significant
performance losses in terms of power quality and pitch wear [LR05, Bos03b]. Torsional
oscillations in the drive-train are also controlled by feedback of generator speed to the
generator reaction torque with a band-passfilter suitably tuned at the first drive-train tor-
sional mode [BosO3b]. The wind field is unevenly distributed over the rotor swept area
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Figure 1.7: Classical structure of awind turbine control system.

due to wind shear, yaw error or wake from other wind turbines in awind farm. The re-
sulting asymmetrical loading of the rotor can be mitigated by means of individual pitch
control [Bos03a, Bos05, GCO7, LMTO05]. The principle lies in a feedback scheme that
generates zero-mean individual pitch demandsfor each blade which is superposed on the
collective pitch reference from the power and speed controller.

The control scheme can be extended with feed-forward terms from estimates of wind
speed disturbances [VRPS99, vdHVEQ3, SKv 09, DPW*11]. The usual approach of es-
timating the effective wind speed at hub height is to determine the aerodynamic torque
from the dynamical equations govering theinertial of rotor and drive train. The effective
wind speed is calculated by an inversion of the aerodynamic model [MPB95, OBS07,
OMDJ12]. More sophisticated estimators rely on Kalman filtering techniques assuming
more sophisticated models of the wind and the wind turbine [KBS11, Hen11]. A com-
parison of different wind speed estimators is given in [SKST12]. Recently, there has
been much attention to advanced sensoring of wind speed disturbances and feed forward
control vialaser-based (LIDAR) [WJW11, SBC™" 11, DSP11] and flow-based instruments
[LMTO5].

The control structure depicted in Fig. 1.7 requires the power and speed controller to
operate in paralel with the active tower dampers, drive train damper, individual pitch
controller and possible feed-forward terms. Classical control methods rely on frequency
separation and (weak) decoupling arguments for the design of some of the loops, e.g.
drive-train damper, individual pitch controller. Since there can be significant interaction
between the power and speed controller with the tower dampers, tuning them separately
may not result in optimal performance. Using classical methods, an approach which leads
to satisfactory closed-loop performance is to tune one loop in isolation as a single-input
single-output controller, and augment this loop in the plant model for designing the other
loop [Bos00, BosO3b, BW11]. This process is then iterated until both loops are well
tuned.

A natural approach to handle the multiple-inputs and multiple-outputs of a wind tur-
bine is by the use of multi-variable controllers. While in classical designs the model is
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2 Wind Turbine Control

represented as transfer functions in the Laplace domain, multi-variable control is based
on state-space models in time domain. Pole placement is a popular approach of state-
space control and has applied in [WB02] to generator speed control at full load using the
collective pitch angle as the controlled input. In the single-input case, the pole place-
ment problem has a unique solution [Kai80] facilitating the decision of where to place
the closed-loop eigenvalues. Thisis no longer true for systems with two inputs or more,
making the selection of the location of the poles a non-trivial task.

Optimal control might help on the selection of controller gains by attributing a per-
formance index (cost function) to the design problem. In a stochastic setting, the per-
formance is measured in terms of the variance of a specified output assuming that the
disturbance input is unit intensity white noise. Such a problem formulation is denoted
‘Ho control (or LQG control given this interpretation). Several are the applications of this
method for LTI wind turbine control [CLG94, Gri92, PLHO5, TNP10]. Another famous
performance index consist of a measure of the system gain in an energy sense. That is,
the disturbance is considered to be an arbitrary (o signal and we wish to minimize its
worst-case effect on the energy of the performance channel. This problem, denoted H
control, is particularly useful for guaranteeing closed-loop performance despite uncer-
tainties of the model to be controlled. H ., control has been applied to LTI wind turbine
control in several variations [BJC04, BvBD93, CILG92, RF03, RFB05].

LTI design methods can be applied to only a single operating point of the wind tur-
bine. Other techniques should be combined with LTI methodsin order to cover the whole
range of operating conditions. Online design of controllersis away to achievethis. Pre-
dictive control determines the optimal control policy by solving optimization problems
online. The linearized wind turbine prediction model can then be updated according to
the current operating condition [CO04, Hen07, Hen11]. Adaptive control of wind tur-
bines was a so proposed to cope with changes along the nominal trgjectory of operating
conditions [SDBO00] where specific model parameters are estimated online and subse-
quently utilized to update the controller parameters. Improving the energy capture in
partial load had also been addressed by means of adaptive control [JPBF06]. Instead
of an online designing of the controller, the controller gains can be determined offline
as a function of the operating condition. What remains to be done online is choosing
the controller gains according to the current operating condition. This well known and
widely used approach is called gain-scheduling. In classical wind turbine control, gain
scheduling is obtained by varying only afew gainsin the controller [vEvdHS03, BW11].
Gain scheduling can also be obtained by concatenating optimal LTI controllers. Switch-
ing, bumpless transfer, interpolation of the state space matrices, and convex combination
of the output of parallel controllers are some of the ways of combining the various con-
trollers[KB93, NEST09, vVEVdHS03, BW11].

The above extensions of LTI design methods to nonlinear systems assume variations
in the operating conditions to be so slow that they do not contribute to the dynamics of
the wind turbine. Time varying changes in the operating point can be systematic ad-
dressed by linear parameter varying (LPV) modeling and control methods, in which the
nonlinearities of the model are represented by a set of parameters updating the state space
formulation. A controller that depends on the same parameters can be formulated by
solving a convex optimization problem involving a number of linear matrix inequalities
(LMls). This approach for the control of wind turbines recently received a considerable
attention [BJC04, BMCO05, BBM 07, @s08, OBS09)].




Introduction

The controller design is isolated from the structural and aerodynamic design. The
controller is considered as an add-on to a pre-determined and fixed aeroelastic design.
However, these two designs are substantially coupled. A clear example is the alevia-
tion of tower base loads using active tower damping, which leads to the re-design of a
lighter tower. The new tower design may have dynamical properties different than the
original design, requiring a verification of the closed-loop performance or a re-design of
the controller. Research on simultaneous design of controller and aeroelastic parameters
of awind turbine is recent and literature is incipient. The multi-disciplinary optimiza-
tion approach of [BCC11, BCC12] does not consider controller gains as arguments of
the optimization; but for an automation of the aeroelastic design, a gain-scheduled LQR
controller was chosen due to its reasonable performance throughout the operating enve-
lope, without the need of manual tuning at each new aeroelastic design. A systems and
control point of view is given in [SGV 12b, SGV124]; stiffness and damping parameters
of alumped model and the gains of an LPV controller are simultaneously designed to
improve closed-loop £ 1-gain performance.

After the exposure of the state-of-the-art and inspired by [BJSB11], acritical analysis
of the research and practice on wind turbine control is appropriate at this point. Optimal
control methods are attractive as the controller is the minimizer of areasonably meaning-
ful cost function that is chosen a priori. Once the cost function is determined, one would
wonder that controller tuning could be made automatic even for different wind turbines.
Classical methods, on the other hand, requires experience and skill of the designer for
each new tuning. Optimal methods are also natural for MIMO control design, whereas
classical design methods could require an iterative approach of tuning SISO loops. De-
spite these alleged advantages, controllers designed with classical methods still prevails
in commercial wind turbines dueto practical considerations.

In practice, building the cost function can be just as difficult as tuning a classical
controller. To begin with, the choice of states or outputs composing the cost is not as
straightforward as it might appear. Due to mathematical convenience, the cost functionis
usually defined as a quadratic functional of the states and inputs. The quadratic form may
not be appropriate to represent fatigue loads, as fatigue is a highly non-linear process,
remaining for the designer to try to indirectly control loads by penalizing positions and
velocities of the structural degrees of freedom. Even the variance of stresses on mechani-
cal componentsis not a precise measure of fatigue, since higher order statistical moments
also contributes to mechanical loading [Pn09]. To achieve asymptotic tracking, it is com-
mon to include aterm to penalize the speed error, and another term for the integral of the
speed error. Adjusting the cost weights for these terms is pretty much the same as the
selection of proportional and integral gainsin aclassical Pl design.

Simplicity of implementation is an important aspect of the adoption of classical con-
trollers on commercial wind turbines. Non-linearities can be easily compensated with
ad-hoc techniques such as gain-scheduling of particular loops. Inclusion of notch fil-
ters for small corrections on the controller (e.g. avoid excitation of resonant modes) is
straightforwardly done. Numerical conditioning when implementing classical controllers
in discrete-timeis also more easily handled. |mplementation of model-based controllers
are often more sophisticated in many aspects. They are usually of full-order (same num-
ber of states as the model) requiring non-trivial numerical conditioning for areliableim-
plementation. Adjustments on model-based controllers requires a complete recal culation
of the controller gains. Integration with the supervisory control is also challenging. For
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3 Structured Linear Control

exampl e, a suitable reconfiguration of the controller during a shutdown or faulty scenario
might reduce extreme loads. To achieve, thisclassical controllerscan be easily augmented
with variable schedules or limits, whileit is not so trivial to perform the same changesin
model-based controllers.

However, these simple-to-implement but ad-hoc control mechanisms have no theoret-
ical ground on the stability and performancein closed-loop. Such properties are verified
in computer simulations, which also serve as basis for re-tuning the controller parameters
until a desired performance is achieved. To conclude, the comparison of the academic
work with industrial practice highlights the gap and importance of research on model-
based control methods for wind turbines with the following properties:

e Controller structure can be chosen apriori. For example Pl controllers, fixed-order,
decentralized, and others;

e Gain-scheduling to compensate for plant non-linearities and/or to reconfigure the
controller in face of system faults. Theoretical aspects of stability and performance
should be taken into account;

e Existing controllers can be expanded with new functionalities;
e Cost functions and constraints with intuitive and meaningful design criteria;

e Controller and aeroel astic parameters can be jointly optimized.

Robust and parameter-varying control are branches of control theory applied to sys-
tems that have high requirements for robustness/adaptation to parameter variations, and
high requirements for disturbance rejection, aligned with what is required on wind tur-
bine control. The controllersthat result from these fields are typically of very high order,
complicating their implementation. However, if a structural constraint on the controller
gainsisimposed, the synthesis problem is no longer convex and relatively hard to solve.
The term " structured control” refers to controllers with specia structure imposed on the
gain matrix, and related algorithms to compute them.

1.3 Structured Linear Control

In the control literature, the term "structured control” refers to controllers with special
structure imposed on the gain matrix. Structured controllers includes static and fixed-
order output feedback control, decentralized control, some model reduction problems,
joint plant and control design, and others. Let us introduce some of the problems of our
interest. Consider the linear parameter-dependent system described by the state-space
equations

0x =A(0)x + By(0)w + By(0)u, z(0) =0,
H(0) : 2 =C(0)x + D,y (0)w + Dy (0)u (1.5)
y =Cy(0)x + Dy (0)w

where ¢ representsthe time-derivative operator for continuous-time systems or the unitary
time-shift operator for discrete-time systems. In this model, the state vector x is assumed
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of dimension n, u represents the vector of control inputs, w is a vector of exogenous
disturbances, y is the measured output and z is the controlled output. Dependence of
these vectors on time ¢ for continuous-time systems, and ontime t := kT, k € N for
discrete-time systems, is omitted to save notation. We assume that all matrices are real
with dimensions appropriately defined, and continuous functions of some time-varying
vector of real valued parameters 6 = [61,...,0,,]. Thefirst contributions dealing with
formal aspects of gain-scheduling appeared in the early 90s[Rug91, SA90, SA91, SA92].
Linear parameter varying (LPV) systems were defined in the seminal work [SA91] andis
still subject of research by the control community. Inthe LPV framework, 6 is measurable
and represent scheduling parameters. The time-varying parameter and its rate of variation
are assumed to be bounded as follows. The parameter 6 satisfies

(t)ye®, Vvt>0 (1.6)
where © is acompact set. The rate of variation 66 belongs to the hypercube
V= {|660(t)] : 166;(t)| < vi, i=1,...,np, ¥Vt > 0}. (1.7

An LPV system is reduced to an LTI system for a constant parameter trgjectory 6(t) =
0o, Yt > 0. Therefore, the local behavior of the LPV plant can be analyzed from the
underlying LTI systems. On the other hand, time-varying properties of the LPV system
cannot be inferred from the underlying LTI systems, except if strong assumptions about
the evolution of the scheduling parameters (e.g. lowly varying) are done. Consider the
following controller

o) { 520 = Ac()ze + Be(0)y 18

u=Ce(0)x.+ D:(0)y

which is also #-dependent, where the controller state has dimension n .. Control robust
to structured uncertainties on the plant is a particular case of the LPV setup by taking
the controller as parameter independent, and the rate bounds v, = 0,7 = 1,..., N. An
LTI controller can also be designed robust to the range of parameter variations and rates
O x V. To the purpose of analysis and synthesis, the dynamica system (1.5)-(1.8) is
represented as a closed-loop system expression which derivation follows. Defining the
controller matricesin a compact form

_ |De(0)  Cc(6)
K(0) := {BC(G) AC(G)] (1.9)

and the augmented state vector as z := [z7 7] " the closed-loop system interconnec-
tion leads to

57 = A(K,0) + B(K, 0)w (1.10a)
2 =C(K,0)i + D(K,0)w (1.10b)

where the closed-1oop system matrices are [SIG98]

A(K,0) =A(0) +B(O) K(O)M(0), B(K,0) =D(9) +B(0) K(0)E®) (L11a)
C(K,0) = C(0) + HO) K(O)M(0), D(K,0) = F(6) + H(0) K(9)E(6) (1.11b)
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Figure 1.8: Gain-scheduled LPV control of an LPV system

_ [Dyw(ﬁ)]  H=—[Du(® 0], D= {Bwo 9)] (112)

C= [02(0) O} , F= Dzw(e)

L et some of the common controller structures be illustrated. This feedback structure
becomes a static output feedback (SOF)

u=D.(0)y (1.13)

if n. = 0. The full state feedback (SSF), i.e. u = D.(0)x, is a particular case of SOF
in which the output matrix C',(6) = I. The full-order dynamic output feedback arises
whenn = n.. When n. < n, the resulting structure is the fixed-order dynamic output
feedback. Decentralized controllers of arbitrary order are characterized by K(6) with
s diag(D.i(0)) dieg(Cui(6))
L Iw ct Iw ct

KO = |diag(5.i(0) diag(A.i(6)) (119
Inthe simultaneousplant / control design problem [GZS96], matrices A(p) ,B ., (p),C=(p)
and D.,,(p) depend on some plant parameters p that should be determined. An aug-
mented controller K ,(6) := (K (6), p) isstructured since K ,, is not a single unstructured
matrix. Optima model reduction problems seek to provide a reduced-order model that
minimizes the error between the full-order and reduced-order model in some norm sense
(9. Hool/H2). Consider K () as a state-space redization of the reduced-order sys-
tem, and (A(0), B, (9),C.(6), D,.,(0)) asaredization of the full-order system. System
(1.10) represent the state-space model of the error system when (1.12) is particularized
with [SIG98]

Bu(0) =0 Cy(0) =0 Dy(0) =1 D,,(0)=—1. (1.15)

Methods for structured control design can be roughly categorized as based on matrix
inequalities and nonsmooth optimization. Bilinear matrix inequalities (BMI) naturally
arise when Lyapunov stability theory is applied to control problems. Some BMI synthesis
problems can be readily reformulated as linear matrix inequalities (LMI) by the use of
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auxiliary parameterizations. That is, controller data does not appear explicitly in the
optimization formulation, being obtained a posteriori of the solution via some nonlinear
one-to-one transformation of the optimization variables. Examples of problems that can
be turned into LM are the full-state [BGP89, BGFB94] and full-order [SGC97, OGB02]
output feedback. To illustrate, let P € R™*"™, P » 0 be a Lyapunov variable. The
nonlinear change-of-variables

D, :=D.P (1.16)

where D, € R™*" is an auxiliary matrix, has linearizing properties and turns BMI
problems related to full-state feedback into LMIs. Since P is non-singular, the original
controller gains can be recovered from the auxiliary ones via the inverse transformation
D. = D.P~!. Thefactthat D.. isan unstructured matrix makes this one-to-onetransfor-
mation possible. LMI reformulations without loss of generality for many other problems
such as the design of controllers with arbitrary order and static output [SADG97] or de-
centralized [Sil90] remain unsolved, and little hope for finding them remains [M SPOQ] .
Of course, with some degree of conservatism, one can also pursue sufficient LMI con-
ditions. The literature is rich in sufficient conditions for static [OGB02, DY 08, Tro09],
reduced-order [Tro09], decentralized [OGB02], to mention a few.

The BMI problem and the LMI problem with rank constraints are found to be equiva-
lent and NP-hard [GN99]. Therefore, many researchers focused on finding efficient sub-
optimal methodsto solvethishard problem. The DK-iteration procedure[ Doy85] became
apopular method. A similar method proposed in [Iwa99] solvesthe BMIs by fixing some
variables and optimizing on othersin an aternating manner. LMI problems are solved in
each step, but convergenceis not guaranteed. Another well known method is the alter-
nating projections algorithm [GB99] that seeks an intersection of the convex LMI set and
the rank constraint. Other algorithms of this time are the min/max algorithm [GdSS9§],
XY-centering [1S95], cone complementarity [GOA97], and the convexifying potential
function [OCS00]. Global methodsto solvethe BMI were also proposed, e.g. branch and
bound algorithms [Ber97, GSP95, VBO0Q], as well aslocal methods [LM02, KLSHQO5].

Nonsmooth approaches let the Lyapunov/LMI framework apart and search directly
in the controller parameter space. The nonsmooth algorithms seem more appropriate to
handle systems of high-order when compared to LMI methods. The absence of vari-
ables related to Lyapunov functions contributes to lower the computational burden. The
nonsmooth algorithms for 4 ., control in [AN06, ANRO7] resulted in the code Hinf-
struct of MATLAB ®Robust Control Toolbox 7.11. At the same time, other approaches
[BLOO5, GO08, ADGH11] resulted in the code package HINFOO for H ., and H- con-
trol.

Due to the possibility of using parameter-dependent Lyapunov functions [FAG96] to
verify stability in a gain-scheduling context, this thesis uses methods based on matrix
inequalities. To the best of our knowledge, nonsmooth techniques for control design
cannot yet deal with parameter-dependent certificates of stability.

Up to this point of this introduction, the structured control problem focused on con-
straining matrix gains of the controller, and assumed a state-space system description.
However, the way a system is represented has direct relation to the controller structure
and its design. For example, similarity transforms have been used in control theory to
ease state-space control design. Canonical forms and pole placement [Kai80] is perhaps
the most known and used link between plant representation and controller design. Con-
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trol of flexible structures al so take advantage of modal state-space realizationsto facilitate
damping assignment [Gaw98]. Not only similarity transforms, but also the form of the
differential equations governing the dynamics of the system, influences control design.
Working with differential equations in vector second-order form, instead of first-order
state-space form, clearly impacts on the structure of the controller gains. Let an example
be given toillustrate this. Consider the full-state feedback

f(t) = —Gug(t) — Gpg(t) (1.173)
u(t) = — [Gy Gy <38> (1.17b)

in vector second-order and state-space form, respectively, where G ,, G, € R**". Sup-
pose that only velocities are available for feedback, i.e. G, = 0. While in (1.17b) the
gain matrix has a structural constraint, that is, is not afull unstructured matrix, the vector
second-order feedback (1.17a) is composed of an unstructured matrix G ,,. This simple
example suggest that some control structures might benefit from being designed in vec-
tor second-order form, as matrix products between the controller matrix and other matrix
variables could more easily be handled.

1.4 Research Objectives

A general objective of this study isto develop novel modeling and control methods which
enable to analyze and design the dynamics of awind turbine in a integrated aero-servo-
elastic process. Thereis no ambition of covering all aspects of such a complex problem,
but rather give punctual contributions to this process. Another general objective of this
research is to pursue theoretical developments on systems and control inspired by the
application. Under this general context, some specific objectives can be mentioned.

The development of methods for structured control of wind turbinesis one of the spe-
cific objectives. These methods should be capable of incorporating gain-scheduling to
compensate for plant non-linearities and/or to reconfigure the controller in face of sys-
tem faults. Theoretical aspects of stability and performance should be taken into account.
Aeroservoel astic modeling to achieve these goalsis also within the scope of the devel op-
ments. These methods are an attempt to bring advanced control closer to current practice
inthewind industry. Another specific objectivewithin the application isto devise optimal
control methods for wind turbines with intuitive and meaningful design criteria.

Theoretical contributions to structured control is also aresearch goal. We seek LMI
conditions for simultaneous plant-controller design which could be extended to uncertain
and linear parameter-varying systems. How to analyze and synthesize vector second-
order systems under the LMI framework was a late objective of the research.

1.5 Outlineof the Thesis

This thesis is written as a collection of the papers, which have been produced during the
course of the PhD project. With the state-of-the-art and background now covered, the
remainder of the thesis will proceed as follows. The next chapter contains an overview
of the content of the papers. Following this, Chapter 3 will provide a conclusion on the
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project and give some suggestions to issues which are interesting to address in the future.
Lastly, the remainder of the thesis consists of the papers themselves. As such, some
repetition of introductory sections should be expected.
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2 | Summary of Contributions

A summary of each paper that composes this thesis is presented in this chapter. Firstly,
the contributions are summarized in a couple of paragraphs. A more detailed sample of
each paper follows, concise enough to avoid excessive repetition of the content.

Short Summary

Papers A and B [AS12a, AS12b] proposes an LPV modeling and control framework
that can cope with gain-scheduling towards aerodynamic non-linearities and adaptation
toward faults. Nonlinear simulation results of a gain-scheduled pitch controller tolerant
to collective blade pitch actuator fault corroboratesthe effectiveness of the approach. The
method is appealing in an industrial context for two main reasons. Firstly, controller
structures typically adopted by the wind industry like Proportional-Integral (Pl) can be
chosen. Secondly, implementation of the resulting controller are considered simpler than
other known LPV design techniques. Online matrix inversions and factorizations are
common in LPV controller implementations. In the proposed scheme, only products
between scalar and matrices and sums of matrices are needed to implement the controller.
The drawback of the synthesis procedure is the computational load related to solving
several LMI problems sequentially. The technique can be prohibitive for systems with
many states and varying parameters.

Paper C [AS124] brings a theoretical contribution to the H o/H ., model reduction
problem and application to a wind turbine aeroelastic model. We show that model re-
duction of linear system with guaranteed norm bounds on the approximation error can be
formulated as sufficient LMI conditions extended with multipliers. This is achieved by
a proper constraint on the structure of the matrix multiplier and adding ” dummy” modes
with negligible input-to-output induced norms. The norm bound on the approximation
error attained with the sufficient condition may be improved by an algorithm that solves
LMI problems sequentially. Numerical experiments compares the proposed sufficient
condition with other LMI-based criteria available in the literature, showing that similar
or better performance bounds are attained. The iterative LMI algorithm is compared to
the H ., model reduction via aternating projections, showing significantly better norm
bounds. H. model reduction is applied to a flexible wind turbine model and compared
with balanced truncation, suggesting a better approximation on low frequencies.

Paper D [ASHS13] presents a procedure to generate reduced-order LPV wind tur-
bine model from a set of high-order LTI models. The reduced-order system depends on
a vector of parameter & which may represent the current operating point; or deviations
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Summary of Contributions

on aerodynamicsand structural propertiesfor the sake of parametric model uncertainties;
or plant parameters to be designed under a simultaneous plant-controller design. Firstly,
the high-order LTI models are locally approximated using modal and balanced truncation
and residualization. Later, an appropriate manipulation of coordinates yields a consis-
tent state-space representation, which allows interpolation of the model matrices between
points of the parameter space. We propose to transform the reduced order LTI systems
into a particular realization based on the companion canonical form. A least-squares
method is applied to compute parameter-dependent system matrices. The proposed pro-
cedure is applied to the NREL 5SMW reference wind turbine model. The obtained LPV
model encapsulates the wind turbine dynamics throughout the full load region with good
approximation bounds.

Paper E [Adel3] presents new sufficient LMI conditions to the static output stabi-
lization problem. These are obtained from a state-space dynamical system where the
static feedback controller is not explicitly substituted in the equations of the open-loop
system. Different LMI characterizations emerge depending on whether a primal or dual
representation of the dynamical system is considered. The drawback of the conditionsare
two-fold. To reduce conservativeness, aline search in areal scalar isrequired. Secondly,
whenever the solution of the LMI feasibility problem yields a certain multiplier matrix
singular, the feedback gains cannot be computed. As the Lyapunov matrix can easily be
made parameter-dependent, the proposed LMI is suitable for stabilization of parameter-
dependent systems. Numerical experiments with random systems satisfying the generic
stabilizability results of Kimura show rates of at least one characterization succeed of
over 90%.

Paper F [AS] brings new conditions to the analysis and synthesis of vector-second
order systems. These conditions open new directions to verify robust stability and per-
formance of wind turbines and to design robust controllers. We shown that asymptotic
stability can be formulated as LMI feasibility problems with explicit dependence on the
mass, damping and stiffness matrices. In contrast to other stability results in the liter-
ature, the proposed conditions can be applied to vector second-order systems with ar-
bitrary dynamic loading. Moreover, LMI constraints possess linear dependence on the
system coefficient matrices, being suitable for parameter-dependent systems. Thisisthe
case for standard LMI characterizations in which Lyapunov matrices are decision vari-
ables, as well as extended LMI characterizations where multipliers are included in the
formulation. Quadratic performance (integral quadratic constraints) conditions based on
LMI feasibility problemsare also shown to have the same properties. We provethat some
of the Lagrange multipliers can be removed from the formulation without loss of gener-
ality, leading to formulations computationally less demanding and more revealing to the
purpose of synthesis. Synthesis of vector second-order controllerswith guaranteed stabil-
ity and quadratic performance are also formulated as LMI problems. Unfortunately, the
synthesis conditions are only sufficient to the existence of controllers. Thisisthe major
drawback when compared to synthesis in state-space first-order form, to which necessary
and sufficient LM conditions are available in the literature. A numerical example brings
adifferent perspective to model-based control of wind turbines by considering the design
model in its natural, vector second-order form.

Paper G [Adg] presents new sufficient LMI conditions to the simultaneous plant-
controller design problem. Formulationsfor plant design (only plant parameters) are also
given. We introduce the notion of linearizing change-of-variables between the plant pa-
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rameters to be optimized and matrix multipliers. Synthesisis subject to integral quadratic
constraints on inputs and outputs, offering the possibility of designing linear systemswith
guaranteed £,-norm performance, passivity properties, and sector bounds on input/output
signals. Dueto thelinear dependence of the proposed LM s on the Lyapunov matrix, they
can easily be extended to parameter-dependent and linear parameter-varying systems.

Extended Summary

A more detailed exposure of the papersis given now.

Paper A: F.D. Adegas, C.S. Sloth and J. Stoustrup, Structured Linear Parameter
Varying Control of Wind Turbines

This manuscript deals with structured LPV control of wind turbines. It brings a wider
context and content in terms of modeling and controller design when compared to Paper
B. We consider wind turbines with faults on actuators and sensors. The proposed frame-
work allows the inclusion of faults representable as varying-parameters. The controllers
are scheduled on an estimated wind speed to manage the parameter-varying nature of the
model and on information from a fault diagnosis system (Fig. 2.1).

(k) (k)

u(k) | Wind turbine J

Bop () Wind speed
estimator |
LPV controller

Or(k)  Faulf diagnosis "
« | system

Figure 2.1: Block diagram of the controller structures. The black boxes are common
to the LPV controllers, while the red dashed box illustrates the fault diagnosis system
required by the AFTC.

An overview of the most common faults that can be modeled as varying parameters
is presented, e.g. bias and proportional error in sensors; offset of the generated torque
due to an offset in the internal power converter control loops; reduction in conversion
efficiency; atered dynamics of pitch system (Pressure drop, pump wear, high air content
in the ail). The dynamics of the pitch actuator can be represented as a second-order
system. A fault changes the dynamics of the pitch system by varying the damping ratio
and natural frequency from their nominal values ¢, and wn, to their faulty values ¢ and
wnf, With the parameters changing according to a convex combination of the vertices of
the parameter sets

w2 (0) = (1 — Gf)wﬁ;O + waﬁJp (2.19)
-2¢(0r)wn(0r) = -2(1 — 0f)Cown,0 — 20¢Gipwnip (2.1b)

19



Summary of Contributions

where 6; € [0, 1] isanindicator function for the fault with 6 = 0 and 6; = 1 correspond-
ing to nominal and faulty conditions, respectively.

System and controller matrices are continuous functions of some time-varying pa-
rameter vector 0 = [01,...,0,,]. Vaues of the scheduling parameter 6 and its rate of
variation A9 = §(k + 1) — 0(k) are assumed bounded and belonging to a hyperrectan-
gle and a hypercube, respectively. The plant is parameterized by scalar functions p ;(6)
known as basis functions, that encapsulate possible system’s nonlinearities, and the indi-
cator function for the fault 0y,

A(0) By,(0) Bu(9) A B, B, A B, B,
Cz (9) Dzw (9) Dzu (9) = Cz Dzw Dzu + Z Cz Dzw Dzu ,01(9),
Cy(0) Dyw(0) Dyu(0) Cy Dyw Dyu 0 i |Cy Dyw Dyu i
A By, B,
—|—Z C. Diw Dau| Opm, i=1,...,n,, m=1,...,ng,.
m |Cy Dyw Dyy
(2.2)

wheren, isthe number of basis functions. Wind turbine aerodynamicsis the main source
of nonlinearities. A linearization-based LPV model is adopted. Partial derivatives of
aerodynamic torque (@) and thrust (7") forces with respect to rotor speed (€2 ,.), wind
speed (V') and pitch angle are natural candidates for the basis functions [BBMO7]

1 0Q 1 0Q 1 00
PSR ml, PR, TR,

1 0T 1 0T 1 0T '
P4 = M 8_9 eop, pP5 = M W 00p7 pP6 = M % gop’

where the scheduling variables representing the operating point isthe effective wind speed
driving theturbine(i.e. 64, := V). Controller and Lyapunov matrices are also made affine
dependent in the basis functions and in the fault scheduling variable.

np ngf

PO)=Po+ > pi(0k)Pi+ > 07iPu, i, (2.43)
i=1 i=1
Np ngf

K(0) =Ko+ Y _ pi(0)K; +> 05iKn, 4. (2.4b)

=1 i=1

Controller synthesis is solved by an iterative LMI-based algorithm which minimizes
the L5-gain from disturbances to performance channels. Due to its similarities with the
algorithm proposed in Paper B, details will be omitted here for brevity.

The numerical example addresses the design of a gain-scheduled LPV controller for
a pitch controlled wind turbine operating at full power. Controller structure is a static
output feedback, taking generator speed error, integral of the generator speed error, and
tower velocity as measurements. Collective blade pitch angle (3) is the controlled in-
put. This structure represents a proportional-integral (Pl) controller regulating generator
speed (£2,), while an integral controller increases damping of the tower fore-aft displace-
ment. Controller tuning follows a procedure similar to H ., mixed sensitivities with loop-
shaping characteristics which tries to enforce a chosen second-order response from wind
disturbancesto generator speed as well asincrease damping of the tower fore-aft mode.
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Figure 2.2: Proportional, integral and tower feedback gains as functions of the operating
point and fault scheduling variables.

The proportional, integral and tower feedback gains as three-dimensional surfaces of
the scheduling parameters V' and #; are illustrated in Fig. 2.2ato 2.2c. The controller
gains capture the dependence of the LPV system on the the wind speed given by the basis
functions. Also notice the slight changesin &, and k4 and the changesin &; scheduled by
the fault scheduling variable 6s.

The performance of the LPV controllers are accessed in a nonlinear wind turbine
simulation environment. Figures 2.3a to 2.3d depict time series of a few variables of
interest resulted from a 600 s simulation. Attime ¢ = 200 s, the pitch system experiences
afault with 6; increasing from 0 to 1 (Fig. 2.3b). At ¢ = 430 s, the pitch system comesto
normality with 6y decreasing from 1 to 0. Both variations on the fault scheduling variable
are made with maximum rate of variation. Results of LPV controllers intolerant and
tolerant to pitch actuator faults are compared to support a discussion of the consequences
of the fault on the closed-loop system as well as fault accommodation. The FT-LPV Pl
controller successfully accommodatesthe fault, maintaining rotor speed, generated power
and tower oscillations properly regul ated.
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Figure 2.3: Time series of (a) hub height wind speed, (b) fault scheduling variable, (c)
rotor speed and (d) electrical power. Simulation results of a2MW wind turbine controlled
by afault-intolerant and a fault-tolerant LPV PI controller.
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Paper B: F.D. Adegasand J. Stoustrup, Structured Control of LPV Systemswith
Application to Wind Turbines

This paper presentsamethod for designing structured linear parameter varying controllers
(LPV) for wind turbines. System and controller matrices are continuous functions of
some time-varying parameter vector 6 = (04, ..., 6,,]. Values of the scheduling parame-
ter 0 and its rate of variation A@ = 6(k + 1) — 6(k) are assumed bounded and belonging
to a hyperrectangle and a hypercube, respectively. Controllers are synthesized via an
LMI-based iterative algorithm, which sequentially solves an extension of the bounded
real lemma (BRL) for parameter-dependent systems [dSBNO6].

Lemma 1 (Extended £ Performance). For a given controller K(6), ifthereexist P(6) =
P(0)T and Q(0) satisfying (2.5) with » = 1 for all (6, Af) € © x V, then the system S,
is exponentially stabilizable by the controller K (6) and |77, (0)]| -, < -

r?P(6F) A(0, K(6))Q(0) B(6, K(0)) 0
* —P(0) + Q)" + Q(9) 0 QOTCO, KON |,
* N NI DO, K©)" |~
* * * v
(2.5)

We propose a modification of the BRL condition suitable for finding feasible con-
trollersin an iterative LMI scheme. The term 2 multiplying the Lyapunov matrix at the
(1,2) entry of (2.5) isartificialy inserted into the formulation. BRL condition ariseswhen
r = 1. Whenr > 1 the set of controllers satisfying the matrix inequality is larger; even
systems that are not exponentially stabilizable may satisfy the LMI.

Plant and controller matrices are parameterized by scalar functions p;(6) known as
basis functions, that encapsul ate possible system’s nonlinearities. For example, controller
matrices are

Ac Be - A. B 20 A. B ‘ o
{cc DJ (9)—{00 DCLJFZ{CC DCLMH), i=1,...,n (26

=1

where n, is the number of basis functions. Open-loop system matrices, multipliers
Q(6) and the parameter-dependent Lyapunov function P(#) have similar parametriza-
tion. Wind turbine aerodynamicsis the main source of nonlinearities. Similarly to Paper
A, alinearization-based LPV model is adopted, where p () are taken as partia deriva-
tives of aerodynamic torque (QQ) and thrust (7°) forces with respect to rotor speed (€2 ,.),
wind speed (V') and pitch angle. The scheduling variable is the effective wind speed
driving the turbine (i.e. 6 := V).

The optimization algorithm iterates between LMI problems by fixing the controller
variables and the dlack variable alternatively. In order to obtain afinite-dimensiona LMI
problem, a gridding procedure of the parameter space is proposed. Algorithms for the
computation of feasible as well as controllers with sub-optimal performance are pre-
sented. The agorithm for optimization of control performance is shown to generate a
sequence of solutions such that the cost is non-increasing, that is, v (1 > () > (),
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Figure 2.4: Magnitude of transfer functions from wind disturbance to rotor speed and
tower velocity.

Controllers resulting from the proposed procedure could be easily implemented in
practice due to low data storage and simple math operations involving products between
scalar and matrix and sums of matrices.

The numerical example addresses the design of a gain-scheduled LPV controller for
a pitch controlled wind turbine operating at full power. The controller structure is com-
posed of two separate |oops acting on the collective blade pitch angle (). A proportional -
integral (PI) controller in series with a filter regulates the generator speed (£2,), while
an integral controller in series with a filter increases damping of the tower fore-aft dis-
placement by measuring tower acceleration ¢. Controller tunning follows an H ., mixed-
sensitivity approach.

Magnitude plots of transfer functions from wind disturbance to rotor speed and tower
velocity, for the open-loop and closed-loop systems. The increased damping of the tower
fore-aft motion is noticeable in Fig.2.4d where the magnitude of the open-loop system
(dashed line) is plotted for comparison. A similar response irrespective of the operating
point is noticeable, meaning that the controller is gain-scheduling to adapt to the nonlin-
earities of the plant.

Paper C: F.D. Adegasand J. Stoustrup, H../H2 Model Reduction Through Dilated
Linear Matrix Inequalities

This paper proposes sufficient linear matrix inequalities (LMI) conditionsto the H ., and
‘H2 model reduction. To the best knowledge of the authors, LM extended with multipliers
had never been used to addressthis problem. Thissummary showstheresultsfor H ., case
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only. Consider astable MIMO LTI dynamical system of order n in state-space form with
matrices (A, B, C, D). We seek another model (A.., B,., C,., D,.) with the same number
of inputsand outputsand of order » < n. Theinput-output difference between the original

system and the reduced system represented by the following state-space description

T A 0 T B
il 0 A T B u(t)
As: LT I " 2.7)
X
t)y=|C -C, D — D, ) u(t
yalt) = | [ |+ (o-D0)ut)
should be small inan H . or Ho-norm sense. That is
HASHOO or2 S Y (2'8)

where y represents the upper bound on 7 , or 2, depending on the context. A sufficient
condition to the existence of reduced-order matrices satisfying an H .. upper bound is
stated next.

Theorem 1. ||S — S,||,, < ~ holds if there exist general auxiliary matrices Q, k =
1,...,s+ 1and H, symmetric matrix X, general matrices A,, B,, C,, D, and a scalar
1 > 0 such that

AA =+ flz * * *
pALZQEX —p(@A Q1) ) (2,99
Ca uwCa 7 " ’
BY 0 Jy—
Ao [AQ1 AQ: ... AQun
ATV A A . A |0
Ba = [B} , Dan:=D-D, (2.90)
B,
Ca=[CQ1~C, CQ:—C, ... CQus1—C.],

is satisfied. Once a solution is found, the reduced order system matrices can always be
reconstructed according to

A, =AH', C.=C.H (2.10)

The condition just presented are trivially extended to cope with model reduction of
parameter-dependent (PD) systems. We consider system matrices with polytopic depen-
dence on the parameter «

N,
Ala) = Zg\i‘ﬁ a;Aj, B(a) = Z]-\i"‘l a;B;, o
i= i= A= : i=1a;>20,.
Clo) = S5 aiC Dla) = S5 uD, v b
(2.11)

Theaimisto find areduced system S, («) with order » < n and system matrices similar
to (2.11) such that || S(a) — Sy ()| < v foral o € A.
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Theorem 2. ||S(«) — Sr(av)]|, < v holdsif there exist general auxiliary matrices @,
k=1,...,s+1and H, symmetric matrices X;, general matrices A,.;, B,;, Cy.;, Dy
and a scalar i > 0 such that

Am + Agi * * *
Y A& N Q+Xs —pn (QA‘F QT) * * <0 (2.124)
Cai pCa —~I % ’
B, 0" DL
An e AiQr AiQ2 ... AiQsn
AT A A o A |
Ba: = B; Dnr: c=D: — D.. .
Ai = Br,i ) Ay -— g — rjy (212b)
Chi = [CiQ1 —Cri CiQa—Cri ... CiQss1 —Cril,
i=1,...,Na,

is satisfied. Once a solution is found, the reduced order system matrices can always be
reconstructed according to

Ar,i = Ar,iH_la Cr,i = ér,iH_l- (213)

The manuscript also proposed an iterative LMI algorithm to improve the result found
by the sufficient conditions. Thisalgorithm will not be described here for brevity.

Numerical experiments benchmark the methods proposed in this manuscript with
other LMI-based methods found in the literature. Norm bounds on the approximation
error obtained with the proposed method were close or better than the ones found with
other methods. The order reduction conditions are also applied to an aeroelastic wind
turbine model. The objective here is to reduce from 20 states to 10 states without com-
promising the quality of the model in an # , sense. Magnitude plotsin frequency domain
of the original and reduced models are depicted in Fig. 2.5a. Ancther reduced model
were derived based on the well known balanced truncation model reduction scheme. The
comparison with the original model, in thiscase, is depictedin Fig. 2.5b. When compared
to balanced truncation, the #, measure seems to be more appropriate in approximating
the low frequency range of the model.

Paper D: F.D. Adegaset al., Reduced-Order LPV Model of Flexible Wind Turbines
from High Fidelity Aeroelastic Codes

This paper presents a procedure to generate reduced-order LPV wind turbine model from
a set of high-order LTI models. We consider N, stable multiple-input multiple-output
(MIMO) LTI dynamical systems of order n corresponding to parameter values 6 (¥, i =
1,2,..., Ny,
» {xi(f) = At + Bult) -,y (2.14)
y(t) = Ciz;(t) + Diu(t)

where A; € R"*"™, B, € R"*"« (; € R™*"™ D, € R™*" \We seek areduced-order
parameterized model S(6) of order » < n which approximates .S ;,
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Figure 2.5: Magnitude diagrams of a flexible wind turbine model with 20 states (gray)
and reduced 10 states (dark).

50) {x = A(0)xz(t) + B(O)u(t) 215

y(t) = C0)z(t) + D(O)u(t)

where A(0) € R™™", B(A) € R"™*", C(f) € R™*", D(#) € R™*"« are continuous
functions of avector of varying parameters := [61,0s,...,6 NQ]T. The dynamics of the
original system S; and the approximated system S () are assumed to evolve smoothly
with respect to 89 and 6, respectively. The parameter # may represent the current op-
erating point. It also may describe deviations on aerodynamics and structural properties
for the sake of parametric model uncertainties. Plant parameters to be designed under an
integrated plant-controller synthesis scheme could also be parameterized.

A flowchart containing the steps of the proposed procedure is depicted in Fig. 2.6.
Firstly, the high-order LTI models are locally approximated using modal and balanced
truncation and residualization. Then, an appropriate manipulation of the coordinate sys-
tem is applied to allow interpolation of the model matrices between points of the param-
eter space. A consistent state-space representation should be found before interpolation
methods are applied. We propose to transform the reduced order LTI systemsinto arep-
resentation based on the companion canonical form. There exist algorithms which, for a
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system under arbitrary similarity transformation, find a unique companion form [Kai80].
In order to avoid known numerical issues of the companion form, each mode & of the
reduced system in modal coordinatesis individually transformed into a companion real-
ization. The system matrices of this particular realization are given by (2.16).

B
. Bc,2,i
Ac,i = dlag(Ac,k,i)a Bc,i - . )
Bc,k,i
Cei=[Ceni Ce2i - Copil
Ackyi = —ak,i
Begi=11 bigi --.. bnu,llkﬂ} for real eigenvalues,
Cl,k,i
Ceki= o
Cry—1,kyi (2.16)
L 0
[0 —Qi1
Ac,k,i = o y
1 —ap2
Begi = o "eT N for complex eigen.
1 botki oo bong ki
Cllki -+- Clrki
Oc,k,i =
_cny17k7i ceo Cnyrikgi

i=1,...,N,, k=1,...,Np.

The characteristic polynomial of each mode appears in the rightmost column of the
matrix A ;. With the state-space matrices now at a realization suitable for interpola-
tion, aleast-squares method is applied to compute parameter-dependent system matrices.
The proposed procedure is applied to the NREL 5MW reference wind turbine model
[JIBMS09] where we aim to find an LPV model encapsulating the wind turbine dynam-
ics operating at the full load region. Large scale MIMO LTI models with 877 states
are computed by the aeroelastic code HAWCStab2 for wind speeds equidistant 1 m/s
(09 € {12,13,...,25}). The model is parameterized by the mean wind speed 6 := V.
A fifth-order polynomial dependence of the LPV system matrices

5
A@B) BO)| |Ao Bo Aq Byl a4
[O(@ D©)] o Do| 2= |cs Dy)° @17
givesafair trade-off between interpolation accuracy and polynomial order. A comparison
of the minimum and maximum singular valuesfor awind speed of V' = 15 m/sisdepicted
inFig. 2.7 and shows an excellent agreement. Thelocation of the polesof the LPV system
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Figure 2.7: Singular values of the original, intermediate and final reduced order models
for amean wind speed of 15 m/s.

fora2 N, grid of equidistant operating pointsisillustrated in Fig. 2.8. Thearrowsindicate
how the poles move for increasing mean wind speeds. A smooth evolution of the poles
along the full load region is noticeable.

The relative difference of the Hankel singular values of the interpolated LPV system
and the reduced order system defined as

= Jintri 7 9ni 100, j=1,...,N, (2.18)

Ori

)

Orel,ri

serves as a measure of the quality of the interpolation. A good fit can be corroborated by

29



Summary of Contributions

20F T Soc W
< =
15¢
<
10k XA
i)
5— — —
< 14 14
s < e x
g OF %xxx % ixm@% x XXX XXX X X
% b3 x
E
-10+ XA
715,
=
—20- . RN L . d
-1.2 -1 -0.8 -0.6 -0.4 -0.2 0
Real Axis
(a) Pole Map

Figure 2.8: Pole location of the LPV model for frozen values of the varying parameter 6.

some metrics of o,.¢;,-; given in Tab. 2.1. The mean difference in the Hankel singular
valuesisonly 0.27% and the maximum difference just 2.75%.

Table 2.1: Differencein the Hankel singular values between the LPV and reduced order
system for frozen values of 6.

Max | Min | Mean | Std. dev
275] 0001 | 027 | 057

The obtained LPV model is of suitable size for synthesizing modern gain-scheduling
controllers based on the recent advances on LPV control design. Time propagation of the
varying parameter is not explicitly utilized. Therefore, the procedure assumes that the
varying parameter do not vary excessively fast in time, in line with common practicesin
gain-scheduling control.

Paper E: F.D. Adegas, New Sufficient LM Conditionsfor Static Output
Stabilization

New LMI conditions to the static output feedback stabilization (SOFS) problem are pre-
sented in this paper. We propose to work on enlarged spaces composed by the state x(t)
and its time derivative z(t), the control input w(¢) or the measured output y(¢). Different
LMI characterizations emerge depending on the considered spaces (z(t), @(t), u(t)) or
(x(t),2(t),y(t)). Thissummary presents conditions for the former space only. Let the
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dynamical equations be written as
z(t) = Az(t) + Bu(t) (2.199)
u(t) = KCxz(t). (2.19b)
Stability of the above dynamical system is characterized by the existence of the set
V(z(t),&(t) <0, V(x(t),&(t),u(t)) #0 satisfying (2.19). (2.20)
where the quadratic form V' : R” x R" — R isdefined as
V(t) = ()T Px(t) + =(t)T Pi(t) (2.21)

Let an extended input matrix B € R™*™ be the result of augmenting redundant inputs
to the system, such that the number of inputs are equal to the number of states. That is

B = [Bm By, ... Bu,, By, Bu, .. ] (2.22)
where B,,, standsfor thei-th column of matrix B related to the i-thinput. Let also define
an augmented feedback gain K € R™*"™v partitioned accordingly

K:=[kf, kI, .. kf, KI, .. k¥, ..]" (2.23)

where K ,,, € R are j-th feedback gain from y(¢) to the i-th input ;. The contri-
bution of the different gains K'; ,,, to a particular input is just their sum

N
Ky =Y Kju, (2.24)

j=1

The following theorem presents a new sufficient condition for the existence of a static
feedback gain satisfying the set (2.20).

Theorem 3. (Stabilizability) There exists a static output feedback that renders A+ BKC
Hurwitzif 3P e S", K € R"*™ Ay, Ay, ' e R peR :

0 P 0
J+H+HT <0, P=0, J:=|P 0 0, (2.25a)
0 0 0

MA+KC  —Ay MB—Ay ]
H:= |a(MA+KC) —ah; oA B—As) (2.25b)
F1A+ILL[A(O —Fl Flé—,uAQ |

for an arbitrary scalar o > 0 and if the solution yields A 5 non-singular.

Whenever A is non-singular, the original controller gains can be reconstructed ac-
cordingto K = A; K.

Numerical experiments show good success rates in finding a stabilizing controller.
They also suggest that the assumption of a solution rendering a non-singular multiplier
A5 isnot strong. Controllers were computed for sets of 1.000 random triplices (4, B, C)
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satisfying the generic stabilizability results of Kimura. Table 2.2 summarizes the success
of finding valid solutions for systems with different dimensions (n, n,, n,). The number
of successes related to the primal dynamical system (Theorem presented above), dual
dynamical system (see Paper E), and either one of these two are depicted. The rates of
at least one characterization succeed are over 90%, remarkably high. Out of al valid
solutions, the smallest absolute eigenvalue of the multiplier A, was smaller than 10~3
only at two occasions (0.03%).

| (nu,n,) Prima System Dual System Primal or Dual System |
n=4
(32)  924(92.4%) 859 (85.9%) 983 (98.3%)
(23)  847(84.7%) 943 (93.4%) 972 (97.2%)
n=6
(34) 796 (79.6%) 856 (85.6%) 943 (94.3%)
(43)  881(88.1%) 819 (81.9%) 954 (95.4%)

Table 2.2: Success rate on the SOFS problem.

The proposed conditions can be exploited in the well known simultaneous and robust
stabilization problems. The Lyapunov variable P can be made multiple or parameter-
dependent due to its appearance free from products with system matrices. The simul-
taneous stabilization problem is treated in this summary. Given a family of open-loop
plants,

A; B;

Gi = O’L D'L )

i=1,2,...,N,
find a controller K that simultaneously stabilizes the plants, that is,
Re()\(Al+BlKCl))<O, 1=1,2,...,Np.

Considering the enlarged space (z(t), 4(t), u(t)), this problem can be cast as the suffi-
cient LMI feasibility condition: 3P; € S*, K € R™*™ Ay ;, Ao, T, e R™*" ne R :

0 P 0
Ji+Hi+HI <0, P=0, Ji:=|P 0 0}, (2.26a)
0 0 O
Ay A + KC; —Ai; A1 ;B — Ao
H = Oé(Al_’iAi =+ KCQ) —O/Al,l' O/(Al’iBi — AQ) (226b)
A+ pKC; —I'i; I'1,:Bi — pAs
for i=1,...,N,wherea > 0isanarbitrary scalar, and if the solution yields A , non-

singular. A single A is adopted for the family of open-loop plants in order to facilitate
change-of-variablesinvolving the controller gain and multiplier, while multiple A 4 ; and
I';1 ; help to reduce conservativeness.
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Paper F: F.D. Adegasand J. Stoustrup, Linear Matrix Inequalitiesfor Analysisand
Control of Linear Vector Second-Order Systems

This paper contributes to the analysis and synthesis of systems represented in vector
second-order. In order to limit the content of this summary, we consider the particular
controlled system

Mi(t) + Cq(t) + Kq(t) = Fpw(t) + Fyu(t) (2.279)
2(t) =Uqt) + Vq(t) + Xq(t) + Doww(t) + Dyu(t) (2.27h)
u(t) = —Guq(t) — Gpa(t) (2.27¢)

where ¢(t) € R™ isthe position vector, w(t) € R™ isthe disturbance input, u(t) € R™«
the controlled input, M, C, K, F,,, F,, G, G, arereal matrices with appropriate di-

mensions. The only assumption on the system matrices is non-singularity of M and K.
Denote H ., the input-output operator of system (2.27). The novel necessary and suffi-
cient conditions for asymptotic stability and quadratic performance are given in terms of
LMIswith explicit dependencein the system coefficient matrices. Thefollowing standard
Lyapunov stability condition is a major contribution of this paper. A linear dependence
on the system coefficient matrices can be noticed, in contrast to many known stability
conditions dependent on inverses of coefficient matrices.

Theorem 4. System (2.27) is asymptotically stableif, and only if, 3P; € S™, Ws, W3 €
R’I’LX?’L :

—(WoK + KTW]) Py —WoC — KTW] <0 (2.289)
P~ WsK —CTWS P+ Py —(W3C+CTW{)| ~ '
T
Pl W2]V[ P1 WQJ\/_[
{MTWQT WgM} * [MTWQT W M] =0, (2.280)
WM = MTWT (2.28c)

New LMI conditions extended with multipliers are also proposed. Elimination of
multipliers is investigated, to determine in which circumstances multipliers can be re-
moved without loss of generality, leading to LMI with fewer variables and better suited
to synthesis. We illustrate thisin the context of integral quadratic constraints on the input
and output signals. Consider the constrained Lyapunov problem

qg? T ZTQz ZT(S + QD:w) qug
. . B t + Zw t
V(ad(®:d0) <~ | Gy | (54 QD072 R it |
w(t) w(t)
R R+DT QDzw_"DZwS_'—STDZ“’
(2.29a)

Y(q(t), (1), 4(t), w(t)) satisfying Mq(t) + Cq(t) + Kq(t) = Fuw(t),  (2.290)
(q(t),4(t),G(t), w(t)) #0,  (229¢)

Sufficient conditions with reduced number of multipliers can be derived from the above
Lyapunov problem by applying the Elimination Lemma. They become aso necessary if
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the acceleration vector (or position vector) is absent in the performance vector z(t) i.e.
U=0.

Theorem 5. The set of solutions of the Lyapunov problem (2.29) with P > 0 isnot empty
if3P, PseS", Py, &, Ae R™"™ q€cR :

J+H+HT <0, where (2.30a)
0 P, P, 0 XTQX XTQV XTQU XT(S+QD..,)

\Ph P+Pf P3O * VvIiQv VvIQU VT(S+QD.y)
T=\pr "m0 o T| « «  UTQU UT(S+QD..)|
0 0 0 O * * * R

(2.30b)
dK dC dM —®F,
2 (0@ +ANK (a®+A)C (@ +A)M —(a®+A)F, a>0
' aAK alAC aAM —alAF, ’ ’
0 0 0 0
(2.30c)
[52; ]Zjﬂ - 0. (2.30d)

Thisis necessary and sufficient whenever U = 0 in (2.29).

Regarding synthesis, the manuscript has focused on stabilizing and £ -gain con-
trollersin vector second-order form. The £, performance criteriais a particul arization of

the above by setting
Q S I 0
ST R 0 —2I|"

The next theorem states the existence of a static controller of the form (2.27¢) with guar-
anteed L5 performance.

Theorem 6. There exists a controller of the form (2.27c) such that [|H .||z, < 7* if
3P, P3eS", P, I'eR”, G, Gpb e R"™*" a,peR :

w(KT 4 F,Gp) +% P4 p(CT + F,G,) + (1 + ap) (KT + F,G,)T

* Py + (14 ap)(CT + F,Gy) + %
* *
* *
* *
Py + puMT + (KT + F,G,)T —piFy r’x" - KI'DT,
Py + (1+ ap)MT + o(CT + F,G,)T —(1+ap)F, TTVT —KI'DT,
a(MT +TTM7T) —aF, rrur =<0,
* _721 DZw
* * —I
R K (2.314)
PP
a>0, pu>0, |:]52T ]53] =0 (2.31b)




If asolution is found, the controller gains can always be reconstructed from the aux-
iliary ones accordingto G, = G,T ' and G, = G, 1.

The inherent decoupling of the Lyapunov and system matrices facilitates parameter-
dependent Lyapunov functions as certificates of stability. Assume uncertain system co-
efficient matrices taking values in a domain defined as a polytopic combination of N
given matrices. We consider the robust stability problem as an example. Such system is
robustly stabilizable by a static feedback law of the form (2.27c) if 3 A, P,,; € R™*™,

Pii, Ps; €S™ Gy, G e R™*™ o, ne€R :

0 Py Py,
Ji+Hi+H <0, Ji:=|Pi Pui+Pl; P3|, (2.324)
PQTl Ps; 0
p(KA+ F Gy p(Cih+ FiGy) u(M;A)
Hi = | (1 + ap)(K;A+ EWG,,) (1+ au)(CiA + lfu,in) (1 + ap)(M;A)
(2.32b)
Py Py
[PQTJ- P?M] =0, a>0,u>0, (2.32c)
fori=1,...,N.

Numerical examplesillustrate the design of controllers. One of the examplesbringsa
different perspective to modern control of wind turbines by considering the design model
in its natural, vector second-order form. For clarity, the turbine model contains only the
two structural degrees of freedom with lowest frequency contents: rigid body rotation of
the rotor and fore-aft tower bending described by the axial nacelle displacement. Con-
troller design followsaH ., model matching criteria, which has an elegant structure when
considered in vector second-order form. The performance of the system in closed-loop
should approximate a given a reference model

M- (t) + Crgr(t) + KrGr(t) = Furw(t) (2.339)
2e(t) = UrGr(t) + Ve () + X G (t) (2.33b)

in an H..-norm sense. The matrices of the reference model are chosen to enforce a
desired second-order closed-loop sensitivity function from wind speed disturbance v(t)
to rotor speed v (¢). Bode plots of the closed-loop, open-loop and reference systems are
depicted in Fig.2.9a. A good agreement between the closed-loop and reference model is
noticeable. The chosen reference model indirectly impose some damping of the tower
fore-aft displacement by trying to reduce the difference in magnitude between open-loop
and reference model at the tower natural frequency. Step responses of the controlled and
reference systems are compared in Fig.2.9b, showing a good correspondence.
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Figure 2.9: ‘H ., model matching control of a simplified wind turbine model.
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Paper G: F.D. Adegas, Linear Matrix Inequalities Conditionsfor Simultaneous
Plant-Controller Design

In this paper, LMI conditions to the simultaneous plant-controller design are derived. We
consider the closed-loop system

i(t) = (A(p) + BuK)a(t) + Bu(p)w(t) (2.343)
2(t) = (Co(p) + DK )a(t) + Dy (p)w(t) (2.34b)

wherez € R™ isthe state vector, w(t) € R~ isthe disturbance vector, z(t) € R"= isthe
performance channel, K € R™*"™ s the full-state feedback gain, and systems matrices
are real valued with appropriate dimensions, and defined as

A(p) = AO + Appa By, (P) = Byo + Bwppv
Cz(p) = CZO + Czpﬂa Dzw(p) = Dsz + Dzwppa

A, = [Apl Ap, . APN} . Bup = [me Bup, .. Bpr] ,
Copi=[Con Copa v Copnls Dowpi= [Dowm Dowps = Dowpa]
p = [pljn pQIn /JNIn}T, Blgngﬁw 221,,N

The above matrices are affine dependent on p representing deviations of the plant pa-
rameters from the nominal ones. Matrices A, B, C.,, Dy, define how parameter
deviations affect the nominal plant matrices Ag, B0, C.0, D.wo- These parameters are
assumed bounded by a hypercube with [ower limit p. and upper limit 5,.

The simultaneous plant-controller design is subject to integral quadratic constraints
(ICQ) on theinput and output signals

/ooo (Z%)T [SQT ]Si:] (Z%) =0 (2.36)

where Q € S"s, R € §"», § € R"=*"» R » (. Considering the algebraic dua
of system (2.34)-(2.35), and resorting to Lyapunov theory and the S-procedure [OS01],
it can be shown that system (2.34)-(2.35) is asymptotically stable and satisfy the ICQ
constraint (2.36) if, and only if, there exists V' (x(t)) > 0, Va(t) # 0 such that
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HONSEA(
L . (t L (t
V(' (t),d (1) < — z]ogl,, ((t)) M 1];;, ((t)) : (2.373)
w (1) w (t)
M = ) e DZUP,JQ szfp D:’w”p s 55}00 (2.37b)
* * * R
R:= R+ D,,0QDL,o+ D.woS + STDL, (2.370)
V(@ (), (t), p, (1), P (), w(t) # 0 satisfying (2.37d)
#(8) = (Ao + BuK)"2 (t) + (Cao + Do )W () + po(t) + p(t)  (2:376)
p;(t) = pTA,:fa:, (1), p;,(t) = pTC'?pw, (t). (2.37f)

where (-) representsthe dualized system variables. The nonlinear change-of -variables

. . . . N T
p=pl,, p= [plln poln ... pNIn] (2.38)

involving the plant parameters p,; and a scalar multiplier is an original contribution and
facilitatesthe derivationsthat follows. Whenever ¢ £ 0, theoriginal plant parameterscan
be reconstructed according to p; = p;v . LMI conditions arises by applying Finsler's
lemmato (2.37). Let synthesis conditions for the plant design problem (controller gains
K = 0) be presented first.

Theorem 7 (Plant Synthesis). There exists plant parameters p;, i = 1,..., N such that
theset (2.37)isnotemptyif 3P € S™, p;, i =1,...,N, ¢, a € R, &1, 'y, Ay, Iy, €
R’I’LX’R :

T+H'+H <0, P>0, (2.39)
BIUOQBZ;O P BwOQBZ:p BwOQDpr BuwoSDzuwo
* 0 0 0 0
J = * * BwPQBZ:p BwPQDpr BWPSDsz ) (240)
* * * DZWPQD;wp DZUJPSDZ’LUO
* * * * R
Ao(bl + Ap[) Oé(AO(I)l + Ap,[)) A()Al + Ap[) AOH1 + Ap[) 0
—(bl —(1(1)1 —A1 —H1 0
H=| & —9l, (@1 —Yly) Ay =l I —vL, 0],
(I)l - "!]In 04((1)1 - w-[n) Al - "!]In l_Il - "!]In 0
Cszq)l + CzppA a(CzO(I)l + Czpﬁ) CVZOAI + CzppA CZOH]. + CzppA 0
(2.41)
P> i > B, (2.42)

and if the solution yields v non-singular.
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In this case, the original plant parameters can be recovered from the auxiliary ones
according to p; = p;1»~*. The results from the plant design are extended with the state-
feedback controller yielding the main contribution of this paper.

Theorem 8 (Simultaneous Plant-Controller Synthesis). There exist plant parameters p;,
i =1,...,N and a controller gain K such that the set (2.37) is not empty if 3 P €
Sn’ léiv 1= 17"'7N7 wv « ER, (I)la Fla Ala H17 € R™™

T+H'+H <0, P>=0, (2.43)
BwOQBZ:() P BwOQBZ:p BwOQDpr BwOSDsz
* 0 0 0 0
J = * * BwPQBZ:p BprDpr BWPSDZwO ) (244)
* * * DzprDpr D.w,SDT
* * * * R
Ao® + B,K +App a(Ao®+ B,K +Ayp)  Ag®+ B,K + Ayp
- —ad —-d
M= o — I, a(® —yl,) o — oI,
o — I, a(® —l,) o — I,
CzO(I) + DzuK + Cvzp/3 a(CZO(I) + DzuK + Czpﬁ) CZO(I) + DzuK + Czp,é
Ag®+ B,K+A,p 0
—d 0
¢ — oI, 0, (2.45)
& — I, 0
CZO(I) + DzuK + Czp/é 0
> pi > T (2.46)

The linear dependence of the LMIs on the Lyapunov matrix facilitates the usage
of parameter-dependent Lyapunov functions as certificates of stability of uncertain and
time-varying systems. Results on simultaneous plant-controller design for uncertain and
linear-parameter varying systems have aready been derived and will be presented in a
future manuscript. Results for plants with polynomial dependence on the parameters to
be designed were also developed and will be published shortly.

Report H: F.D. Adegas, D-Stability Control of Wind Turbines

In this report, multiobjective output-feedback control via LMI optimization is explored
for wind turbine control design. In particular, we use D-stability constraints to increase
damping and decay rate of resonant structural modes. In this way, the number of weight-
ing functions and consequently the order of thefinal controller is reduced, and the control
design processiis physically more intuitive and meaningful.

Our interest lies in the design of a full-order dynamic output feedback controller for
a wind turbine, such that satisfactory generator speed (and power) regulation as well
as mitigation of mechanical vibrations are attained. We denote input-output operators
(transfer matrices) of the augmented system for controller synthesisas 7', .. We adopt
time and frequency domain specifications to the closed-loop system including induced
norms such as
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o Lo-norm (|| Tw— - Hf’Q < 7¥): "energy gain” of a system to aworst-case disturbance,
e.g. aconstant relating the energy of the worst-case wind (wind gust) to the energy
on the gen. speed;

e Generalized Ho-norm (HTw_MHg < p): energy-to-peak gain of a system, eg. a
constant relating wind gust with maximum pitch angle rates;

and regional pole placement constraints, such asthe onesillustrated in Fig. 2.10.
e Conic region; minimum damping for all modes;
e Decay region: minimum decay rate for all modes;

e Circleregion: acirclewith radius r and center —c.

A A
$im Im 41Im
»> > 2V, Y
a Re U Re RS

Figure 2.10: Regions of the complex plane for pole placement constraints.

The numerical examplebringsageneric utility-scale wind turbine model with 9-states
composed of the following modes/states:two-mass flexible drive-train, tower fore-aft dis-
placement, second-order pitch actuator, first-order generator lag and integral of generator
speed. The chosen design criteriais to minimize the performance level v subject to

o IToaliy <7 2()=[u(t) Q) B

THBHQ < 8 degls;
o ag(A\(A)) < ¢, Re(A(A)) < a.

where (2, istheintegral of speed error, () 4 isthe generator torque and 5 is the pitch angle.
In words, this performance criteria states that the generator speed "integral square error
(ISE)” should be small with little control effort while respecting the pitch rate limit, for the
worst-case wind disturbance. The augmented system for synthesis purposes is depicted
in Fig. 2.11. The weighting functions were chosen frequency independent on the form
G1(s) := k1 and G5(s) := diag(k, k3). All modes should be contained in aconic region
with internal angle 2¢ and decay rate of at least «. The adopted multiobjective LMI
formulation follows[SGC97]. The LMIswere solved with the semidefinite programming
code SeDuMi [Stu99] and parser YALMIP[L 04].

The drive-train torsional mode is the least damped mode in open-loop. Active vibra-
tion control can be obtained by a D-stability constraint on the minimum damping of the
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Figure 2.11: Augmented system for synthesis.
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Figure 2.12: Closed-loop response for a unit step on wind speed disturbance for different
angles of the conic region.

closed-loop system. viathe conic region constraint. Figure 2.12 depicts the closed-loop
system response for a unit step on wind speed disturbance, under various internal angles
of the conic region. The location of the closed-loop poles areillustrated in Fig. 2.13. The
effect of the damping constraint on the generator speed €2 , and generator torque () ; Sig-
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Figure 2.13: Location of the closed-loop polesfor different angles of the conic region.

nals is noticeable. The report also shows how to achieve drive-train and tower damping
simultaneously, as well as the influence of energy-to-peak constraint in the pitch rate in
the system response.

Other Contributed Papers

During the Ph.D. project, four other papers were been written by the author of this the-
sis and published. Two of the papers addressed theoretical developments in the area of
structured control of uncertain and LPV systems,

e Adegas FD, Stoustrup J. Robust structured control design via LMI optimization.
Proceedings of the 18th IFAC World Congress, IFAC: Milan, Italy, 2011.

e Adegas FD, Stoustrup J. Structured control of affine linear parameter varying sys-
tems. Proceedings of the 2011 American Control Conference, San Francisco, CA,
USA, 2011.

and their content are partially related to the iterative LMI agorithm of Paper A. It was
decided to let them out to favor conciseness of the thesis. The other two papers werein
collaboration with M.Sc. students. Although within the field of wind turbine control and
the scope of Project CASED, they have been left out in favor of a more uniform thesis
content around structured control of wind turbines and LMI methods. The following

paper

e J Friis, E. Nielsen, J. Bonding, F.D. Adegas, J. Stoustrup, PF. Odgaard, " Repetitive
model predictive approachto individual pitch control of wind turbines,” |EEE Conf.
on Decision and Control and European Control Conference (CDC-ECC), pp.3664-
3670, 12-15 Dec., 2011.
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proposes a hovel model predictive (MPC) approach for individual pitch control of wind
turbines. A repetitive wind disturbance model is incorporated into the MPC prediction.
As a consequence, individual pitch feed-forward control action is generated by the con-
troller, taking future wind disturbance into account. |nformation about the estimated wind
spatial distribution one blade experience can be used in the prediction model to better
control the next passing blade. A simulation comparison between the proposed controller
and an industry-standard PID controller shows better mitigation of drive-train, blade and
tower loads.

New analysis tools and an adaptive control law to increase the energy captured by a
wind turbineis proposed in

e L. Diaz-Guerra, FD. Adegas, J. Stoustrup, M. Monros, " Adaptive control algo-
rithm for improving power capture of wind turbinesin turbulent winds,” American
Control Conference (ACC), pp.5807-5812, 27-29 June 2012,

Due to its simplicity, it can be easily added to existing industry-standard controllers.
The effectiveness of the proposed algorithm is accessed by simulations on a high-fidelity
aeroelastic code.







3 | Concluson and Future Work

In this chapter, the main conclusionsfrom the work presented in the previous chaptersare
drawn. Suggestionsto possible future research directions follows.

3.1 Conclusions

Aeroservoelastic LPV Modeling of Wind Turbines

The LPV framework was shown suitable for integrating aeroelastic models of wind tur-
bines and controller models. By the use of simple first-principles modeling, aerodynamic
non-linearities and common faults on sensors and actuators of a control system can be
simultaneously represented in the plant and captured by the gain-scheduled controller.

Wind turbine LPV models are often simple, first-principles based, neglecting dynam-
ics related to aerodynamic phenomenaand some structural modes. Thisin turn restricted
LPV control of wind turbines to the academic environment only. On the other hand, the
high-fidelity aeroelastic models used by the wind industry for controller design are often
linear-time invariant and of high-order. Based on modal and balanced truncation, one of
the proposed methods proved very successful for order reduction of high-fidelity wind tur-
bine models. With the assumption that scheduling parameters varies slowly, the method
is able to encapsulate the varying dynamics over the operating envelope as a reduced-
order LPV system. Modeling methods such asthis can motivate the industrial use of LPV
control. Parameter-dependent models can also serveto the purpose of simultaneous plant-
controller design. Instead of performing linearizations of the non-linear aeroservoel astic
model during the course of the optimization, an entire family of designs can be computed
off-line and encapsulated as a reduced-order parameter-dependent system. This system
can later be utilized for aeroservoel astic optimization.

Synthesis of Wind TurbineLPV Controllers

Thisthesis has demonstrated the factibility of including structure on gain-scheduled con-
trollersfor wind turbines. The linear parameter-varying modeling and control framework
using parameter-dependent Lyapunov functions and linear matrix inequalities was shown
appropriate to address some of the control problems commonly faced by the wind indus-
try with theoretical soundness on stability and performance of the system in closed-loop.

The numerics play an important role when implementing LPV methods in practice.
The methods proposed in this thesis sacrifices elegance in the offline synthesisin favor of
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a simple online implementation. Matrix inversions and factorizations are common oper-
ations carried online when the LPV controllers are computed from LMI conditions with
auxiliary variables. Iterative LMI algorithms may be computationally demanding, but
due to the absence of auxiliary variables, the resulting LPV controllers does not demand
online operations as such. Sums of matrices and multiplication between matrix and a
scalar are the only required operations. Ease of implementation can also encourage the
immersion of LPV control of wind turbinesin an industrial setting.

I ntuitive Performance Specifications

In the design of LPV controllers, the # ., mixed-sensitivities|oop-shaping approach tries
to enforce a second-order behavior from wind disturbances to rotor speed. The desired
second-order behavior is specified in terms of natural frequency and damping ratio, usual
requirementsin the design of PI controllersfor wind turbines.

D-Stability was shown to be an interesting approach to active vibration control. Pole
placement constraints have direct physical meaning, such as minimum damping and de-
cay rate of the closed-loop poles, which facilitates controller design with high-level spec-
ifications. Specification of these constraints are also independent of the aeroel astic model
being used for control design. An integrated aeroservoelastic optimization can take ad-
vantage of this fact to guarantee a certain level of vibration attenuation despite re-design
of the plant and controller.

Theoretical Developments

The thesis also brought new conditions and perspectives to some of the important control
problems which remains open to date.

The analysis and synthesis conditions of vector second-order systems obtained dur-
ing our studies have the potential to increase the practice of working with systems di-
rectly in vector second-order form. LMI conditionsfor verifying asymptotic stability and
quadratic performance were shown to be necessary and sufficient, irrespective of the type
of dynamic loading. Due to their linear dependence in the coefficient matrices and the
inclusion of multipliers on the formulation, the conditions are appropriate to robust anal-
ysis of systems with structured uncertainty. Synthesis of vector second-order controllers
with guaranteed stability and quadratic performance are also formulated as LMI prob-
lems. Unfortunately, the synthesis conditions are only sufficient to the existence of full
state-feedbacks. This is the major drawback when compared to synthesis in state-space
first-order form, to which necessary and sufficient LMI conditions are available in the
literature. However, when structural constraints are imposed on the controller gains, the
design in vector second-order form may render |ess conservative results.

The novel H../H> model reduction conditions and procedures based on LMIs ex-
tended with multipliers shown to be efficient when compared to other works on the litera-
ture. The proposed conditions are particularly useful for reducing the order of parameter-
dependent systems, limited to origina models with small to moderate number of states.
These could be readily applied to model reduction of gain-scheduled controllers where
the rate of variation of the scheduling variable is assumed null.

The proposed sufficient static output stabilization conditionsbased on LMIs extended
with multipliersal so shownto beefficient. A successrate of finding stabilizing controllers
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of over 90% were achieved in numerical experiments with randomly generated state-
space models. In awind turbine context, since Pl controllers can be formulated as static
output feedback (by augmenting the integrator on the plant), the proposed simultaneous
stabilization conditions can be useful to design passive fault-tolerant Pl controllers.

A different perspectiveto the simultaneous plant-controller design problem was given
by proposing convex, sufficient LMI conditions to this problem. The extra degrees of
freedom introduced by the matrix multipliers facilitated a novel change-of-variablesin-
volving the plant parameters to be designed. The linear dependence of the conditions on
the Lyapunov matrix ease the usage of parameter dependent Lyapunov functions as cer-
tificates of stability to the simultaneous plant-controller design of parameter-dependent
and linear parameter-varying systems. Thisisadirect contribution to concurrent aeroser-
voelastic design of wind turbines. Suboptimal designswith quadratic performance can be
computed efficiently using modern convex optimization tools.

3.2 FutureWork

Suggestions to future work are provided in this section, based on limitations of some of
the presented results, issues that were not addressed due to lack of time, and on more
general impressions gathered during the research.

Aeroservoelastic LPV Modeling of Wind Turbines

Other methods for encapsulating the varying dynamics of the wind turbine as an LPV
system is a subject of further research. Our approach relied on reducing the order of the
collection of original LTI models and subsequent interpolation of the state-space matri-
ces. An dternative approach could fit a high-order LPV model from the original LTI
systems, and later apply model reduction techniquesfor parameter-varying systems. This
approach would benefit of interpolating the system matricesin the original and consistent
coordinates. The drawback is the large least-squares problem required for interpolation
of the large matrices which can be numerically challenging.

When only LTI models are available, it is usual to resort to the strong assumption that
scheduling variables varies slowly in time. An issue of future researchisto find an LPV
representation from a high-fidelity non-linear aeroelastic model which does not assume
slow parameter variations.

Expand the LPV modeling and control framework of wind turbines to deal with de-
rated power operation is of interest. Changes in power reference result in changes of the
operating point of the machine, which in turn leads to varying dynamics. A scheduling
parameter can be add to the LPV formulation allowing the controller to adapt to the
envelope of varying dynamics.

Synthesis of Wind TurbineLPV Controllers

LMI conditions can also be explored to the design of wind turbine LPV controllers. Full-
state and full-order dynamic output feedback can be turned into LMI conditions, with-
out loss of generality, by performing linearizing change-of-variables between parameter-
dependent controller data and parameter-dependent multiplier. Other structures such as
static output feedback can also be handled with some conservatism. Our experience says
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that iterative LMI algorithms are usually less conservative than sufficient LMI conditions
with multipliers. A comparison between sufficient LMI and iterative LMI methods for
LPV control of wind turbines would give an empirical indication of the relative degree of
conservatism of each approach.

I ntuitive Performance Specifications

Two research lines on this subject were initiated during the Ph.D. studies. The first one
isto tailor LMI-based optimal control to consider fatigue explicitly in the cost function.
To accomplish this, the formulation should include in the objective function not only
variance, but also higher-order statistical moments of the signals of interest. A state-space
formulation of this problem would be valuable.

During the Ph.D. studies, research on modal control of wind turbines achieved a cer-
tain degree of maturity, and some results are expected to be published soon. Modal control
ease the task of damping assignment to lightly damped structures. To understand the lim-
itations and develop methods of modal control of wind turbinesis an interesting subject
of future research.

Theoretical Developments

To seek necessary and sufficient LMI criteria to the synthesis of vector second-order
controllers is of utmost importance. In this thesis, the Lyapunov function was defined
similarly to the first-order state-space case. That is, quadratic function of velocities and
positions. Other formulations of the Lyapunov function might result in necessary and
sufficient or less conservative conditions. # o performance specifications can be derived
from the presented derivations with little effort. During the Ph.D. studies, an attempt to
find a suitable linearizing change-of-variablesin the dynamic output vector second-order
feedback case was not successful. This remains as future work.

A more detailed comparison of the proposed sufficient LMI condition for static out-
put stabilization with others found on the literature is required. Numerical experiments
can give an empirical measure of the conservativeness relative to each of the existing
conditions.

An extension of the proposed H ../H2 model reduction conditions to cope with LPV
systemsisstraightforward, and useful to reducethe order of wind turbine LPV controllers.

Results on simultaneous plant-controller design for linear-parameter varying systems
have already been derived and will be presented in a future manuscript. Results for plants
with polynomial dependence on the parameters to be designed were also developed and
will be published shortly.
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1 Introduction

Abstract

High performance and reliability are required for wind turbines to be competi-
tive within the energy market. To capture their nonlinear behavior, wind turbines are
often modeled using parameter-varying models. Inthis chapter, aframework for mod-
elling and controller design of wind turbines is presented. We specifically consider
variable-speed, variable-pitch wind turbines with faults on actuators and sensors. Lin-
ear parameter-varying (LPV) controllers can be designed by a proposed method that
alows the inclusion of faultsin the LPV controller design. Moreover, the controller
structure can be arbitrarily chosen: static output feedback, dynamic (reduced order)
output feedback, decentralized, among others. The controllers are scheduled on an
estimated wind speed to manage the parameter-varying nature of the model and on
information from a fault diagnosis system. The optimization problems involved in
the controller synthesis are solved by an iterative LMI-based algorithm. The result-
ing controllers can also be easily implemented in practice due to low data storage and
simple math operations.

1 Introduction

Motivated by environmental concerns and the depletion of fossil fuels, as well its mature
technological status, wind energy consolidate as a viable sustainable energy source for
the decades to come. Over the past 20 years, the global installed capacity of wind power
increased at an average annua growth of more than 25% from around 2.5 GW in 1992
to just under 200 GW at the end of 2010 [1]. Due to ongoing improvementsin the wind
turbine efficiency and reliability, and higher fuel prices, the cost of electricity produced
(COE), which, roughly speaking, takes into account the annual energy production, life-
time of wind turbines, and Operation & Maintenance costs, is becoming economically
competitive with conventional power production.

Automatic control is one of the engineering areas that significantly contributed to
reduce the cost of wind generated electricity. In order to reduce COE, a modern wind
turbine is not only controlled to maximize energy production, but also to minimize me-
chanical loads. The controlled system also has to comply with external requirements,
such as acoustic noise emissions and power quality grid codes. Since many wind turbines
areinstalled at remote locations, the introduction of fault-tolerant control is considered a
suitable way of improving reliability/availability and lowering costs of repairs. Finaly,
the lack of accurate models must be alleviated by robust control strategies capable of
securing stability and satisfactory performance despite model uncertainties[2].

From a control point of view, awind turbine is a challenging system since the wind,
which isthe energy source driving the machine, is a poorly known stochastic disturbance.
Add to that wind turbinesinherently exhibit time-varying nonlinear dynamics along their
nominal operating trajectory, motivating the use of advanced control techniques such as
gain-scheduling, to counteract performance degradation or even instability problems by
continuously adapting to the dynamics of the plant. Wind turbine controllers typically
consist of multiple gain-scheduled controllers, which are designed to operate in the prox-
imity of a certain operating point. The gain-scheduling approach for industry-standard
classical controllers can be either based on switching or interpolation of controller gains
[3], [4]. Controller structure may also change by either switching [3] or bumpless trans-
fer [5, 6] according to the wind speed experienced by the wind turbine. The underlying
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assumption for such control schemes is that parameters only change slowly compared to
the system dynamics, which is generally not satisfied in turbulent winds. Additionally,
classical gain-scheduling controllers only ensure performance guarantees and stability at
the operating points where the linear controllers are designed [7].

A systematic way of designing controllers for systems with linearized dynamics that
vary significantly with the operating point is within the framework of linear parameter-
varying (LPV) control. An LPV controller can be synthesized after solving an optimiza-
tion problem subject to linear matrix inequality (LMI) constraints. In control systems for
wind turbines, robustness and fault-tol erance capabilities are important properties, which
should be considered in the design process, calling for a generic and powerful tool to
manage parameter-variations and model uncertainties. In this chapter, design procedures
for nomina controllers for parameter-varying models as well as active/passive fault-
tolerance, are provided. The framework can be trivially extended to design controllers
robust to uncertainties in the model [8], e.g., aerodynamic uncertainties [9]. Indeed, han-
dling known parameter-dependencies, unknown parameter variations, and faults, consti-
tute the main challenges for the application of wind turbine control.

An overview of the proposed control structureisillustrated by the block diagram de-
picted in Fig. 4.1, where u(k) is the control signal and w(k) is the disturbance. The
LPV controllers depend on the measurements y (k) and an estimate of the current operat-
ing point, éop(k), which is used as scheduling parameter. Additionally, a fault diagnosis
system provides the scheduling parameter éf(k) for the active fault-tolerant controller
(AFTC). The extra degree of freedom added by alowing the AFTC to adapt in case of a
fault may introduce less conservatism than for the passive fault-tolerant controller. The
AFTC is a conventional LPV controller scheduled on 6q,(t) and 6¢(t); the reason for
denoting it an active fault-tolerant controller arises from the origin of the scheduling pa-
rameters.

(k) (k)

u(k) | Wind turbine J

Bop () Wind speed
estimator |
LPV controller

Or(k)  Faulf diagnosis "
« | system

Figure 4.1: Block diagram of the controller structures. The black boxes are common
to the LPV controllers, while the red dashed box illustrates the fault diagnosis system
required by the AFTC.

Thelist of faults occurring in wind turbinesis extensive, reflecting the complexity of
the machines. On system level, faults occur in sensors, actuators, and system components,
ranging from slow gradual faults to abrupt component failures. The occurrence of faults
may change the system behavior dramatically. This motivates us to develop methods for
fault diagnosis and fault-tolerant control, offering several benefits:
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e Prevent catastrophic failures and faults from deteriorating other parts of the wind
turbine, by early fault detection and accommodation.

e Reduce maintenance costs by providing remote diagnostic details and avoiding re-
placement of functional parts, by applying condition-based maintenance instead of
time-based maintenance.

e Increase energy production when a fault has occurred by means of fault-tolerant
control.

This chapter gives an overview of the most common faults that can be modelled as
varying parameters. For a clear exposure, the fault-tolerant controller is designed to cope
with the simple case of asingle fault: altered dynamics of the hydraulic pitch system due
to low hydraulic pressure. The fault is agradual fault affecting the control actions of the
turbine. The method used also applies to fast parameter variations, i.e. abrupt faultsin
the extreme case [10].

Realizing advanced gain-scheduled controllers can in practice be difficult and may
lead to numerical challenges[2, 11]. Several plant and controller matrices must be stored
on the controller memory. Moreover, matrix factorizations and inversions are among the
operations that must be done online by the controller at each sampling time[12, 13].

The synthesis procedures presented in this chapter are serious candidates for solving
amajority of practical wind turbine control problems, provided a sufficiently good model
of thewind turbineis available. We believe that the resulting controller can aso be easily
implemented in practice due to the following reasons:

1. Structured controller: the controller structure can be chosen arbitrarily. Decen-
tralized of any order, dynamic (full or reduced-order) output feedback, static output,
and full state feedback are among the possible structures. Thisis in line with the
current control philosophy within wind industry.

2. Low data storage: the required data to be stored in the control computer memory
is only the controller matrices, and scalar functions of the scheduling variables
representing plant nonlinearities (basis functions).

3. Simplemath operations: the mathematical operations needed to compute the con-
troller gains at each sampling time are look-up tables with interpolation, products
between a scalar and a matrix, and sums of matrices.

The versatile controller structure and facilitated implementation comes with a price.
Due to the (possible) nonconvex characteristics of the synthesis problem, the controller
design is solved by an iterative LM optimization algorithm that may be demanding from
a computational point of view. However, the authors consider that it is worth to transfer
the computational burden from the controller implementation to the controller design.

The chapter is organized as follows. Section 2 describes the LPV wind turbine plant
modeling including typical faults and uncertainties. The LPV controller design proce-
dure, based on an iterative LMI optimization algorithm, is presented in Section 3. Sec-
tion 4 contains a design example on how state of the art industrial controllers can be
designed within the LPV framework. A fault-tolerant gain-scheduled Pl pitch controller
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for the full load region is designed and compared to a gain-scheduled controller with-
out fault accommodation capabilities. Simulation results presented in the same section
compares the performance of both LPV controllers to show that pitch actuator faults due
to low pressure can be accommodated by the fault-tolerant LPV controller, avoiding the
shutdown of the wind turbine. Section 5 concludesthe paper.

2 Wind Turbine LPV moded

In this section, an LPV model is derived from a nonlinear time-varying wind turbine
model. The nonlinear model consists of several sub-systems, namely aerodynamics, the
tower, the drive train, the generator, the pitch system, and the converter actuator. The
interconnection of the wind turbine sub-modelsis illustrated in Fig. 4.3. For simulation
purposes, the wind disturbance input, V' (¢), is provided by awind model which includes
both tower shadow and wind shear [14] together with a turbulence model [15]. The a
detailed description of the model is provided in [10]. The sub-models are individually
described in the sequel.

Wind Model

The driving force of awind turbine is generated by the wind. Therefore, amodel of this
external input to the wind turbine, Vi, (t), has to be provided.

Generally, the wind speed is influenced by several components, which depend on the
environment where the wind turbine is located; however, we restrict our model to include
only three effects: wind shear, tower shadow, and turbulence. A more thorough wind
model can befoundin [10]. We will not provide a detailed description of the wind model,
but only explain its three components briefly.

Wind shear is caused by the ground and other obstaclesin the path of the wind, which
cause frictional forcesto act on the wind. The frictional forcesimply that the mean wind
speed becomes dependent on the height above ground level. Therefore, the mean wind
speed depends on the location of the three blades. When a blade is located in front of
the tower, the lift on that blade decreases because the tower reduces the effective wind
speed. This phenomenonis called tower shadow and implies that the force acting on each
blade decreases every time a blade is located in front of the tower. Finally, the variations
in the wind speed, which are not included in the mean wind speed, are called turbulence
and are caused by multiple factors. The utilized turbulence model is based on the Kaimal
spectrum that describes the turbulence of a point wind. Since the wind model describes
the wind speed averaged over the entire rotor plane, alow-passfilter is applied to smooth
the wind speed signal. Fig. 4.2 shows an output of the wind model V,(t). Note that a
detailed description of the wind model can be found in [10].

Nonlinear M odel

The rotor of a wind turbine converts kinetic energy of the wind into rotational energy
of the rotor blades and shaft. Aerodynamic forces over the rotor blades are often deter-
mined with the assumptions of Blade Element Momentum (BEM) theory [16]. Fig. 4.4
illustrates the forces and vel ocity vectors on a blade element.
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Figure 4.2: Output of the wind model at a constant rotor speed. The periodic decrease of
the wind speed is caused by tower shadow.
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Figure 4.3: Sub-model-level block diagram of a variable-speed variable-pitch WT.

V() (1-a)

Figure 4.4: Forces on a blade element.

Assuming a symmetric aerodynamic rotor driven by a uniform inflow, and neglecting
unsteady aerodynamic effects, the local tangential fq and axial ft forces along the local
blade radius  are given by,

fo= %pc(T)W2 (ryt) <C|_ (r,a(r,t)) sinp(r, t) — Cpo(r, a(r,t)) cos p(r, t)) [N]

fr= %pc(T)W2 (ryt) <C|_ (r,a(r,t)) sinp(r, t) + Cp(r, a(r,t)) cos p(r, t)) [N]
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with the squared local inflow velocity W?2(r,t), local angle of attack a(r,t) and local
inflow angle ¢(r, t) described as,

W2(rt) = (VIO — a() + ()0 + @), [/
O‘(Tv t) = 90(7'7 t) - (;5(7‘) - ﬁ(t)v [o]
olrt) = tan (V.()) (L a() (2O +a@) ) [l

In the above expressions, p is the air density, ¢(r) isthelocal chord length, C' (r, ) and
Ch(r, o) are the local steady-state lift and drag coefficients, V' (¢) is a mean wind speed
over the rotor disk, Q,(¢) is the rotor speed, a(r) and a’(r) are the axial and tangential
flow induction factors, respectively, ¢(r) is the local chord twist angle along the blade,
and 3(t) isthe blade pitch angle.

In the aerodynamic model, we assume that a yawing system exists, which always
keeps the rotor plane perpendicular to the direction of the wind; hence, V() is always
perpendicular to the rotor plane. However, as the rotor rotates the resulting wind speed
at a blade, called the inflow velocity W (r, t), has an angle ¢ with respect to the rotor
plane. The drag force given by 1/2pcW 2Cp is defined to point in the opposite direction
as W(r,t) and the lift force given by 1/2pcW2Cy is perpendicular to drag force. Via
projections of these forces we obtain fq and fr.

Theaerodynamictorque (Q  and thrust force T, produced by the rotor can be expressed
as the summation of the forces over the B number of rotor blades,

QalV, Q. Ba,d) /’mrvmﬁ,u,<»mw Nm, (41

TV, Q0 B, a,d) /fTrvszr,ﬂ, (r),a'(r) dr  N]. (4.1b)

After integration, the aerodynamic torque and thrust are represented as,

Qa(t) =55 pAV(H)Cr(A(), B())  [Nm] (4.24)

2Q i(t)
Ta(t) :§PAV2(t)CT()\(t)aB(t)) [N] (4.2b)

with the tip-speed ratio denoting the ratio between the blade tip and the mean wind speed,

where R is the rotor radiusand A = 7w R? isthe rotor swept area. The power coefficient
Cp(\, B) and thrust coefficient Ct(A, 3) are smooth surfaces usually given in tabular
form. Fig. 4.5 depicts Cp and Ct surfaces of atypical 2MW wind turbine.

Aerodynamic torque (Q, drives a drive train model consisting of a low-speed shaft
and a high-speed shaft having inertias J, and Jg, and friction coefficients B, and By. The
shafts are interconnected by a transmission having gear ratio N4, combined with torsion
stiffness K g, and torsion damping B Thisresultsin atorsion angle, 6 (¢), and atorque
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() Power coefficient (b) Thrust coefficient

Figure 4.5: Power and thrust coefficients of atypical utility-scale wind turbine.

applied to the generator, Q4(t), at aspeed Qq(t). Themodel of the drivetrainis shownin
Fig. 4.6 and given by,

T (t) = Qa(t) + i—ng(t) — Kgba(t) — (B + B (t)  [Nm] (4.33)
. K Bt Bt
T (t) = F‘;taA(t) + F‘;Q,(t) - <F:2 + Bg> Qq(t) — Qg(t)  [Nm|  (4.30)
Ia(t) = (1) — 3-Og(t)  [rad/s) (4:30)
g

Figure 4.6: Diagram of the drive train of the wind turbine.

The thrust T} acting on the rotor introduces fore-aft tower bending described by the
axia nacellelinear trandation ¢(t). Sideward movementsare ignored by neglecting yaw-
ing and drivetrain reaction torque on the tower. The tower trandatesin the same direction
asthewind, therefore aerodynamictorque and thrust arein fact driven by the relativewind
speed V' (t) = Vi (t) — ¢(t). The tower dynamics is modeled as a mass-spring-damper
System,

Mii(t) = Ta(t) — Biqi(t) — Kiqi(t) (4.4)

where M; is the modal mass of the first fore-aft tower bending mode, By is structural
damping coefficient, and Kt isthe modal stiffnessfor axial nacelle motion due to fore-aft
tower bending.
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Hydraulic pitch systems are satisfactorily modeled as a second order system with a
time delay, tq, and reference angle Sres (t),

B(t) = —2CwnB(t) — wpB(t) + whBres (t — ta) (4.5)

where the natural frequency, wn, and dampingratio, ¢, specify the dynamics of the model.
To represent the limitations of the pitch actuators, for simulation purposes the model
includes constraints on the slew rate and the range of the pitch angle.

Electric power is generated by the generator, while a power converter interfaces the
wind turbine generator output with the utility grid and controls the currents in the gener-
ator. The generator torquein (4.6) is controlled by the reference @ g (t). The converter
dynamics are approximated by afirst order system with time constant 74 and time delay
tgd-

Qqlt) = -}gan) + Tngg,refos ~ tga). (4.6)

Just as for the model of the pitch system, the slew rate and the operating range of the
generator torque are both bounded to match the limitations of the real system. The power
produced by the generator can be approximated from the mechanical power calculated in
(4.7), where ng denotes the efficiency of the generator, which is assumed constant.

Py(t) = ngSg(t)Qq(t). 4.7)

Linear Varying Parameters

From the model description, is clear that awind turbine is a nonlinear, time-varying sys-
tem. What is not apparent is how to find an LPV description that captures this dynamic
behavior. Wind turbines can be represented as Quasi-LPV models [2, 17] and Linear
Fractional Transformation models[2], but the most common approach relies on the clas-
sical linearization around equilibrium or operating points resulting in a linearized LPV
model [2, 11, 13]. The latter approach is adopted in this chapter.

Aerodynamics

The underlying assumption of a wind turbine LPV model based on linearization is that
wind speed, rotor speed and pitch angle can be described by slow and fast components,

V) =V + V), Q=0 +%0), B =5+ 5.

The collection of operating points (V/, €2, 3) is what defines the control strategy of awind
turbine, selected to match steady-state requirements such as maximize energy capture,
minimize static loads, and limit noise emissions.

A typica control strategy of a generic 2MW wind turbine is depicted in Fig. 4.7.
A more detailed treatment of different operating strategies for wind turbines [3, 13] is
outside the scope of this chapter. Three subareas on a typical control strategy can be
distinguished:
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5
Vout

5
Vin

Figure 4.7: Operating locus of atypical utility-scale wind turbine.

1. On Region | (Vin to Vg, ) the energy capture is maximized by keeping the aerody-
namic efficiency as high as possible. This can be accomplished by tracking a ro-
tational speed set-point using generator torque as the control input variable. Pitch
actuation is not utilized for tracking purposes; the pitch angle remains at the value
of maximum aerodynamic efficiency. With only one input and one output to be
controlled, a multivariable controller is not necessary on this region. Notice that
is proportional to V' as a consequence of optimal aerodynamic efficiency.

2. On Region Il (Vg to Vp,) the wind turbine maintains constant rotational speed
at anominal value Qy, by acting on the generator torque. The rotational speed is
limited due to acoustic noise emission limits. Pitch actuation remains unused. A
multivariable controller is still not needed.

3. OnRegion Il (Vp, to Vou) rated power Py isreached and the main goal isto min-
imize power fluctuations. Small fluctuations on the generator torque around rated
value add damping to the drive train torsional mode and fine control the electrical
power. Therefore, pitch angle should be gradually increased as wind speed rises to
limit generated power by lowering the rotor aerodynamic efficiency. In some wind
turbines, active tower damping is also implemented on this region.

A linearization-based LPV model is obtained by classical linearization around the
operating points given by the control strategy. The aerodynamic model is exclusively the
source of time-varying nonlinearities. A first order Taylor series expansion of (4.2) leads
to the following linearized representations of torque and thrust,

— aQa ~ aQa - aQa A
Qa~Quvias v+ O+ 3 (48
van * By V. 2.5) U | vam B | v.a3
_ 0Ty . 0T, A 0T,
Tam Topr o + o2 vy e O+ 5 (4.80)
TTAVER TV | vam  Ulwan | OB
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where Qv 5.3 ad Ty 5 7, ae equilibrium components of the aerodynamic torque
and thrust, respectively. The partial derivatives of Q) , and T} are given by,

0Qa pAV? dCp O OTa  pAV dCT OA
v~ oo GV anav ) WZT(”T*VWW)’
8@3 - ,OAV3 80p o\ Cp 8Ta o pAV2 8CT o\

09, 20y <Wa_§z,_§>’ 0 2 9N 0

0Qa _ pAV? 9Cp 0Ta _ pAV?2 OCt

o8~ 20, 98’ o8~ 2 9B’

(4.9)

and must be eval uated at the time-varying equilibrium point (V, Q, 3). The partial deriva-
tives of a typical 2MW wind turbine for the whole operational envelope are depicted in
Fig. 4.8. The aerodynamic partial derivatives given by (4.9), hereafter also referred to as
aerodynamic gains, are varying parametersin an LPV wind turbine model.

With the assumption that the wind turbineis operating on the nominal trajectory spec-
ified in Fig. 4.7, the equilibrium values for pitch angle and rotor/generator speed can be
described uniquely by the wind speed, eg. Q (V), 8 (V). This means that the wind
turbine can be described by an LPV model scheduled on wind speed only,

Oop(t) =V (1). (4.10)

Depending on the region of interest in the control strategy and the model complexity,
the varying parameters can be approximated as an explicit function of the scheduling
variable. An affinerepresentation is always preferable to diminish the computational cost
of solving a LMI constrained optimization. If tower dynamics are omitted and the aim
is to design a controller for Region I11, the aerodynamic torque gains can be fairly well
approximated by alinear function of the wind speed. Inthis case, the parameter variations
in the nominal LPV plant model are approximated using an affine description in the wind
speed [9]. If tower dynamics are taken into account, the aerodynamic gains can be fairly
approximated by polynomial functionsin Region I11. For the most general case, whichis
the design of asingle LPV controller covering the full control strategy locus, representing
the aerodynamic gains by polynomials is difficult and one has to resort to grid-based
methods at high computational cost [11, 13].

On most wind turbines, the wind speed is measured by an anemometer on the nacelle,
which only measures the wind speed at a single point in space and is affected by the
presence of the rotor. Therefore, this measurement is not a good estimate of (4.10). To
obtain the wind speed for scheduling purposes, an effective wind speed estimator must
be designed [18]. The effective wind speed is defined as the spatial average of the wind
field over the rotor plane with the wind stream being unaffected by the wind turbine. By
inspecting the output of wind models and real field measurements, we determine the rate
bounds on the effective wind speed 6, (¢) to be -2 m/s? and 2 m/s2.

Faults

Faults in a wind turbine have different degrees of severity and accommodation require-
ments. A safe and fast shut down of the wind turbine is necessary to some of them, while
to others the system can be reconfigured to continue power generation. Linear parameter

72



2 Wind Turbine LPV model

[kNm/rad/s|

9Qa/09,

[kNm/m/s|

T, )0V

(9) Rotor speed and pitch angle.

6
x 10 5x 10
DRSS S S S
-:% e o
<4 e
i ; .I,,M’ el
= 3 M
S
- 2
%2 /
S
5 10 15 20 25 15 10 15 20 25
Vo [m/s] V' [m/s]
(a) From rotor speed to torque. (b) From wind speed to torque.
5
4x10 ,x10
Opeesoessee,, ”% fooos
20
Z
)
-1
~
g -2
_2 E
=)
5 10 15 20 25 5 10 15 20 25
V' [m/s] V. [m/s]
(c) From pitch angle to torque. (d) From rotor speed to thrust.
45210 ox 10
4 U e
teeee, L S ~—
35 -
=3
3 T ’*\
=)
~
£
25 © “‘M&0<H,
2 : : : ‘ -2. -
5 10 15 20 25 5 10 15 20 25
Vo [m/s] Vo [m/s]
(e) From wind speed to thrust. (f) From pitch angle to thrust.
20 25 2.5 10.3
\
18 / 20 2r
= E14 lo2=
16 5% 2 1.5 0.2 g
14 100n &1 A
h T oo -
12 s os o
/ —=— Pitch angle ‘ —— Aerodynamic Power‘ ‘+Thrust
X ‘ 0 ‘ ‘ ‘
195 10 15 20 2 5 10 15 20 25
Vo [m/s] Vo [m/s]

(h) Power and thrust.

Figure 4.8: Aerodynamic parameters of atypical 2MW wind turbine.
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varying control can be applied in the case of failures that gradually change system’s dy-
namics. The most common faults along with their magnitude and the rate at which they
can be introduced are summarized in Tab. 4.1.

| Fault | Specification |
Pitch Sensor

Bias Buias(t) € [-1°/month, 1°/month]|

Bias(t) € [-7°, 7°]

Pitch Actuator

High Air Content | Ona(t) € [-1/month, 1/month]

eha(t) S [0, 1]

Pump Wear Oow(t) € [0, 1/(20 years)]
Opw(t) € [0, 1]

Hydraulic Leakage | O (t) € [0, 1/(100 s)]
On(t) € [0, 1]

Pressure Drop fpa(t) € [~0.033/s, 0.033/5]
Opa(t) € [0, 1]

Generator Speed Sensor
Proportional Error | 6pe(t) € [-1/month, 1/month|
epe(t) 6 ['0.].7 0.].]

Table 4.1: Specification of ranges and rate limits of gradual faults.

Pitch position and generator speed measurements are the sensors most affected by
failures. Originated by either electrical or mechanical anomalies, they can result in ei-
ther a bias or a gain factor on the measurements. A biased pitch sensor measurement
affects both the pitch system model and the pitch angle measurement. When the biasis
introduced, the pitch actuator model and measurement equation are modified as,

B(t) = -2¢wnB(t) — wi (B(t) + Buias(t)) + waBret (t — ta) (4.113)
Bmes( ) = B( ) + ﬂblas( ) + Vg (k) (4-11b)

wherevg (k) isameasurement noise. A biascan either bearesult of inaccurate calibration
of the pitch system or be an gradual fault.

A proportional error on the generator speed sensor changes the sensor gain. The
measurement equation,

Qgmes(k) = (1 + Ope(k)) Qg(k) + vag(k), (4.12)

is alinear function of the gain deviation e, Where vq, (k) is ameasurement noise.

The power converter and pitch systems are the actuators most likely to fail. Power
converter faults can result in an offset of the generated torque due to an offset in the
internal converter control loops. An offset in theinternal converter control loops modifies
the generator and converter model as follows,

Ty(t) = '—(Qg( ) + Qgpias(t)) + %Tg,ref(t — tg,) (4.13)
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where Qg nias() is an offset of the generated torque.

A fault changes the dynamics of the pitch system by varying the damping ratio and
natural frequency from their nominal values ¢ and wn o to their faulty values ¢t and whj.
The dynamics of the pitch system can then be represented as,

B(t) = -2¢(Or)wn(Br)B(t) — wa (0 B(H) + wi () Bret (t — ta)  [/S7] (4.14)

with the parameters changing according to a convex combination of the vertices of the
parameter sets[19],

wa(0r) = (1 = O)wn o + Orwip (4.153)
-2¢(0f)wn(0r) = -2(1 — 0f)Cown,0 — 20¢Gpwnlip (4.15b)

where 6; € [0, 1] is an indicator function for the fault with ¢ = 0 and 6; = 1 corre-
sponding to nominal and faulty conditions, respectively. Pitch system failures are usually
occasioned by the following reasons.

e Pump Wear is introduced very slowly and results in low pump pressure. When
0s(t) = 0 the pump delivers the nominal pressure, but as 0(t) goes to one the
pressure drops. Noticethat 6;(¢) > 0 for al ¢, since the wear isirreversible without
replacing the pump. The fault described by 6 = 1, corresponding to a pressure
level of 75%, can emerge after approximately 20 years of operation.

e Hydraulicleakageisintroduced considerably faster than pumpwear. Again éf(t) >
0 for al ¢, since aleakage cannot be reversed without repair of the system. Notice
that the pressure for 0y = 1 correspondsto 50% of the nominal pressure.

e High air content in the oil is a fault that, in contrast to pump wear and hydraulic
leakage, may disappear; hence, éf(t) can be both positive and negative. The ex-
treme values caused by 6s = 0 and s = 1 correspond to air contents of 7% and
15% in the hydraulic ail.

Values for the natural frequency and damping ratio of the pitch system under faults
are desribed in Tab. 4.2. Step responses for the normal and fault conditionsin the case of
high air content in the oil areillustrated in Fig. 4.9.

| Fault | Parameters |
No fault wp=11.11radls,{ = 0.6
High Air Content inthe Oil | wnna = 5.73 rad/s, ¢ha = 0.45
Pump Wear wnpw = 7.27 radls, (pw = 0.75
Hydraulic Leakage wnh = 3.42 radls, (n = 0.9
Pressure Drop wnh = 3.42 radls, ¢y = 0.9

Table 4.2: Parameters for the pitch system under different conditions. The normal air
content in the hydraulic il is 7%, whereas high air content in the oil corresponds to
15%. Pump wear represents the situation of 75% pressure in the pitch system while the
parameters stated for hydraulic leakage correspondsto a pressure of only 50%.
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Figure 4.9: Step responses of hydraulic pitch model under normal (solid) and fault
(dashed) conditions.

If a number ny, of faults are considered on the modeling, ¢ ; denotes a vector of
scheduling parameters,

9f=[6‘f71,...,6‘f7m], m=1,...,n9f.

System Description

The synthesis of LPV controllersare posed similarly to the ., control of linear systems.
The first step isto identify the input variable w known as disturbance or exogenous per-
turbation, and the fictitious output variable = called performance output or error. Next,
weighting functions for these inputs and outputs are chosen, usually rational functions
of the Laplace operator s stressing the frequencies of interest. The standard state-space
interconnections of the LPV model of the plant and the weighting functionsis called aug-
mented plant, given by the general continuous-time LPV system description shown in
(4.16),

Nw(t) + Doy (0(1))u(t) (4.16)
yu (0(1))w(t)

where z(t) € R™ isthe state vector, w(t) € R™v isthe vector of exogenous perturbation,
u(t) € R™ isthe control input, z(¢) € R™= isthe controlled output, and y(t) € R™ is
the measured output. A(-), B(-), C(-), D(-) are continuous functions of the time-varying
parameter vector 6 = [0,, 0y].

Possible types of dependency of the aerodynamic gains on the scheduling parameters
have already been discussed in the Aerodynamics subsection. The general case where
no restrictions are imposed on the parameter dependence is treated here [12, 13]. It is
necessary to choose scalar functions of the varying parameters such that the LPV model
of the augmented plant (4.16) is affine in these functions. That is,
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A(0) Bw(0) Bu(9) A B, ” A B, B,
Cz (9) Dzw (9) Dzu (9) = Cz Dzw Dzu + Z Cz Dzw Dzu ,01(9),
Cy(0) Dyw(0) Dyu() Cy Dyw Dyu 0 i |[Cy yw  Dyul,
A By, B,
—|—Z C. D.w Dau| Opm, i=1,....,n,, m=1,...,ng,.
m |Cy Dyw Dyu m
(4.17)

where p; () are scalar functions known as basis functions. The aerodynamic partial
derivatives are natural candidates for basis functions related to plant nonlinearities[13],

1 0Qa _ 1 0Qa _ 1 9Qa
_ 1 om _ LT _Lom
pa(0) = M, 99 Va ps(0) = M, OV Va pe(0) :== M, 8 V7

where the division by .J; and M is adopted to improve numerical conditioning.

3 LPV Controller Design Method

In this section an LMI-based optimization procedure for designing structured discrete-
time LPV controllersis presented. Decentralized controllers of any order, fixed-order and
static output feedback are among the possible control structures. Stability is assessed via
a parameter-dependent Lyapunov function with varying parameters having their rates of
variation contained in acompact closed convex set. A parameter-varying nonconvex con-
dition for an upper bound on the induced £ 5-norm performanceis solved viaan iterative
LMI-based algorithm [20, 8].

An open-loop, discrete-time augmented LPV system with state-space realization of
the form,

z(k+1) = A(0)x(k) + B (0)w(k) + B, (0)u(k)
2(k) = Co(0)z(k) + Daw()w(k) + Dou(0)u(k) (4.18)
y(k) = Cy(0)x(k) + Dy (0)w(k),

is considered for the purpose of synthesis, where z(k) € R™ is the state vector, w(k) €
R™ is the vector of disturbance, u(k) € R™ is the control input, z(k) € R"= isthe
controlled output, and y(k) € R™» isthe measured output. A(6), B(#), C(0), D(0)are
continuous functions of sometime-varying parameter vector = [0, ..., 6,,]. Thesame
matrix notation to both the continuous-time augmented plant (4.16) and the discrete-time
counterpart (4.18) have been adopted. Throughout the text, the context makes it clear

when a continuous or discrete system is being referred to.

Assume 6 ranges over a hyperrectangle denoted ©,

@:{92 ngezga, izl,...,ne}.
Therate of variation A8 = 6(k + 1) — 6(k) belongs to a hypercube denoted V,
V={A0: |A0;| <v;,i=1,...,n9}.
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The LPV controller has the form,

ze(k +1) = Ac(0)zc(k) + Be(0)y (k)

u(k) = Ce(0)ze(k) + De(0)y(k), (4.19)

where x¢(k) € R and the controller matrices are continuous functions of 4. Note that
depending on the controller structure, some of the matrices may be zero. The controller
matrices can be represented in a compact way,

_ [De®) Cole)
K@) = {Bc@ Acw)]'

The interconnection of system (4.18) and controller (4.19) leads to the following closed-
loop LPV system denoted S,

- {x(k +1) = A(0, K(0))za (k) + B0, K (0))w(k)
°' 2(k) = C(0, K (0))za (k) + D(0, K(0))w(k),

(4.20)

(4.21)

where the closed-loop matrices are [21],

A0, K(0)) = A0) +B(O)K(0)M(0), B(0, K(0)) = D(0) + B(0)K (0)E(9),
C(0,K(0)) =C(0) + HO)K(O)M(0), D0, K(0)) = F(0) + H(0)K(0)E(9),

with,

This general system structure can be particularized to some usual control topologies.
If K(0) is an unconstrained matrix and n. = 0, the problem becomes a static output
feedback (SOF). The static state feedback (SSF) is a particular case of SOF, when the
system output is a full rank linear transformation of the state vector V0. If n = n, the
full-order dynamic output feedback arises. In a structured control context, more elaborate
control systems can be designed by constraining K (#). A fixed-order dynamic output
feedback has n. < n. For decentralized controllers of arbitrary order, the structure of
K (0) is constrained to be,

_ [diag(D.(0)) diag(C.(0))
K(0) == diag(B.(6)) diag(A.(6))

where diag(-) standsthat (-) has ablock-diagonal structure.

The design of a closed-loop system usually consider performance specifications that
can be characterized in different ways. Define T.,,(#) as the input-output operator that
represents the forced response of (4.21) to an input signal w(k) € Lo for zero initial
conditions. The induced £>-norm of a given input-output operator,

z
||Tzw||2 = sup ” ”2
(6,20)€0xV [lw]l,20 1wl
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3 LPV Controller Design Method

is commonly utilized as a measure of performance of LPV systems and allows formul at-
ing the control specification asin H .. control theory. It is of interest to note that an upper
bound v > 0 on the induced L£»-norm || T, can be interpreted in terms of the upper
bound on the system’s energy gain,

h—1 h—1
. T 2 1: T
hlgr;o kZ_OZ(k) z(k) <~ hlgr;o kz_ow(k) w(k).

TheLPV system (4.21) is said to have performancelevel v whenit is exponentially stable
and ||T%. ||, < v holds. An extension of the Bounded Real Lemma (BRL) for parameter-
varying systems provides suficient conditionsto analyze the performancelevel, by solving
aconstrained LMI optimization problem [22, 23]. For agiven scalar v and aagiven LPV
controller K (), if there exists a -dependent matrix function P(6) = P(0) T satisfying

PO+ A0) A6, K(0)P6) B, K(0)) 0o
. P(6) 0 PO)C(8, K (6))
. N oI Do, Ko |70 “2
* * * v

V(0,Af) € © x V, then the system S; is exponentially stable and ||7"..,(0)||, < 7. The
symbol x meansinferred by symmetry.

The parameter-varying BRL just shown can be also applied to the case where w(k)
is not an energy signal (||w(k)||, not finite) but has a nonzero root mean-square (RMS)
value,

= 1/2
WRMS = hHI{.lO 7 Zw(k)Tw(k) # 0.
k=0

In this context, £2-norm of asystem is givenin terms of the RM S values of the signals of
interest, instead of ||-||,,. Such a situation is more appropriate to interpret control perfor-
mance of awind turbine, since the turbulent wind is a stochastic disturbance that persists
for long periods of time, thus ||w(k)||, is not a good measure of the signal.

When an LPV controller with performance level ~ is not given but should be found
(synthesized), the inequality (4.22) is no longer an LMI in the unknown variables due
to the product between the variables K (6) and P(6). Thus, convex optimization ago-
rithms cannot be applied to the condition asit is. Reformulationsinto sufficient (possibly
conservative) LMI constraints are readily availablefor particular controller structures and
type of parameter dependencies[24, 23].

We propose to design the controllers via an iterative algorithm, instead of attempting
to reduce the problem to LMIs. Theiterative algorithm relies on the following equivalent
non-LMI parametrization that is suitable for iterative design [20]. If there exist K(6),
P(0) = P(H)T, and G(0) satisfying,

PO+ AD) A0, K(0)) B(0,K(0)) 0
x GOTPOGO) +GOT +60) 0 COEO)|
* * ~I D(9, K(0))T ’

* * * ~I
(4.23)
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V (0, A9) € © x V, thenthe system S.; is exponentially stable and || 7., (9)]|, < 7.

The affine dependence of the reformulated condition on K () alows the controller
matrices to be variables, irrespective of the chosen controller structure. The inequality
remains nonconvex due to the product between P (6) and the introduced slack variable
G(6). Furthermore, it involvesthe satisfaction of infinitely many inequalities, since (4.23)
should hold for al (6, Af) € © x V.

In order to make the problem computationally tractable, the iterative algorithm solves
LMI optimization problems with the slack matrix G(6) constant during an iteration. An
iteration should be understood to be a LMI constrained optimization. The use of G(6) as
a parameter-dependent slack variable is facilitated by updating its value at each iteration
according to some predefined rule. In particular, the updateruleis

1

G(0) 1) = (P(G){f})_ (4.24)

where {} istheiteration index and j is the current iteration number.
The iterative algorithm for the design of a structured LPV controller with minimum
performance level v is formulated next.

Algorithm 0. Setj = 0, aconvergencetolerancee, aninitial G(0) 1} and start to iterate:

1. For fixed G(0) U, find P(9) 17}, P(6 + AG)UH | K(9)1} and 17} satisfying the
LMI constrained problem,

Minimize v subject to (4.23).

2. 1f |[yU7h — 451} < ¢, stop. Otherwise, G(6) U+ = (P(@){j})’l,setj =j+1
and go to step 1.

Initial Slack Matrix G(#){°}

Theinitial value of G(#)1%} required to initialize Algorithm 0 can be obtained in different
ways. If agiveninitial controller K (0) satisfies the following optimization problem,

Minimize ~ subject to (4.22), V(0, Af) € © x V,

then the resulting P () can be utilized to derive G () 1 = P(#) . The example section
shows the usage of this approach.

Alternatively, an iterative feasibility algorithm can be created by relaxing the inequal -
ity (4.23). Instead of requiring the inequality to be positive definite (> 0), a variable
term is included to the right hand side (- diag(71,7GT G, 71, 71)), where T is a scalar
variable. The algorithm maximizes 7 until the value reaches a certain chosen v > 0.

Algorithm 1. Set j = 0, a convergencetolerancee, av > 0, aninitial G(0) {°} = I and
start to iterate:

1. For fixed G(0) {7}, find P(0) U}, P(6 + AG) U}, K (9)1F, v1i} and scalar 7 satis-
fying the LMI constrained problem,

Maximize T subject to (4.23) with the right hand side changed from - 0 to
= diag(71,7GTG,7I,7I),and T < v.
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3 LPV Controller Design Method

2. If |743} — 7U=1}| < ¢, stop. Otherwise, G(6) U1} = (P(0)17}) ™ setj = j+1
and goto step 1.

The resulting G(#){°} can subsequently be used to initialize Algorithm O.

From Infiniteto Finite Dimensional

The LMI problemsof Algorithm O involveinfinitely many LMIs, as @ and Af are defined
in a continuous space. When LMIs depend affinely on 6 and A6, the synthesis problem
at each iteration is reduced to an optimization problem with a finite number of LMIs
checked at (0, Af) € Vert © x VertV. Note that Vert © is the set of al vertices of
. For LMIs polynomially #-dependent, relaxations based on multiconvexity arguments
also reduce the problem to check LMIs at the vertices of the parameter space [20, 8].
This procedure, based on sufficient conditions, may lead to extra conservatism. In the
general case, where no restrictions on the parameter dependence are imposed, one has
to resort to ad-hoc gridding methods [12]. The gridding procedure consists of defining a
gridded parameter subset denoted © , C ©, designing a controller that setisfies the LMIs
V8 € 04, and checking the LMI constraints in a denser grid. If the last step fails, the
process is repeated with afiner grid.

Dueto the assumption of general parameter dependence of the open-loop plant on the
scheduling variables (4.17), the gridding approach is used in the controller design. The
Lyapunov and the LPV controller matrices are affine in the basis functions,

np nef

PO)=Po+ > pi(0k)Pi+ Y 07iPu, i, (4.258)
i=1 i=1
Tp nog

K(0) = Ko + Z pi(0)K; + Z Or,iKn,1i- (4.25b)

i=1 i=1

Due to the bounded parameter rate set )V assumed known, the Lyapunov function at
sample k + 1 can be described as,

ng "o g

PO+20) =Py + > pil0+ AP+ (075 + A1) Po i (4.26)
i=1 i=1

Note the general parameter dependence of (4.26) on A# occasioned by p ; (6 + Af).
Conveniently, the basis functions at sample k + 1 are represented as a linear function of
p(0) and A6,

pi(0
pi(0+ A0 = () + %Ae, (4.27)
thereby turning inequality (4.23) affine dependent on the rate of variation Af. Thus, itis
sufficient to verify (4.23) with (4.26)-(4.27) only at Vert V.
The iterative algorithm for achosen grid © ;, C © is presented in the sequel.

Algorithm 2. Set j = 0, a convergencetolerancee, initialize G(9) {°} v € ©,, and start
to iterate:
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1. For fixed G(0) U}, and i = 0,1,...,n, + ng,, find P} > 0, K7}, and 19}
satisfying the LMI constrained problem,

Minimize v subject to (4.23), ¥ (6, Af) € O, x VertV.

2. 1f |y} — =1} < ¢, stop. Otherwise, G(0) U+ = P(9)1} ~1, v € ©,. Set
j=j+1andgoto step 1.

The Lyapunov variable P(#) 7} = 0 may be close to singular at each iteration, mak-
ing the inversion required to compute G(#) possibly ill-conditioned. To aleviate this
issue, an additional LMI constraint

PO)I) - u,

improves numerical condition of the inversion by imposing a lower bound on the eigen-
values of P(#)¥}, where ;1 > 0 is achosen scalar. There exists a tradeoff between the
value of 1 and the attained value of ~. Higher values of . may lead to more conser-
vative controllers, although from our experience, the small value of ;. required to better
condition the inversion does not influence significantly on the performance level ~.

The gridding procedure for controller synthesis can be summarized by the following

steps.

=

. Defineagrid ©,, for the compact set ©.
2. Findinitias G(9){%}, vo € ©,,.

3. Solve Algorithm 2.

4. Define adenser grid.

5. Verify thefeasibility of the LMI (4.22) with the computed controller K (), in each
point of the new grid. If it isinfeasible, choose a denser grid and go to step 2.

Controller Implementation

Theiterative LM optimization algorithm providesthe controller matrices A ¢ ;, Be,i, Ccis
D¢, fori =0,1,...,n, + ng,. These matrices, the basis functions, and the value of the
scheduling variables are the only required information to determine the control signal w.
At each sampletime k, the scheduling variable 6 is measured (or estimated) and a control
signal is obtained as follows.

1. Compute the value of the basis functions p,(#), for i = 0,1,...,n,. The basis
functions may be stored in a lookup table that takes 6 as an input and outputs an
interpolated value of p(6).
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4 Example: LPV PI Controller Tolerant to Pitch Actuator Faults

2. With the value of the basis functions in hand, determine the controller matrices
Acl(8), Be(6), Co(6), Do(6) accordingto,

np Nog

Ac(0) = Aco+ Y pi(0)Aci + Y OriAcn, i
=1 i=1
np nog

Bc(e) = Bc,o + Z Pi(G)Bcﬂ‘ + Z ef,iBC,np+i7
=1 i=1
np "6

Ce(6) = Ceo+ > pi(0)Cei+ Y 0riCon, i,
i=1 i=1
np nog

De() = Deo + Y pi(0) Dei+ > 0r.i Do, -
=1 i=1

3. Once the controller matrices have been found, the control signal «(k) can be ob-
tained by the dynamic equation (4.19) of the LPV controller, which only involves
multiplications and additions.

4 Example: LPV PI Controller Tolerant to Pitch Actuator Faults

The proportional and integral (Pl) is the most utilized controller by the wind energy in-
dustry. At low wind speeds, the Pl speed control using generator torque as controlled
input can be quite slow, thus tuning is not significantly challenging. However, at high
wind speeds, the Pl speed control using pitch angle as controlled input strongly couples
with the tower dynamics, denoting a multivariable problem, and should be properly de-
signed. Inappropriate gain selection can make rotational speed regulation ”loose” around
the set-point or make the system unstable, as well as excite poorly damped structural
modes[3].

The concepts seen throughout this chapter are here applied to the state-of-the-art con-
troller structure of the wind turbine industry [4]. The present example intends to show
that theoretical rigorousness on the design of gain-scheduled controllers may bring ad-
vantages in terms of performance and reliability of wind turbinesin closed-loop.

Controller Design

For a clear and didactic exposure, the adopted control structure depicted in Fig. 4.10 is
simpler than aindustry standard Region I11 controller [4], but includes the most common
control loops.

The generator speed is regulated by a Pl-controller of the form,

Gy = ho(0) + a(0) S22

where s denotes the Laplace operator. Instead of a pure integrator, the Pl controller is
composed by an integrator filter,
Gi(s) == 212,

S
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Figure 4.10: Schematic block diagram of a controlled wind turbinein Region I11.

for reasons to be explained later, where the filter zero z| is a design parameter.

It is possible to provide an extra signal by using an accelerometer mounted in the
nacelle, allowing the controller to better recognize between the effect of wind speed dis-
turbances and tower motion on the measured power or generator speed. With this extra
feedback signal, tower bending moments loads can be reduced without significantly af-
fecting speed or power regulation [3]. Therefore, it is assumed that tower velocity ¢ is
available for measurement, by integrating tower acceleration ¢, and is multiplied by a
parameter-dependent constant % ;(¢) for feedback.

Additionally, active drive train damping is deployed by adding a signal to the gener-
ator torque to compensate for the oscillations in the drive train. This signal should have
a frequency, wa:, equal to the eigenfrequency of the drive train, which is obtained by
filtering the measurement of the generator speed using a bandpass filter of the form,

2§dtwdts(1 + TdtS)

Gq = K
a *2 2gwats + w

The time constant, 7, introduces a zero in the filter, and can be used to compensate for
timelagsin the converter system. Thefilter gain k4 and the damping ratio (¢ are selected
based on classical design techniques.
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4 Example: LPV PI Controller Tolerant to Pitch Actuator Faults

A power controller for reducing fast power variations is treated simplistically as a
proportional feedback from generator speed to generator torque. Considering a constant
power control scheme, the generator torque can be represented as a function of the gen-
erator speed. The proportional feedback is nothing but the partial derivative of generator
torque with respect to generator speed,

9Qqg(¢2g) Py

g Ngﬂgy N
In real implementations, a slow integral component is added to the loop to include as-
symptotical power tracking.

Instead of the classical control techniques, the design of Pl speed and tower feedback
loops are revisited under the LPV framework. For a didactic and clear exposure, the
interconnection of the drive train with the damper is now considered as a first order low
pass filter from aerodynamic torque to generator speed, and the rotor speed proportional
to the generator speed. The LPV controller can now be designed to trade off the tracking
of generator speed and tower oscillations with control effort (wear on pitch actuator).
The dynamic model of the variable-speed wind turbine can then be expressed as an LPV
model of the form,

(}{¢=A@x+3mma+3am@a
ly=Cyz
where states, controllable input and measurements are,
. : T
e=[% ¢ g B B zai
with open-loop system matrices,

cou=let, y=[Q Yo C]]T

- 1 8Qg -
) — — 79 —o(0 0
p1(0) Tt JgNZ 09 p2(0) 0 0 p3(f) 0
1 K
pa(6) ~—Bi—ps(0) —= 0 pe(6) 0
A(0) = M M
= 0 1 0 0 0 0
0 0 0 a44(0f) —a12(0f) O
0 0 0 1 0 0
i N, 0 0 0 0 0,
By =1[pa2(6) ps®) 0 0 0 0]", B,=[0 0 0 bss(6) 0 0],
Ny 00 0 0
Cy=1x 0 0 0 1f, a12(0f)=b41(0f):(1—of(t))wao—FGf(t)w%Jp,
0 100 0

a44(t9f) = -2(1 — Gf(t))C()wn’o — 29f(t)§|pwn,|p.

Thebasisfunctions p1(0), . . ., ps(0) related to the parameter-varying aerodynamic gains
are selected as,

1 1 1
P TNz el T T+ IgNg av|y T T gNg 08|y

LT LT LT
P4'=M8—Q‘7a p5'—MW‘7a PG'—M%V.
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Notice the PI controller integrator filter G| conveniently augmented into the state-space
of G, represented by the state z o ; and the output yq ;. The plant Gy is defined as the
wind turbine model solely (plant G without the augmentation of G ).

Considering G as the plant for synthesis purposes, the LPV controller structure re-
duces to a parameter-dependent static output feedback of the form,

6
K(G) = DC7O + sz(a)Dc,z + efDC,'Ta Dc7n = [me Di,n Dq’,n] s
i=1
n=20,1,...,7.

Controller tuning follows a procedure similar to the H . design. Notice that, for
fixed values of the varying parameter 6, and initially neglecting the tower velocity feed-
back, the controller design becomes a mixed sensitivities optimization problem intended
to minimize the norm,

W G S G,
Wu CTVPI S Gv

’ oo

where S is the sensitivity defined as S := (I + Gp Gp|)_1, G, isthe transfer function
from V to Qq, W., and W,, are weighting fuctions. The weight 1., applied to the
generator speed deviations can be used to shape the closed-loop response of rotational
speed in face of wind disturbances, given by Q(t) = S G,V (t). The desired sensitivity
in closed-loopiis,

52 + 26qwas
$2 + 26qwas + wd’

Sa(s) =

where the natural frequency w¢ and damping ratio £, are design parameters that select
the desired second-order closed-loop behavior. The desired sensitivity S, can be applied
as aloop-shaping weight by defining 17, as

1 52 + 2bquqs + wgz

T G1(9)Sa(s)  (5+ 21)(s + 26qwa)’

Wzl (8) :

W, isafirst order high-pass filter that penalizes high-frequency content on the pitch
angle,

S+ 23
s +p3

W1 and W,, governsthe tradeoff between rotational speed regulation and pitch wear.
Due to the resonance characteristics of the transfer function from V to ¢, the weighting
function 17,5 is chosen as ascalar ks, that tradeoffs the desired tower damping.

Two LPV controllers are designed, one fault-intolerant and another tolerant to pitch
actuator faults. The only difference on their synthesisis the inclusion of the fault depen-
dent terms P76 and D¢ 70 of the Lyapunov and controller matrices, respectively. The
parameters for the loop-shaping weight W ,; are selected as wq = 0.6283 rad/s (0.1 Hz)
and &g = 0.7, with the zero of the integrator filter located at z; = 1.0 rad/s. A specid
attention must be devoted to the choice of 1W,,. Due to the fact that the pitch system has
slower dynamics in the presence of low oil pressure, the bandwidth of this filter must be

Wu(s) =k
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4 Example: LPV PI Controller Tolerant to Pitch Actuator Faults

made large enough to allow rotational speed and tower damping control in the occurrence
of faults. Defining Q23p as three times the nominal rotational speed €2, x, in the present
example, ks = 1,ps3 = 1.5Q3p and z3 = 15Q3p.

Remember that the iterative LMI algorithm is a synthesis procedure in discrete time.
Therefore, the augmented LPV plant in continuous time is discretized using a bilinear
(Tustin) approximation [25] with sampling time T°s = 0.02 s, at each point ©, x VertV.
Therate of variation of the scheduling variables in continuous-time must as well be con-
verted to discrete-time by therelation Af(k) = T, A0(t).

Theinitial Sack matrices G(0, A9) 1%, v(0, Ad) € ©, x Vert V required to initiaize
the LMI-based algorithm are determined from the solution of the following LMI opti-
mization problem,

Minimize ~ subject to (4.22), (4.26), (4.27),V(8, Af) € © 4 x Vert v

with agiveninitial controller K (). Theresulting Lyapunov matrix determines G(9, Ag) {0}
= P(0, A9)~ . The proportional and integral gains of the given initial controller can be
computed by placement of the poles of the transfer function from V' to Qy. Neglecting
pitch actuator dynamics, and considering a pure integrator, the k£, and k; gains can be
described analytically as [26],

2 0Qq
28qwa (Jr-l—Nng) _Nga—Qg +p1(0) w3 (14—533) (Jf"_NQ?Jg)

ol?) —Ngps(0) » ki(6) —Ngp3(0)
The tower feedback gain of the initial controller is k() = 0, meaning no active tower
damping.

Convergence tolerance of the iterative algorithm is set to e = 10 3. After 89 itera-
tions, convergenceis achieved to a performance level v = 0.586. The evolution of ~ {7}
versus the iteration number is depicted in Fig. 4.11, where the monotonically decreasing
property of the sequence is noticeable. The proportional and integral gains depicted on
the figures are multiplied by the gearbox ratio N, for better illustration. The controller
gans K (0) = [ky(0), ki(8), ky(6)] computed at 6op = 15 m/s, 6 = 0, during the course
of theiterative LMI agorithm, are also shown. The synthesis procedure converge to con-
troller gains different than the gains of the initial controller. The tower feedback gain
k4, null in theinitial controller, has converged to a nonzero value, meaning active tower
damping.

The proportional, integral and tower feedback gains as three-dimensional surfaces of
the scheduling parameters V' and 6 are illustrated in Fig. 4.12ato 4.12c. The controller
gains capture the dependence of the LPV system on the the wind speed given by the basis
functions. Compare the shape of the surfaces with the aerodynamic gains (Fig. 4.8). Also
notice the slight changesin k,, and k4 and the changesin k; scheduled by 6.

Simulation Results

The performance of the LPV controllers are accessed in a nonlinear wind turbine sim-
ulation environment [10]. The effective wind speed is estimated by an unknown input
observer that uses measurements of generator speed, generator torque and pitch angle
[18]. Figures 4.13ato 4.14d depict time series of the variables of interest resulted from
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5 Conclusions

a 600 s simulation. A mean speed of 17 m/s with 12 % turbulence intensity and shear
exponent of 0.1 characterizes the wind field (Fig. 4.13a). At time¢ = 200 s, the pitch
system experiences a fault with 6; increasing from O to 1 (Fig. 4.13b). At ¢t = 430 s, the
pitch system comes to normality with ¢ decreasing from 1 to 0. Both variations on the
fault scheduling variable are made with maximum rate of variation.

Results of LPV controllersintolerant and tolerant to pitch actuator faults are compared
to support a discussion of the consegquences of the fault on the closed-loop system as well
as fault accommodation. When the wind turbineis controlled by the fault intolerant LPV
PI controller, the rotational speed (Fig. 4.13c) experiences poor and oscillatory regulation
during the occurrence of faults, more pronouncedly while 6 ; is varying. The threshold
for a shutdown procedure due to overspeed is usually between 10-15% over the nominal
speed [27]; in this particular case, the overspeed would not cause the wind turbine to
shutdown. The FT-LPV PI controller successfully accommodates the fault, maintaining
rotor speed properly regulated. Oscillatory power overshoots of up to 6% of the nominal
power (Fig. 4.13d) degrades power quality; the same does not happen to the FT-LPV
controlled system.

More serious than the effects on rotational speed and power are the consequences
of faults on the pitch system and tower. Excessive pitch angle excursions during faults
(Fig. 4.14a) with the limits on velocity of 48 deg/s being reached (Fig. 4.14b) may cause
severe wear on pitch bearings. The FT-LPV controller maintain pitch excursions and ve-
locities within normal limits. The tower experiences displacements (Fig. 4.14c) of up to
0.48 m, an increase of approximately 60% when compared to the FT-LPV. The displace-
ments comes along with very high tower velocities of amost 0.4 m/s, 260% higher than
the fault accommodated case.

In such asituation, the supervisory controller would shut down the wind turbine dueto
excessive vibrational levels measured by the nacelle accel erometer. The same would not
be necessary if the wind turbine is controlled by the FT-LPV. Therefore, fault tolerance
leads to higher energy generation and availability. It also collaborates to a better man-
agement of condition-based maintenance; higher priority of maintenance can be given to
wind turbines with faults that cannot be accommodated by the control system. These are
examples of the benefitsthat the LPV control design framework presented in this Chapter
can bring to wind turbinesin closed-loop with industry-standard as well as more elaborate
controllers.

5 Conclusions

This chapter initially presents the modeling of a wind turbine model as an LPV system,
considering faults on actuators and sensors. Later, an iterative LMI-based algorithm for
the design of structured LPV controllers is described. This constitutes a unified LMI-
based design framework to address gain-scheduling, fault-tolerance and robustness on
the design of wind turbine controllers.

The method is based on parameter-dependent Lyapunov functions, which reduces
conservativeness of control for systems with rate bounds, which is the case in this work.
The iterative algorithm may be computationally expensive depending on the number of
plant states and scheduling variables, but brings desired flexibility in terms of the con-
troller structure: decentralized of any order, dynamic (reduced-order) output feedback,
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Figure 4.13: Time series of (a) hub height wind speed, (b) fault scheduling variable, (c)
rotor speed and (d) electrical power. Simulation results of a2MW wind turbine controlled
by afault-intolerant and a fault-tolerant LPV PI controller.
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static output feedback and state feedback are among the possible ones. Moreover, the re-
sulting controller can also be easily implemented in practice due to low data storage and
simple math operations. In fact, the required data to be stored on the controller memory is
only the controller matrices, and scalar functions of the scheduling variables representing
plant nonlinearities. The mathematical operations needed to compute the controller at
each sampling time are look-up tables with interpolation, products between a scalar and
amatrix, and sums of matrices.

A design example of a fault-tolerant controller for the Region 111, with a structure
similar to the the state-of-the-art industrial controllers, intends to show that theoretical
rigorousness on the design of gain-scheduled controllers may bring advantages in terms
of performance and reliability of wind turbinesin closed-loop. The presented framework
is not limited to the specific example shown. Due to its flexibility, the framework can
be applied to other known wind turbine controller structures or even to explore different
control philosophies.

Simulations indeed confirm that the fault-tolerant LPV controllers have superior per-
formancein the occurrenceof faults. The LPV controller designed for the nominal system
start oscillating when the fault isintroduced. In areal situation, the supervisory controller
would shut down the wind turbine due to excessive vibrational levels measured by the
nacelle accel erometer. The same would not be necessary if the wind turbineis controlled
by the FT-LPV. Therefore, higher energy generation and availability is achieved. It also
ccontributes to a better management of condition-based maintenance; priority on main-
tenance can be given to wind turbines with faults that cannot be accommodated by the
control system.

References

[1] GWEC, “Annua market update 2010,” Global Wind Energy Council, Tech. Rep.,
2010.

[2] K. Z.@stergaard, “Robust, gain-scheduled control of wind turbines,” Ph.D. disser-
tation, Aalborg University, 2008.

[3] E. A. Bossanyi, “The design of closed loop controllers for wind turbines,” Wind
Energy, vol. 3, no. 3, pp. 149-163, 2000.

[4] E. Bossanyi. and D. Witcher, “Controller for SMW reference turbine, deliverable
5.1.1, project UPWIND,” Garrad Hassan & Partners, Tech. Rep., 2011.

[5] C.Sloth, T. Esbensen, M. O. K. Niss, J. Stoustrup, and P. F. Odgaard, “Robust LMI-
based control of wind turbineswith parametric uncertainties,” in Proceedings of the
3rd |EEE Multi-conference on Systems and Control, Saint Petersburg, Russia, July
2009, pp. 776-781.

[6] M. O. K. Niss, T. Eshensen, C. Sloth, J. Stoustrup, and P. F. Odgaard, “A youla
kucera approach to gain-scheduling with application to wind turbine control,” in
Proceedings of the 3rd |EEE Multi-Conference on Systems and Control, Saint Pe-
tersburg, Russia, July 2009, pp. 1489-1494.

92



5 Conclusions

(7]

(8]

(9]

(10]

(11]

[12]

(13]

[14]

(15]

(16]
[17]

(18]

[19]

[20]

[21]

W. Rugh and J. Shamma, “Research on gain scheduling,” Automatica, vol. 36,
no. 10, pp. 14011425, October 2000.

F. Adegas and J. Stoustrup, “Robust structured control design via LMI optimiza-
tion,” in Proceedings of the 18th IFAC World Congress, Milano, Italy, August 2011,
pp. 7933-7938.

C. Sloth, T. Esbensen, and J. Stoustrup, “ Robust and fault-tolerant linear parameter-
varying control of wind turbines,” Mechatronics, vol. 21, no. 4, pp. 645659, June
2011.

T. Esbensen and C. Sloth, “Fault diagnosis and fault-tolerant control of wind tur-
bines” Master's thesis, Aalborg University, 2009.

K. @stergaard, P. Brath, and J. Stoustrup, “Linear parameter varying control of wind
turbines covering both partial load and full load conditions,” International Journal
of Robust and Nonlinear Contral, vol. 19, no. 1, pp. 92—116, 2009.

P. Apkarian and R. Adams, “Advanced gain-scheduling techniques for uncertain
systems,” |EEE Transactions on Control Systems Technology, vol. 6, no. 1, pp. 21—
32, January 1998.

F. D. Bianchi, H. D. Battista, and R. J. Mantz, Wind Turbine Control Systems: Prin-
ciples, Modelling and Gain Scheduling Design.  Springer, 2007.

D. S. L. Dolanand P. W. Lehn, “Simulation model of wind turbine 3p torque oscil-
|ations due to wind shear and tower shadow,” | EEE Transactions on Energy Conver-
sion, vol. 21, no. 3, pp. 717—724, September 2006.

F. lov, A. Hansen, P. Srensen, and F. Blaabjerg, “Wind turbine blockset in mat-
lab/simulink,” 2004.

M. O. L. Hansen, Aerodynamics of Wind Turbines. Earthscan, 2008.

D. Bianchi, R. J. Mantz, and C. F. Christiansen, “Gain scheduling control of
variable-speed wind energy conversion systems using quasi-LPV models,” Control
Engineering Practice, vol. 13, no. 2, pp. 247-255, February 2005.

K. Qstergaard, P. Brath, and J. Stoustrup, “Estimation of effective wind speed,’
Journal of Physics: Conference Series, vol. 75, no. 1, pp. 1-9, 2007.

P. F. Odgaard, J. Stoustrup, and M. Kinnaert, “ Fault tolerant control of wind turbines
- abenchmark model,” in Proceedings of the 7th IFAC Symposium on Fault Detec-
tion, Supervision and Safety of Technical Processes, Barcelona, Spain, June 2009,
pp. 155-160.

F. Adegas and J. Stoustrup, “ Structured control of affine linear parameter varying
systems,” in Proceedings of the American Control Conference, San Francisco, CA,
USA., 2011, pp. 739 — 744.

R. E. Skelton, T. Iwasaki, and K. Grigoriadis, A Unified Algebraic Approach to
Linear Control Design. Taylor & Francis, 1998.

93



Paper A

[22]

(23]

[24]

[25]

[26]

[27]

C. E. de Souza, K. A. Barbosa, and A. T. Neto, “Robust H ., filtering for discrete-
time linear systems with uncertain time-varying parameters,” | EEE Transactions on
Sgnal Processing, vol. 54, no. 6, pp. 2110-2118, 2006.

J. D. Caigny, J. F. Camino, R. C. L. F. Oliveira, P. L. D. Peres, and J. Swevers,
“Gain-scheduled dynamic output feedback control for discrete-time LPV systems,”
International Journal of Robust and Nonlinear Control, vol. DOI 10.1002/rnc.1711,
2011.

——, “Gain-scheduled H > and H ., control of discrete-time polytopic time-varying
systems,” IET Control Theory and Applications, val. 4, no. 3, pp. 362—380, 2010.

P. Apkarian, “On the discretization of LMI-synthesized linear parameter-varying
controllers,” Automatica, vol. 33, no. 4, pp. 655661, April 1997.

M. H. Hansen and S. ye, “Effect of dynamic inflow on tuning of a Pl pitch con-
troller,” Internal Communication, CASED Project, 2011.

B. Savini and R. Lupto, “ Supervisory controller and load cal culation with individual
pitch controller for 5Smw reference turbine,” GL Garrad Hassan, Tech. Rep., 2011.

94



Structured Control of LPV Systemswith Application to Wind
Turbines

Fabiano Daher Adegas, Jakob Stoustrup

This paper was published in :
American Control Conference 2012



Copyright ©lnstitute of Electrical and Electronics Engineers.
The layout has been revised



1 Introduction

Abstract

This paper deals with structured control of linear parameter varying systems
(LPV) with application to wind turbines. Instead of attempting to reduce the prob-
lem to linear matrix inequalities (LMI), we propose to design the controllers via an
LMI-based iterative algorithm. The proposed agorithm can synthesize structured
controllers like decentralized, static output and reduced order output feedback for
discrete-time LPV systems. Based on a coordinate decent, it relies on a sufficient ma-
trix inequality condition extended with slack variables to an upper bound on the in-
duced L2-norm of the closed-loop system. Algorithmsfor the computation of feasible
as well as optimal controllers are presented. The general case where no restrictions
areimposed on the parameter dependence istreated here due to its suitability for mod-
eling wind turbines. A comprehensive numerical example of a gain-scheduled LPV
controller design with prescribed pattern for wind turbines illustrate the utilization of
the proposed algorithm.

1 Introduction

Practical considerations often dictate structural constraints on the controller. Control
practitioners face the challenge of designing low-order, decentralized, observed-based,
PID control structures, among others. These control problems are naturally formulated
as Bilinear Matrix Inequalities (BMI), and to which equivalent convex reformulations
based on Linear Matrix Inequalities (LMI) are not known to exist. Add to that some sys-
tems inherently exhibit time-varying nonlinear dynamics along their nominal operating
trajectory, motivating the use of advanced control techniques such as gain-scheduling, to
counteract performance degradation or even instability problems by continuously adapt-
ing to the dynamics of the plant. A systematic way of designing controllers for systems
with linearized dynamics that vary significantly with the operating point is within the
framework of linear parameter-varying (LPV) control. Wind turbines are naturaly in-
serted in this context. Firstly, because gain-scheduling is an usual approach to deal with
varying dynamics dependent on the operating point [1]. Secondly, the structure of wind
turbineindustrial controllers often have a prescribed pattern [2].

In this context, our interest lies in the synthesis of LPV controllers with structural
constraints, more specifically, the £2-norm minimization problem,

K@) ek

where T',_,,,(-) is an input-output system operator, K () is a linear parameter varying
controller dependent on a vector of time-varying parameters 6, and K represents a struc-
tural constraint in the controller matrices.

The diversification of LPV controller structures is not extensively addressed in the
literature. The static state feedback and full-order dynamic output feedback are by far
the most investigated structures. There are some proposals on the design of static output
feedback controllers[3, 4]. A few works can be found on other controller structures like
decentralized [5], fixed-order dynamic output for single-input single-output polynomial
systems|[6]. Synthesis conditionsbased on Linear Matrix Inequalities(LMI) isacommon
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feature to all these papers. Recently, static output [7] and full-order dynamic output [8]
synthesis proceduresrelies on extended LMI conditions with slack variables[9].

Instead of an attempt to reduce the problem to linear matrix inequalities (LMI), this
paper investigates the design of structured LPV controllers via an LMI-based iterative
algorithm. Iterative LMI agorithms with slack matrices were investigated in the context
of robust [10] and affine LPV [11] control. Decentralized of any order, fixed-order out-
put, static output and simultaneous plant-control design are among the possible control
structures. Based on a coordinate decent, it relies on extended LM conditionsto an upper
bound on the induced £,-norm of the closed-loop system. We propose a relaxation on
the LMI condition useful for computing feasible controllers. After a feasible controller
is found, the objective is cost minimization until the solution converges to a stationary
point. The general case where no restrictions are imposed on the parameter dependence
istreated here due to its suitability for modeling wind turbines.

Realizing advanced gain-scheduled controllers can be difficult in practice and may
lead to numerical challenges[1, 12]. Usually, several plant and controller matrices must
be stored on the controller memory. Moreover, matrix factorizations and inversions are
among the operations that must be done online by the controller at each sampling time
[13]. The proposed synthesis methodology can be of practical relevance because the
resulting controllers have simple implementation.

This paper is organized as follows. Section |1 describes the system, controller and
some possible controller structures. Section |11 presents known extended matrix inequali-
ties conditionsfor theinduced £, norm and the proposed relaxation. Section 1V describes
the iterative LMI algorithm along with convergence and computational considerations.
Section V revisitsthe design of wind turbine industry-standard controllers under the LPV
framework.

2 System and Controller Description

An open-loop, discrete-time augmented LPV system with state-space realization of the
form,

w(k+1) = A(0)x(k) + Bu(0)w(k) + Bu(0)u(k)
z(k) = C2(0)x(k) + Dzw(0)w(k) + Du(0)u(k) (5.1)
y(k) = Cy(0)z(k) + Dy (0)w(k),

is considered for the purpose of synthesis, where z(k) € R™ is the state vector, w(k) €
R is the vector of disturbance, u(k) € R™ isthe control input, z(k) € R"= isthe
controlled output, and y(k) € R™v isthe measured output. A(9), B(0), C(8), D(0)are
continuous functions of some time-varying parameter vector § = [0 4, ...,6,,]. Assume
0 ranges over a hyperrectangle denoted ©,

62{9 ngf)lg?l, 221,,719}
Therate of variation A8 = 6(k + 1) — 6(k) belongs to a hypercube denoted V,
V={A0: |A0;| <v;,i=1,...,n9}.

The LPV controller has the form,
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ze(k +1) = Ac(0)zc(k) + Be(0)y(k)

(k) = Co(@)ae(k) + Do(6)y(k), (5-2)

where z¢(k) € R™ and the controller matrices are continuous functions of §. Note that
depending on the controller structure, some of the matrices may be zero. The controller
matrices can be represented in a compact way,

_ | De(8)  Cc(0)
K() := {Bc(e) AC(G)]' (5.3)

Theinterconnection of system (5.1) and controller (5.2) leadsto the following closed-loop
LPV system denoted S,

Sa: a(k+1) = A0, K(0))xa (k) + B, K(0))w(k)

2(k) = C(8, K (0))aa (k) + D0, K (6))w(k). (54)

This general system structure can be particularized to some usual control topologies.
In the case K () is an unconstrained matrix, if n. = 0, the problem becomes a static
output feedback. The static state feedback is a particular case of static output, when the
system output is a full rank linear transformation of the state vector V0. If n = n, the
full-order dynamic output feedback arises. In a structured control context, more elaborate
control systems can be designed by constraining K (¢). A fixed-order dynamic output
feedback has n. < n. For decentralized controllers of arbitrary order, the structure of
K (0) is constrained to be,

_ [diag(De(6)) diag(C.(0))
K(0) := {diag(gcw)) diag(Ac(G))}

where diag(-) stands that (-) has ablock-diagonal structure.
In the general parameter dependence case, the open-loop system matrices are depen-
dent on arbitrary functions of the varying parameters,

A B, B A Bw B, Bw B,
Cz Dzw Dzu (0) - Cz zw D + Z zw Dzu ,01(9),
Cy Dyw D Cy Dyw Dyy Cy vw  Dyu ;
t=1,...,m,
(5.5)

where p; (6) are scalar functions known as basis functions that encapsulate possible sys-
tem’s nonlinearitiesand ., is the number of basis functions. The controller matrices are
continuous functions of # with similar type of dependence,

& o-& 2] 2k oo 56

Zzl,..., ng
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3 Induced £,-norm Performance

The design of a closed-loop system usually considers performance specifications that
can be characterized in different ways. Define T'.,,(#) as the input-output operator that
represents the forced response of (5.4) to an input signal w(k) € Lo for zero initial
conditions. The induced £>-norm of a given input-output operator,

I21l,
[Towllz, == sup  sup
0€OXY [[w|| ., #0 HngQ
is commonly utilized as a measure of performance of LPV systems and allows formul at-
ing the control specification asin H ., control theory. The LPV system (5.4) is said to
have performance level v when it is exponentialy stableand || 7., ||, < v holds. An ex-
tension of the bounded real lemma (BRL) for parameter dependent systems is a sufficient
condition for checking the £ performance level of system S ;.

Lemma 2 (Extended £ Performance). [9, 8] For a given controller K (6), if there exist
P(9) = P(0)T and Q(0) satisfying (5.7) with » = 1 for all (9, Ad) € © x V), then the
system S, is exponentially stabilizable by the controller K'(6) and || 7., (8)| », < 7.

r?P(0T) A0, K(6))Q(0) B0, K(9)) 0
s PO+ QET 06 0 QOTCEEE)T| .
* * ~I D, K(0))T =0 (5.7)
* * * v

The term 2 multiplying the Lyapunov matrix at the (1,1) entry of (5.7) is, in the present
paper, artificially inserted into the formulation. For frozen 6 (LTI system) r represents
the z-plane circle radius, thus » = 1 in the Schur stability criteria. By imposing » > 1
the z-plane circle would be enlarged, meaning that even unstable closed-loop systems
(eigenvalues lying out of the unit circle) would satisfy Lemma 2. For parameter varying
systems, this notion of enlargement still exists when » > 1, defined by the following
lemma.

Lemma 3 (Enlarged £, Performance). For a given controller K (0), if thereexist P(0) =
P(0)T and Q(0) satisfying (5.7) withr = 7 > 1 for all (9, Af) € © x V), thenthe system
S satisfies the enlarged £, performance with || 77, (6) <.

||»C2 s T=Te

Even systemsthat are not exponentially stabilizable may satisfy the enlarged £ o-norm
condition. This fact will be utilized in the proposed algorithms for finding a feasible
controller. The shifted-H .-norm is a similar concept for continuous-time LTI systems
[24].

The Lyapunov and slack variables mimic the general parameter dependence of the
plant and controller,

neg

P(0) =Po+ > _ pi(0)P; (5.89)
i=1
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00) = Qo+ 3 p(0)Q: (5.80)
=1
The Lyapunov function at 6+ := 0 + A6 can be described as,
P(0F) = Po+ pi(0F)P; (5.9)
Conveniently, the basis functions at 0 are approximated by alinear function of p(9)
and Ad,
pi0%) = pu(0) + 2D g (510

thereby turning inequality (5.7) affine dependent on the rate of variation Af. This ap-
proximation makes sufficient to verify (5.7) with (5.9)-(5.10) only at Vert V.

4 Optimization Algorithm

The optimization algorithm iterates between LMI problems by fixing the controller vari-
ables and the slack variable alternatively. In thisway, the parameter dependent Lyapunov
matrix remains as avariable during the whol e optimization process. Inthe general param-
eter dependence case, the controller is designed in a gridded parameter space. A gridding
procedure consists of defining a gridded parameter subset denoted © , C ©, designing
a controller that satisfies the matrix inequalities constraints V6 € ©,, and checking the
inequalities constraintsin a denser grid. If the last step fails, the processis repeated with
afiner grid.

In order to save text during the exposure of the algorithms, denote the inequality
constrains by

IIg(z) :=(5.7), V(0,Af) € ©4 x Vert V

The algorithm for computing a feasible structured LPV controller is described next.
The aim is to create a sequence of r convergent to 1, that is, for a certain tolerance e,
r@) >1—¢rl) 5 14¢asj— 0.

Algorithm 3. (Feasibility) Given initial slack matrix Q(V)(9) = I, V0 € ©,, aninitial
radiusr() > 1, atarget radius rtg < 1 and a convergencetolerancee;. Set j = 1 and
start to iterate:
1. Find P(#), K (), and ~y that solves the LMI problem,
Minimize y subject to I (x) with » = (), and frozen Q(6) = Q) () V6 € O,,.

2. If Sep lisfeasible, KU)(9) = K (). Else, KW (0) = KU-1)(9).
3. Find P (), Q(0), and ~y that solves the LMI problem,

Minimize y subject to I () with r = (), and frozen K () = K9 (9), V0 € O,

4. If Sep Bisfeasible, Q(A) D) = Q(6). Else, Q(0)0+D) = QU)(9)
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5. If Sep 1 and step 3arefeasible, r U+ = 0.5 (r) +1,) and ArU+D = |pG+1) —
()| (Reduced radius).
Elseif Sep 3isfeasible, rU+1) = () and Arl+1) = Ar() (Sameradius).
Else, 70D = r0) 4 0.5 70D — ()| and Ar+D = |pG+D — ()] (Increased
radius).

6. If |rU+D) —rU)| < ¢, stop. Else, j = j + 1 and go to step 1.

Theinitia radiusr(*) should be made large enough to make thefirst iteration feasible.
Our experience showsthat r (1) = 2 suffices for most situations. The target radius rq can
be made dlightly smaller than 1. Once the radius reaches the target radius within acertain
tolerance ¢, the objectiveis only to minimize the performance level .

Algorithm 4. (Performance Level) Given initial controller K )(6), V6 € ©,, and a
convergencetolerancee,. Set j = 1 and start to iterate:

1. Find P(), K9)(6), and  that solves the LMI problem,

Minimize v subject to Il (=) with ~ = 1, and frozen Q(6) = QW) (0) V0 € ©,,.
2. Find P(0), Q(#), and v that solves the LMI problem,

Minimize y subject to I (=) with » = 1, and frozen K () = K ) (6), V6 € O,.

3. 1f [y —4U=1| < ¢, stop. Else, j = j + 1 andgo to step 1.

Algorithm 2 generates a convergent sequence of solutions such that the cost is non-
increasing, that is, v(!) > ~U) > ~(*) To redlize this, notice that taking the slack
variable equal to the Lyapunov variable implies sufficiency of Lemma 2 [9]. Therefore,
P(6) computed at step 1 is asolution for Q(6) at step 2, implying feasibility of step 2
with at least the same value of v of step 1. The controller K () at the iteration j is aso
asolution for the step 1 at iteration j + 1, implying feasibility of step 1 with at least the
same performance level asiteration j.

Algorithms 3 and 4 are in fact very similar and can be unified in a single algorithm.

Computational L oad

Depending on the system/controller order and number of basis functions, the procedure
may be computationally expensive. Slight modifications on the algorithms alleviate com-
putational load at the expense of some conservatism.

e The step at which the slack matrix is computed can be replaced by an update rule
of theform . ‘
QU (9) = P (h), Vo € O,.

Indeed, taking the slack variable equal to the Lyapunov variableimplies sufficiency
of Lemma2[9].
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e The slack matrix can be made parameter independent, e.g. Q(0) = Q.

e Parameter dependent matrix variables may also depend on afewer number of basis
functions/varying parameters than the plant, thus reducing the number of optimiza-
tion variables. Some basis functions are more representative of system'’s nonlinear-
ities than others. For example, the LPV controller can be made dependent of some
basis functions while being designed robust to the reminiscent ones by including
them in the Lyapunov variable.

Controller Implementation

Due to the fact that no linearizing change of variables is involved in the formulation, the
resulting controller can be easily implemented in practice. Theiterative LM optimization
algorithm provides the controller matrices A¢;, Bei, Cci, Deis, fori = 0,1,...,n,.
These matrices, the basis functions, and the value of the scheduling variables are the only
required information to determine the control signal (k). At each sample time k, the
scheduling variable 6(k) is measured (or estimated) and a control signal is obtained as
follows.

1. Compute the value of the basis functions p;(6(k)), fori = 0,1,...,n,. Thebasis
functionsmay be stored in alookup table that takes 6(k) as an input and outputs an
interpolated value of p(6(k)).

2. With the value of the basis functions in hand, determine the controller matrices
Ac(0(k)), Be(0(k)), Cc(0(k)), Dc(0(k)) according to (5.6).

3. Once the controller matrices have been found, the control signal «(k) can be ob-
tained by the dynamic equation (5.2) of the LPV contraller, only involving multi-
plications and sums.

5 Wind Turbine LPV Control

At highwind speeds, the power generated by awind turbine should be maintained at rated
value. A common control strategy is to regulate the generator speed (2 ;) by varying the
blade pitch angles (/5) while maintaining a constant generator torque (@ 4). The wind
energy industry relies on the proportional and integral (PI) controller to accomplish such
task. The Pl speed control using pitch angle as controlled input strongly coupleswith the
tower dynamics, denoting a multivariable problem, and should be properly designed. The
adopted control structure depicted in Fig. 5.1 includes the most common control loops of
aindustry standard Region |11 controller [2].
The generator speed is regulated by a Pl controller of the form,

Gp = kp(ﬁ) + k.(6‘)G| (8)
where s denotes the Laplace operator. Instead of a pure integrator, the Pl controller is
composed by an integrator filter,
s+ z
Gi(s) = L

S
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Figure 5.1: Control loops of generator speed and tower damping.

where the filter zero z, is a design parameter. The Pl controller is connected in series
with a parameter independent filter Gt1(s). It is possible to provide an extra signa by
using an accelerometer mounted in the nacelle, allowing the controller to better recog-
nize between the effect of wind speed disturbances and tower motion on the measured
power or generator speed. With this extra feedback signal, tower bending moment loads
can be reduced without significantly affecting speed or power regulation. Therefore, it
is assumed that tower velocity ¢ is available for measurement, by integrating tower ac-
celeration ¢, and is multiplied by a parameter-dependent constant % ; () for feedback. A
parameter independent filter G'r»(s) completes the tower feedback loop. The order of the
filters Gi1(s) and Giz(s) can be arbitrarily chosen. The choice trades-off closed-loop per-
formance and number of controller states. High order filters leads to better performance
with the expense of higher controller complexity.

The drive train of a wind turbine presents a poorly damped torsiona mode when a
constant torque control strategy is adopted. To counteract this, active drive train damp-
ing is deployed by adding a signal to the generator torque () to compensate for the
oscillations in the drive train. For adidactic and clear exposure, the compensation of the
drive train damper is considered ideal. Therefore, for synthesis purposes, the drive train
torsional mode is neglected and the rotor speed is proportional to the generator speed.
The LPV controller can now be designed to trade off the tracking of generator speed and
tower oscillations with control effort (wear on pitch actuator). Wind turbine aerodynam-
ics is the main source of nonlinearities. A linearization-based LPV model depends on
partia derivatives of aerodynamic torque (@) and thrust (1) forces with respect to rotor
speed (£2,), wind speed (V') and pitch angle. These partial derivatives, also known as
aerodynamic gains, vary with the operating point. Thus, they are natural candidates for
the basis functions [15],
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_1.0Q
/Jl-—jea—Qea
1T
P4-—M8—Q(9a

10Q 10Q

P=Ravl, T L, (5.11)
1T 1T '

PR =L av), T 0B,

In the above expressions, J,. and J,, is the rotor and generator inertia, which combined
with the gearbox ratio N, results in the equivalent rotational inertia in the rotor side
Je := Jr + JgNg. M, isthe equivalent modal mass of the first bending moment of the
tower. Basis functions with equivalent inertia and tower mass were chosen to improve
numerical conditioning. The operating point of a wind turbine varies according to the
effective wind speed 6(¢) = V (¢) driving the rotor. The dynamic model of the variable-
speed wind turbine can then be expressed as an LPV model of the form,

G.{L.E:A(e)w'i_Bw(e)v'FBu(e) Bret
ly=0Cya

where states, controllable input and measurements are,

e=[% ¢ ¢ B B =zai,

with open-loop system matrices,

[p1(0) .
pa(0) v
A@) =] 0
0
0
L Ny

B,=1[0 0 0 w?

AT
u=Pe, y=[Q yai 4|,
—p2(6) (}( 0 ps(6) 0]
—— Bi—ps(0) —ﬁi 0 ps(6) 0
1 0 0 0 of,
0 0 -2Cwn —wﬁ 0
0 0 1 0 0
0 0 0 0 0]

§ Ng 0 0 0 0
00", C=|x 000 1f.
0 1.0 0 0

Noticethe Pl controller integrator filter G| conveniently augmented into the state-space of
G, represented by the state . ; and the output yq, ;. The plant G, is defined as the wind
turbine model solely (plant G without the augmentation of GG|). A state-space realization
of the control structure depicted in Fig. 5.1 is given by,

A 0
AC = |: Ofl

Af2:| ) BC(G) = |: 0 0
Ce:=[Cn Cr,

By (6) Bir(0) 0

By, ()]

q

D = [Df]_ sz] .
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where the size of sub-matrices depends on the chosen orders of thefilters. The parameter-
dependent controller matrix has the general dependenceform,

By, () Br(@) 0 ]_ [By By 0 <~ [By, Br 0
0 0 By®| "0 0 qu.o‘LZ:l 0" 0 By |

q

The Lyapunov matrix is chosen dependent on al basis functions (5.11), and the slack
matrix is chosen parameter independent.

Weight W, and W,, governs the tradeoff between rotational speed regulation and
pitch wear. In this example, W, is chosen as a scalar k1, turning the first performance
channel similar to an integral square error measure (21 = WnGi€). W, istaken asa
first order high-passfilter that penalizes high-frequency content on the pitch angle. Dueto
the resonance characteristics of the transfer function from V to ¢, the weighting function
W5 is chosen as a scalar ko, that tradeoffs the desired tower damping. Considering the
plant and weighting functions just mentioned, the augmented plant has 7 states. G(s) 11
and G(s)s, are chosen as first order and second order filters, respectively, therefore the
controller is comprised of 3 states.

Remember that the iterative LMI algorithm is a synthesis procedure in discrete time.
Therefore, the augmented LPV plant in continuous time is discretized using a bilinear
(Tustin) approximation [16] with sampling time T's = 0.02 s, at each point ©, x Vert .
The effective wind speed ranges § = V € [12m/s, 25 m/s| and its rate of variation
ranges AQ(t) = AV (t) € [-2 m/s*, 2 m/s?]. Thegrid is comprised of seven equidistant
points. The rate of variation of the scheduling variablesin continuous-time must as well
be converted to discrete-time by the relation A9(k) = T AH(t).

The numerical example is based on data from a typical 2MW utility scale wind tur-
bine. The evolution of radius /) and performance level v during the course of the
optimization is illustrated on Fig. 5.2. During the feasibility phase, as the radius grad-
ually convergesto 1, the performance level value increases. The agorithm switches to
optimization phase by maintaining » = 1 during the subsequent iterations, being the cost
monotonically decreasing to a stationary point.

Wind disturbance step responses under different operating points (frozen 6) are de-
picted in Fig. 5.3. The rotor speed is well regulated around the origin. A similar re-
sponse irrespective of the operating point is noticeable, meaning that the controller is
gain-scheduling to adapt to the nonlinearities of the plant. This is corroborated by the
magnitude plots of transfer functions from wind disturbance to rotor speed and tower ve-
locity, for the open-loop and closed-loop systems. The increased damping of the tower
fore-aft motion is noticeable in Fig.5.4d where the magnitude of the open-loop system
(dashed line) is plotted for comparison.
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1 Introduction

Abstract

This paper presents sufficient dilated linear matrix inequalities (LMI) conditions
to the Ho. and H> model reduction problem. A specia structure of the auxiliary
(slack) variables allows the original model of order n to be reduced to an order r =
n/s where n,r,s € N. Arbitrary order of the reduced model can be enforced by
including states in the original system with negligible input-to-output system norms.
Theuse of dilated LMI conditions facilitates model reduction of parameter-dependent
systems. When a reduced model determined by the sufficient LMI conditions does
not satisfactorily approximates the original system, an iterative algorithm based on
dilated LMIs is proposed to significantly improve the approximation bound. The
effectiveness of the method is accessed by numerical experiments. The method is
also applied to the - order reduction of aflexible wind turbine model.

1 Introduction

The model reduction problem consists on the approximation of a given asymptotically
stable system by a reduced order model according to a given minimum norm criteria on
the approximation error. Several techniques and norm measures were investigated, giving
rise to numericaly reliable algorithms. A comparison of some of the algorithms for
model reduction can be found in [1]. This problem can be formulated as an optimization
problem with rank constraints[2] or posed as a set of nonlinear matrix equations[3]. Due
to the inherent non-convexity of these problems, they are very difficult to solve.

Morerecently, model reduction has been investigated under the linear matrix inequali-
ties (LMI) framework, facilitating the use of classical norm criteriafor the reduction error
like Hoo [4] and H,. This framework is particularly suitable to address multichannel /
mixed problems as well as uncertain models [5, 6, 7]. Unfortunately, the difficulties of
non-convexity remains when formulating the model reduction problem as an LMI, typi-
cally involving an additional rank constraint [8] or resulting in bilinear matrix inequalities
[9, 10]. In order to circumvent the non-convexity of the problem, some authors reformu-
late the non-convex constraint by a linear constraint presenting a matrix variable that is
fixed a priori [7, 11]. The choice of the fixed variable influences the degree of subopti-
mality.

In this paper, we explore the usage of dilated (or extended) LMIsto the model reduc-
tion problem. See[12] for asurvey on the history and different characterizations proposed
in the literature. Dilated LMIs are composed of instrumental (slack) variables which fa-
cilitates alinear dependence of the LMI in the Lyapunov variables. This added flexibility
is valuable for reducing conservatism in robust and multi-objective control. A sufficient
LMI conditionwith aspecial structure of the slack variablesis here proposed, allowing an
original model of order n to bereduced to an order r = n/s wheren, r, s € N. Arbitrary
order of the reduced model can be enforced by including states in the original system
with negligible input-to-output system norms. This slack variable structure is trivialy
extended to cope with robust and parameter-dependent model reduction. When areduced
model determined by the sufficient LMI conditions does not satisfactorily approximates
the original system, an iterative algorithm based on dilated LMIs is proposed to signifi-
cantly improve the approximation bound with the expense of higher computational cost.
The effectiveness of the method is accessed by numerical experiments. The method is
successfully applied to the 5 order reduction of aflexible wind turbine.
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2 Model Reduction Through Dilated LM

Linear Time-Invariant Systems

Weinitially consider astable MIMO LTI dynamical system of order n in state-space form

) a@(t) = Ax(t) + Bu(t)
S {y(f) = Cx(t) + Du(t) ©D

where A €¢ R*"™", B € R"*" (C ¢ R™w*" D ¢ R™*"  \We seek a model of
order r < n denoted S,

| {x = A,z (t) + Bou(t) ©2)

y(t) = Cray(t) + Dyu(t)
where A, € R™", B, € R"™*" (O, € R™*" D, € R">" guch that the input-

output difference between the original system S and the reduced system S ,. issmall in an
Hoo OF Ho-norm sense. That is

HS_STHOOOI’Z S’Y (6'3)

where  represents the upper bound on # ., or #2, depending on the context. The
input-output difference of S and S, can be represented by the following state-space de-
scription denoted AS

T A 0 T B
[' - 0 A T B u(t)

INCER b " (6.4)
yA(t)Z[C —cr] ; +(D—Dr)u(t)

Hereafter, the system matricesof AS aredenoted A, Ba, Ca, Da. Our results ben-
efit from the dilated LMI conditions for an upper bound on H ., [13] or H [14]. Please
consult [12] and references therein for a throughout exposure of dilated LMIs; we state
them already in the context of our problem.

Lemmad4. ||S — S,|, < v holdsif, and only if, there exist a general auxiliary matrix
Q, symmetric matrix X and a scalar p > 0 such that

AaQ + QT AL * * *
pQTAT —Q+ X —p@Q+QT) o+
CaQ nCaQ Y 0 69
BY 0 DX —4I

is satisfied.

The multiplication between the scalar 1 and matrix variables in (6.5) makes a line
search in p necessary.
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Lemmab. ||S — S,||, < v holdsif, and only if, there exist a general auxiliary matrix @
and symmetric matrices X, Z such that

AAQ + QT AR * *
—QTARL+Q-X —-(Q+QT) x| <0,
CaQ —CaQ I (6.6)
[BZA )*(] =0, trace(Z) <~y

is satisfied.

The previous two lemmas state conditions for analysis of AS. In order to derive
conditions to synthesize the reduced order matrices A.., ..., D,., let the general auxiliary
matrix Q) be partitioned as

e=|3 % % ©7

where Qi, € R™", k=1,...,s+1,H e R™", andr = n/s, 7, n, s € N. Also define
new matrix variables A, and C,. resulting from the nonlinear change of variables

A, :=AH, C,:=C.H. (6.8)

With these definitions at hand, the LMI conditions for synthesis can be stated as fol-
lows.

Theorem 9. ||S — S,||, < 7 holdsif there exist general auxiliary matrices Q, k =
1,...,s+ 1and H, symmetric matrix X, general matrices A,., B,, C,, D, and a scalar
1 > 0 such that

AA + flz * * *
AT _ T
pAN—Q+X —p(@Q+Q7) * | <o, (6.99)
Ca wCa —~I %
BY 0 DY —yI
An e AQl AQQ AQS+1
ATLA A A

B

BA = |:B :| , DA =D — Dr (69b)

OA = [OQl - ér CQQ - éT s CQ5+1 - ér] )

is satisfied. Once a solution is found, the reduced order system matrices can always
be reconstructed according to

A, =AH', C.=C.H . (6.10)
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Proof. The LMIs (6.9) are obtained by trivial manipulations of (6.5), (6.7) and resorting
to the nonlinear change of variables (6.8). To show that A, and C.. can aways be re-
constructed according to (6.10), H should be invertible thus nonsingular. The fact that
—11 (@ + Q) < 0 with > 0 implies nonsingularity of Q. Notice that I is the lower-
right block of @ (see (6.7)), thus nonsingularity of H is also guaranteed. O

The same rationale can be applied to turn Lemmab into synthesis conditions.

Theorem 10. ||S — S,||, < ~ holds if there exist general auxiliary matrices Qy, k =
1,...,s+1and H, symmetric matrices X, Z and general matrices A,., B, C,, D, such
that

flA + AZ * *
—AL4Q-X —(Q+QT) | <0,
Ca —Ca —I (6.11)
Z x
[BA X] =0, trace(Z) <~, andEq. (9Db),

is satisfied. Once a solution is found, the reduced order system matrices can always be
reconstructed according to (6.10).

The chosen structure (6.7) of the auxiliary variable Q restrainsthedimension of A ,. to
ber = n/s, orin words, the order of the reduced model is an integer fraction of the order
of the original model. Therefore, the order of the reduced system can be chosen smaller
by redefining the partitioning of @). For example, in the case of r = n/3

Q= {% 92 @ %‘} (6.12)

with A and Ca changing accordingly

i [0 A0 A0 A0
LA A A A
Ca=1[CQ1 -Cr CQ—-Cr CQ3—C, CQu—C,l.
Being n a multiple of r limits the choice of the order of the reduced model. This
fact can be circumvented by adding states on the origina system S with negligibleinput-
to-output norms. A convenient way to do so is by augmenting the system with modes
appearing in the diagonal of A

(6.13)

A 0 . B
A— {O AJ , A, =dag(A,;), B— |:Ba:| ,
Ba71
Ba72
B.=| |, c=c al
Baﬂ’
C, = [Ca 1 Ca72 Ca 7/} y 1= 1a ;Mg
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where||C(sI — A)~B+ D|| >> ||Cu(sI — Ay) 1 By,||. Anarbitrary order r can be
chosen by combining both strategies.

Parameter Dependent Systems

The linear time invariant conditions just presented are trivially extended to cope with
model reduction of parameter-dependent (PD) systems. Consider thelinear PD system of
order n

) - z(t) = A()z(t) + B(a)u(t)
S(e) : {y(t) = C(a)z(t) + D(a)u(t). (6.14)

System matrices are polytopic with respect to the parameter «

—_— NO‘ - . Na . . N(X
Ale) =i eadis  Blo) =35 0B ], Y ai=1,0;20
Cla) =3, oGy, D(a) =3 ;% ai Dy, —
(6.15)
aswell as the symmetric matrices

X(a) = Zij\;al a; X, Z(a) = Zf\;"‘l «;Z;, (6.16)

where « € A. Theaimisto find areduced system S,.(«) with order < n and structure
analogousto (6.14), (6.15) such that ||S(a) — S, (a)|| < v fordl « € A. The auxiliary
matrices are considered parameter independent defined according to (6.7). New matrix
variables flm» and C'm» result fromthe nonlinear change of variablesinvolving the reduced
order matrices A, ; and C, ;

Na
AT(OZ) = Z Ozifir?i, Ar,i = ATJH,
i=1

) No R (6.17)
Cra) == Zaicm', Cri=CyiH,
i=1

i=1,...,N,.
Theorem 11. ||S(a) — S.(ov)|| . <~ holdsif there exist general auxiliary matrices Q,

k=1,...,s+1and H, symmetric matrices X;, general matrices A,.;, B, Criv Dy
and a scalar p > 0 such that

AM + Agl * * *
AT o T
AN N Q+X; H (QA‘F Q") O 0, (6.183)
Cai pCa; —~I %
BX, 0 Dy, —1
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An = AiQ1 AiQx ... AiQs
AT AL A o A |
Bna; = B; Dn: = D. D...
AR, |0 AT T (6.18b)
éAZ = [CZQl - Or,i C@QQ - Or’i e C’LQS+1 — C‘T,i} N
i=1,...,Na,

is satisfied. Once a solution is found, the reduced order system matrices can always be
reconstructed according to

A=A H™Y Ci=0C.H (6.19)

Theorem 12. ||S — S,||, < ~ holdsif there exist general auxiliary matrices Qy, k =
1,...,s+1and H, symmetric matrices X;, Z; and general matrices A, ;, B,.;, Cr.i, D,
such that

—AN; + Q-X, —(@Q + QT « | <0,
Chi —Chi I (6.20)
Zi *
[ B XJ -0, trace(Z;) <~, andEq. (18b),

is satisfied. Once a solution is found, the reduced order system matrices can always be
reconstructed according to (6.19).

Iterative Algorithm

If the reduced system does not satisfactorily approximate the dynamics of the original
system, one can resort to an iterative LM (ILMI) algorithm based on dilated LMIsto find
a better result. The reduced model resulted from the sufficient conditions just presented
can be used to initialize the ILMI algorithm. The auxiliary (slack) variable @ is now
considered ageneral matrix without any specific partitioning. The following matrices are
also redefined under the ILMI context.

A A 0 0 0][Dvs G0 0
Aai = {0 O}Q‘L [0 I} {Bm Am} {0 I]Q
Bai = {BBl} v Dpji=D; — D, (6.21)

A D,; C.;| {0 0
Cai=[C; 0]Q+[-I 0] { B, Ar7i:| [0 I] Q
For a clear exposure, only the ILMI agorithm for the H .. model reduction is de-
scribed here. The H, case can be treated similarly. The notation (-) ¥/} stands for the
iteration index. The algorithm solves LMI problems by successively fixing the reduced
order matrices A, ;, . .., D,.; a one step and the slack variable () at another step.
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Algorithm 5. Consider A%}, B', ¢!}, D'} asthe solution of Theorem 11. Seta

rd g Mg 0

tolerancee, j = 1 and start to iterate:
1. Find Q{7} and ~{7} that solves the LMI problem:

Minimize 19} subject to (6.18a) and (6.21) with fixed A7), ..., DY,
i=1,...,N,.

2. Find A%}, ., DY, i=1,..., N, and v/} that solvesthe LMI problem:
Minimize v/} subject to (6.18a) and (6.21) with fixed Q 17}, i = 1,..., N,.

3. 1f [y — 41} < ¢, stop. Else, set j = j + 1 andgo to step 1.

The Lyapunov matrices X ; act as variables during the whole optimization, a benefit
of using dilated LMI conditionsin an iterative scheme.

3 Numerical Examples

To solve the LMI problems, we have used the interface YALMIP [15] with semidefinite
programming solver SeDuMi. Because the interest lies in finding reduced order models
with minimal H .. / - norm bounds, the optimization objective Minimize v areincluded
in the LMI conditions just presented.

Comparison With Other Results
In this subsection, some results obtained by the proposed conditions are compared with
[7] and referencestherein.

Example 1

Consider an LTI system with state-space matrices (6.22) [10] from which a first order
model should be approximated in an #H 3-norm sense. This example gives us a glimpse of
the conservativeness of the proposed condition in face of severe order reduction (1/6 of
the original system) that may occur due to partitioning the slack variable (6.7).

OO O OO
OO O O
OO OO
OO = OO
O = O OO
— o O o O

(6.22)
—0.007 —0.114 —0.850 —2.800 —4.450 —3.400

B=[0 0o o0 0 0 1"
C = [0.007 0.014 0 0 0 0]

We obtain v2 = 0.0283 by applying Theorem 10 which is considerably close to [7]
(v? = 0.0205) and better than the resultsin [10] (0.0557 < 72 < 0.0616). Note that, in
contrast to [7], no matrix involved on the formulation should be chosen a priori.
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Example 2

A second-order reduced model of the uncertain system with state-space representation [ 6]

—2 3 -1 1 —25 bla) —1.2
0 -1 1 0 13 -1 1
A)=10 0 @ 12| B@9=116 o ¢
0o 0 0 -4 —34 01 2

C= 0 -1 2 0.1

—-1.2 1 0 2
ala) = =3.5a1 — 2.5as, b(a) = —0.5a1 + 0.5a2

—25 13 1.6 —3.4]

should be obtained in an H ., sense. Firstly, a parameter-independent reduced system
is found by applying Theorem 11with A, ; = A,,...,D,; = D,,i =1,...,N,. The
minimum upper bound vy = 6.2139 at . = 0.22 ismore conservativethan [7] (v = 5.54).
The resulting reduced-order systemiis

A _ [ 18061 0.2829
"7 | -2.5823  —4.7980

B — [ 4.1664 —0.1741 —4.2018
T |—22297 03139 2.9823

[ 0.4039  1.0428 (6.23)
C, = 56700  8.7890
| —5.7262  —5.3496

[ 1.7012  1.3074  0.9660
D, = |—=2.0854 2.3911 0.4805
| 0.7488  1.1724 —2.0965

The ILMI Algorithm 1 is initialized with system (6.23) in an attempt to find a re-
duced system that better approximates the original one. Convergence tolerance is set
to 1e-3. Figure 6.1a shows the convergence of v {7} for three different values of 1 =
{0.1,0.22,0.3}. For u = 0.22, the algorithm converges after 18 iteration to v = 3.995.
This upper bound is considerably better than [7]. For ;1 = 0.1, the proposed agorithm
finds a parameter-independent reduced model with approximation error v = 3.578, less
conservative than [6] where a parameter-dependent reduced system is determined by an
alternating projection method.

A reduced model with the same parameter dependence as the original oneis now de-
sired. Therefore, A,.(«) and B,.(«) dependson the parameter o, while C',., D,. are param-
eter independent. The sufficient LMI condition resultsin an upper bound v = 6.1080 (for
1 = 0.22), dlightly better than the parameter-independent reduced system case. When re-
sorting to the ILMI agorithm to find a parameter-dependent reduced system, an H
upper bound of v = 3.506 is reached for ;. = 0.1, expectedly less conservative than the
parameter-independent reduced system. The convergence of the algorithm is depicted in
Fig. 6.1b.
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Figure 6.1: Convergence of ILMI model reduction.

Flexible Wind Turbine

In the wind energy industry, wind turbine models are often derived from high fidelity
aeroelastic numerical tools. These large-scale models are not suitable for control anal-
ysis and synthesis. The order reduction conditions here presented will be applied to an
industrial wind turbine reference model generated by the recently developed aeroelastic
code HAWCstab2 [16]. The LTI model contains several hundreds of flexible modes and
aerodynamic delays, out of reach for the current capabilities of LMI-based model order
reduction techniques. Therefore, the model was initially reduced from 880 to 20 states
using a . modal truncation method in which modeswith natural frequencies higher than
4 Hz were also discarded. The objective hereisto reduce from 20 states to 10 states with-
out compromising the quality of the model inan H 5 sense. Thus, n = 20, s = 2, = 10.
Magnitude plotsin frequency domain of the original and reduced models are depicted in
Fig. 6.2a
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Figure 6.2: Magnitude diagrams of a flexible wind turbine model with 20 states (gray)
and reduced 10 states (dark).

Inputs 1 and 2 are controllable signals of generator torque and pitch angle, respec-
tively, whileinput 3 is the wind speed disturbance. The output channel isthe wind turbine
rotational speed. Another 10 state model were derived based on the well known balanced
truncation model reduction scheme using the MATLAB command balred. The compar-
ison with the original model, in this case, is depicted in Fig. (6.2b). When compared to
balanced truncation, the 7, measure seems to be more appropriate in approximating the
low frequency range of the model.
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1 Introduction

Abstract

Linear aeroelastic models used for stability analysis of wind turbines are com-
monly of very high order. These high-order models are generally not suitable for con-
trol analysis and synthesis. This paper presents a methodology to obtain a reduced-
order linear parameter varying (LPV) model from a set of high-order linear time in-
variant (LTI) models. Firstly, the high-order LTI models are locally approximated
using modal and balanced truncation and residualization. Then, an appropriate coor-
dinate transformation is applied to allow interpolation of the model matrices between
points on the parameter space. The obtained LPV model is of suitable size for de-
signing modern gain-scheduling controllers based on recently developed LPV control
design techniques. Results are thoroughly assessed on a set of industrial wind turbine
models generated by the recently developed aeroel astic code HAWCStab2.

1 Introduction

Linear aeroelastic models used for stability analysis of wind turbines are commonly of
very high order. Multibody dynamics coupled with unsteady aerodynamics (e.g. dy-
namic stall) are among the recently developmentsin wind turbine aeroelasticity [1]. The
resulting model s contains hundreds or even thousands of flexible modes and aerodynamic
delays. In order to synthesize wind turbine controllers, a common practice is to obtain
linear time-invariant (LT1) models from a nonlinear model for different operating points.
Modern control analysis and synthesis tools are inefficient for such high-order dynam-
ical systems; reducing the model size is crucial to analyze and synthesize model-based
controllers.

Model-based control of wind turbines has been extensively researched during the last
decade [2]. Thelinear parameter varying (L PV) framework shown to be suitable to cope,
in a systematic manner, with the inherent varying dynamics of a wind turbine over the
operating envelope[3, 4, 5]. Wind turbine LPV modelsare usually simple, first-principles
based, often neglecting dynamicsrelated to aerodynamic phenomenaand some structural
modes. Thisin turn restricted LPV control of wind turbinesto the academic environment
only. A procedure to encapsulate high-fidelity dynamics of wind turbines as an LPV
system would be beneficial to facilitate industrial use of LPV control.

This paper presents a procedure to obtain a reduced-order LPV wind turbine model
from a set of high-order LTI models. Firstly, the high-order LTI models are locally ap-
proximated using modal and balanced truncation and residualization. Then, an appropri-
ate manipulation of the coordinate system is applied to alow interpolation of the model
matrices between points of the parameter space. The obtained LPV model is of suitable
size for synthesizing modern gain-scheduling controllers based on the recent advances on
LPV control design. Time propagation of the varying parameter is not explicitly utilized.
Therefore, the procedure assumes that the varying parameter do not vary excessively
fast in time, in line with common practices in gain-scheduling control [6]. Results are
thoroughly assessed on a set of industrial wind turbine models derived by the recently
developed aeroelastic code HAWCStab2.

This paper is organized as follows. The modeling principles of the high-order LTI
wind turbine models are exposed in Section I1. Section |11 is devoted to present the pro-
posed method. Section IV brings a numerical example along with results. Conclusions
and future work are discussed in Section V.
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2 Wind Turbine M odel

A nonlinear high-fidelity aeroelastic model is the starting point of the modeling proce-
dure. The wind turbine structure is modeled with nonlinear kinematics based on co-
rotational Timoshenko elements. Aerodynamics are modeled with Blade Element Mo-
mentum (BEM) coupled with unsteady aerodynamics based of shed-vorticity and dy-
namic stall. Linearization is performed analytically around a steady operationa state
for a given mean wind speed, rotor speed and collective pitch angle. Hansen [attached]
gives a more complete description of the linear aeroelastic model for an isolated blade.
Two main equations of motion, one related to structural dynamics and another related to
aerodynamics contitutes the LTI model

Mgs(t) + (C+ G+ Cu)qs(t) + (K + Ky + Kq)us(t)
+Afxa(t) = F; (t) (71)
Ba(t) + Agza(t) + Csals(t) + Ksaqs(t) = Ful(t)

where ¢, are the elastic and bearing degrees of freedom, «, are aerodynamic state vari-
ables, M is the structural mass matrix, C' the structural damping matrix (Rayleigh), G
the gyroscopic matrix, C, is the aerodynamic damping matrix, K the elastic stiffness
matrix, K,y the geometric stiffness matrix, K, the aerodynamic stiffness matrix, Ay is
the coupling of the structure to aerodynamic states, A 4 represents aerodynamic timelags,
Csq and K, are coupling matricesto structural states. F's and F, represent forces dueto
actuators and wind disturbance. The equationsin first order form are

z(t) = Az(t) + Bu(t)
y(t) = Cz(t) + Du(t)

o(t) = [za(t) as(t) @s(D]"  ult) = [Q4(t) BE) V(©)]" (7.2b)

where the controllable inputs are the generator torque () , and collective pitch angle 5,
and V' is the uniform wind speed disturbance input. The model outputs considered here
are the generator angular velocity 2 and tower top lateral displacement ¢. Thefirst output
is usually measured and feed to aspeed controller that manipulates the pitch angle 5. The
second output can be utilized for lateral tower load mitigation by generator torque control
[7]. The aeroelastic tool offers the possibility to select other inputs and ouputs, but we
limit to the ones just mentioned to clearly expose the results.

(7.29)

3 Reduced Order LPV Model

Consider N, stable multiple-input multiple-output (MIMO) LTI dynamical systems (7.2)
of order n corresponding to parameter values6 (), i = 1,2,..., N,

y {j;i(t) = A;z;i(t) + Biu(t) i=1.....N.. (7.3)

y(f) = Cﬂ?l (t) + Dm(t)

where A; € R™"*"™, B, € R"*"« (; € R™*™ D, € R™*" \We seek areduced-order
parameterized model S(6) of order » < n which approximates .S ;,
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Figure 7.1: Scheme overview.

)&= A(0)z(t) + B(0)u(t)
20 {y(t) = C(0)x(t) + D(O)u(t) (7.4)

where A(0) € R™*", B(A) € R"™*", C(f) € R™*", D(#) € R™*"« are continuous
functions of a vector of varying parametersf := [61, 6, ..., 0x,]" . Thedynamics of the
original system S; and the approximated system S () are assumed to evolve smoothly
with respect to 8(") and 6, respectively. The parameter # may represent the current op-
erating point. It also may describe deviations on aerodynamics and structural properties
for the sake of parametric model uncertainties. Plant parameters to be designed under an
integrated plant-controller synthesis scheme could a so be parameterized.

Variation in aerodynamic forces under structural vibration contributes significantly to
changes in natural frequencies and damping of some structural modes. A specific proce-
dure that takes these particularities into account is proposed here. A flowchart containing
the required stepsis depicted in Fig. 7.1.

Known methods for model reduction constitutes the proposed scheme and are briefly
explained in the sequel, in the context of our application. Consult the survey of [8] for a
more comprehensive exposure on model reduction.

Model Reduction

A reduced order model is commonly obtained by truncation of appropriate states. Let
the state vector z; be partitioned into z; := [z,; ;)7 where z,; is the vector of
retained states and x; ; is the vector of truncated states. The original system is partitioned
accordingly
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(7.5)

and the reduced model is simply given by the state-space equation of the retained states

:tr,i - Arnixi(t) + BT7iu(t)7

7.6
y = Cr iz + Du(t) (7.6)

If the original model is a stable system so is its truncated counterpart. While trunca-
tion tends to produce a good approximation in the frequency domain, the zero frequency
gains (DC gains) are not guaranteed to match. This can be of particular importance in
awind turbine model because some aerodynamic states may not influence the transient
behaviour but can contribute significantly to low frequency gains. Matching DC gains can
be enforced by a model residualization method by setting the derivative of =, ; to zeroin
(7.5) and solving the resulting equation for « ,. ;. After trivial manipulations, the reduced
model is given by

i’ni — [ATT‘ - ATtAt_tlAtr}ixr,i + [BT — ATtAt_tlBt:I,L- u(t)

(7.7)
Yy = [Cr — CtAt_tlAtT:I,L- Ly + [D — C’tAt_tlBt]lu(t)

Note that Ay, ; is assumed invertible for (7.7) to hold. Residualization is performed in
both modal and bal anced reduction steps.

Modal Truncation

Due to size and numerical properties associated with large size systems and low damped
dynamics, most model reduction algorithms based on Hankel singular valuesfail to pro-

duce a good reduced model. In order to start the reduction process, the original model

is truncated to an intermediate size for subsequent reduction in a more accurate way. In
modal form the system is put into a modal realization before states are truncated [9]. The
modal form realization has the state matrix A isin block diagonal form with either 1 x 1

or 2 x 2 blocks when the eigenvalueis real or complex, respectively. Let system S; be
represented in modal form,

. i (t) = Apm,i%m,i(t) + B iu(t)
Smi { (t) = Crnitim,i(t) + Doy iu(t) (7.83)
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Am,i = dla;_:](Amk,l)a
A ki = —ei,;  forreal eigenvalues,

o /12
A = b ik S L= for complex eigen.
' Wriv1—=¢ —&kiWhi
By (7.8b)
B2
Bm,i = . ’ Cm,i - [Crml,i Cm72,i cee Cch,i}
Bm,k,i

i=1,...,Ns, k=1,...,Npn.

where IV, is the number of modes, &, ; and wy, ; are the damping ratio and natural fre-
guency of mode k& and model i. The diagonal blocks are usually arranged in ascending
order according to their eigenvalue magnitudes. The magnitude of a complex eigenvalue
iswy,; Whilefor apurely real eigenvalueis ey, ;. Theretained states are then the oneswith
magnitudes smaller than a chosen treshhold . The intermediate model must contain all
modes within the frequencies of interest for control design. A large number of states (300
to 450) is expected at this stage since many modes are of low frequency.

Balanced Truncation

The order of the intermediate system is further reduced by balanced truncation. In bal-

anced truncation [10] the system is transformed to a balanced realization. A MIMO LTI

system of the form (7.3) is said to be balanced if, and only if, its controllability and ob-

servability grammians are equal and diagond, i.e. P; = @; = diag (o4, ..., 0,), Where
o1, -..,0, denotesthe Hankel singular values sorted in decreasing order and matrices P;,
Q); are the controllability and the observability Gramians. The gramians are solutions of

the following Lyapunov equations

AP+ P,AT + B,B] =0

7.9
AT Qi+ QiAi +ClCi =0 (9
If this holds, the balanced system is given by
S R X WA Viay;(t) + W Biu,(t)
" y(t) = CiVimy () + Dyus(t) (7.10)

i=1,...,N,.

wherez, € R*, V = UZY /2 and W = LYY ~1/2, together with the factorizations
P =UUT,Q = LL™ and the singular value decomposition U 7L = ZX Y7 [11]. This
state coordinate equalizes the input-to-state and state-to-output energy transfers, making
the Hankel singular values a measure of the contribution of each state to the input/output
behavior.

Denote V;,.) and W;(,., thefirst » columns of V; and ;. The reduced-order systems

Si
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" _' )( i=1,...,N;. (7.12)

are obtained by truncation when the projectors V;(,.y and I;,., are applied to the interme-
diate sized model. In words, the balanced truncation removes the states with low Hankel
singular values, thus not much information about the system will be lost. When applied to
a stable system, balanced truncation preserves stability and guarantes and an upper bound
on the approximation error in an H ., sense [12]. Expected order of the fina reduced
system is 7 to 20 states. The choice of the final order depends on the required model
complexity and admissible error between the full and reduced model.

State-Space Consistency & Interpolation

Consider the balanced reduced models S; and put them in modal form. The first step
towards a consistent state-space representation is to assure that all modes keep their posi-
tions in the state matrix throughout the parameter space. The second step to a consistent
state-space is to ensure that values of the entries of the system matrices change smoothly
between each LTI system. At this point, the system matrices cannot be readily interpo-
lated because the modal and balanced similarity transformations applied to the original
system are not unique. One could think of interpolating the system in modal form. In-
deed, the state matrix A is unique up to a permutation of the location of the modes and
could easily be interpolated, but the similarity transformation that puts the system in
modal form is not unique. Therefore, matrices B and C' may have entries with abrupt
value changes. The balanced realization is unique up to a sign change and consequently
abrubt sign changes in the system matrices may occur from one LTI system to another.
As suggested by [13], these issues can be corrected by properly changing the sign of the
correspondent eigenvectors. Istead of correcting the eigenvectors before similarity trans-
formations, we propose to transform the reduced order LTI systems into arepresentation
based on the companion canonical form. No unique canonical form for multivariable sys-
tems is known to exist [14]. However, there exist agorithms which, for a system under
arbitrary similarity transformation, find a unique companion form [15]. One algorithm
with such propertiesis implemented in the function canon of MATLAB. The companion
form is poorly conditioned for most state-space computations[16]. In order to avoid nu-
merical issues, each mode k of the reduced system in modal coordinates is transformed
into a companion realization. The system matrices of this particular realization are
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Beqi
i B,
Ac7i = dlag(Ac,k,i)a Bc7i = . )
Bc7k7i
Cc,i = [Oc,l,i Cc,Q,i v Cc,k,i} )
Acki = —ak,i
Bepi= |1 bigi --- bnu_Lkﬂ} for real eigenvalues,
Cl,k,i
Cc7k7i =
Cny—1k,i (7.12)
. 0
[0 —Qk,i,1
Ac,k,i - )
1 —ap;o»
0 bllk' b1 —1.k.i .
Begi= o M B for complex eigen.
1 barki oo bong ki
Cl11,k,i ceo Clrki
Cc7k7i =
_Cnyl,k,i cee Cngrikyi

i=1,...,Ns, k=1,...,Np.

The characteristic polynomial of each mode appearsin the rightmost column of the matrix
Aci- Theentriesof A. i, Bex, and C. i, may be easily checked for possible incon-
sistencies of a particular mode, by detecting abrupt value changes between LTI systems.
The state-space matrices are now at a realization suitable for interpolation. Let z(0) be
one matrix entry, function of . We focus on the polynomial dependence

NP
2(0) = nepr(0) (7.13)
k=1
where py, is a set of multivariate polynomials on the parameters 6, . .., 6y, and n;, are
coefficients to be determined. Let z; be the values of amatrix element fori = 1,..., N,.
Define the following matrices
p1(6‘(1)) pr (9(1))
H = ; : =[P ... P,] (7.1
1(OWND) pr(g(Ns) '
ZT:[Zl ZNJ, FTZ[nl...an].
A linear least squares fit minimizes the quadratic error between z(6 () and z;, i =
1,...,N,
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I =arg min (Z — HT)" (Z — HT) (7.15)

The optimal T"* is determined by initialy computing a singular value decomposition
of H

T=UT = svd(H) (7.16)

With the decomposition at hand, the solution to the linear least squares problem is
given by

I =v=trTz (7.17)

where = stands for the Moore-Penrose pseudoinverse of =. Repeating the above proce-
durefor each matrix entry resultsin the polynomial approximationsof the matrices A(#),
B(6), C(#), D(#) that can be used for subsequent analysis and design of controllers.

4 Numerical Example

In this section, the proposed procedure is applied to the NREL 5MW reference wind
turbine model [17]. The aim isto find an LPV model encapsulating the wind turbine
dynamics operating at the full load region. Large scale MIMO LTI models with 877
states are computed by the aeroelastic code HAWCStab2 for wind speeds equidistant 1
m/s (1) € {12,13,...,25}). The model is parameterized by the mean wind speed
6 := V. A fifth-order polynomial dependence of the LPV system matrices

AB) BO)] _ [Ao Bo] | <=[Ad Bd] 4
[0(9) D(G)} = [00 Do] i ; [Cd Dd] o (7.18)
gives a fair trade-off between interpolation accuracy and polynomial order. Due to the
different units of inputsand outputs, the LTI systems should be suitably normalized before
the order isreduced. Parameter-independent scales are appliedto al LTI models such that
expected signal excursions are normalized to 1. The generator torque input was scaled to
5% of the rated torque. The pitch angle input and wind speed input remained unscal ed.
The rotor angular velocity is scaled to the maximum excursion desired in closed-loop, 5
% of itsnominal value. Thelateral tower top displacement was scaled with the H .-norm
of the inputsto this output channel.

Bode plots of the original, intermediate and final reduced order models for an op-
erating point 6 = 15 m/s are depicted in Fig. 7.2. The intermediate model with 410
states resulted from modal truncation and residualization of the original system. A bal-
anced truncation with residualization further reduced the size to 14 states. The magnitude
plots have an excellent agreement in the frequencies of interest. The residualization in
both steps assisted to a better fit of the low frequency content of the tower displacement
output.

The balanced realization "misses’ a low frequency anti-ressonance related to the
transfer function from wind speed input to tower displacement output. Notice the differ-
ences in magnitude and more pronouncedtly phase around 10 ~2 Hz. However, this anti-
ressonance does not contribute significantly to the input-output behaviour of the MIMO
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Figure 7.2: Bode plots of the original, intermediate and final reduced order models for a
mean wind speed of 15 m/s.
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Figure 7.4: Step responses of the original, intermediate and final reduced order models
for amean wind speed of 15 m/s.

system. A comparison of the minimum and maximum singular valuesiis depicted in Fig.
7.3 and shows an excellent agreement.

Step responses of the original, intermediate and final reduced order modelsfor amean
wind speed of 15 m/sare depicted in Fig. 7.4. Except for some high frequency content in
the signal from generator torque to tower position, the responses are identical.

The location of the poles of the LPV system for a2, grid of equidistant operating
pointsisillustrated in Fig. 7.5. The arrows indicate how the poles move for increasing
mean wind speeds. A smooth evolution of the poles along the full load region is notice-
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Figure 7.5: Pole location of the LPV model for frozen values of the varying parameter 6.

able.
The relative difference of the Hankel singular values of the interpolated LPV system

and the reduced order system defined as

Oint,rg — Oryi

Orel,ri =

x 100, i=1,...,N, (7.19)

Or

serves as a measure of the quality of the interpolation. A good fit can be corroborated by
some metrics of o, ; givenin Tab. 7.1. The mean difference in the Hankel singular
valuesisonly 0.27% and the maximum difference just 2.75%.

5 Conclusion & Future Work

This paper presents a procedure to obtain a reduced-order LPV model of awind turbine
from aset of high-order LTI models. Finding waysto encapsulate high-fidelity LTI aeroe-
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Table 7.1: Differencein the Hankel singular values between the LPV and reduced order
system for frozen values of 6.

Max | Min | Mean | Std. dev

27510001 | 027 | 057

lastic models as an LPV system is an important step to increase the utilization of recent
advancesin LPV control by the wind turbine industry. The proposed procedure starts by
model reduction of the high-order LTI systems at different values of the parameter space.
Manipulations of the state-space coordinates follows, in order to arrive at low-order con-
sistent LTI systems for subsequent interpolation. The reduced-order LPV system has a
suitable size for analysis and synthesis of controllers and presents smoothly varying dy-
namics along the scheduling parameter range.

A subject for future work is to initially interpolate the set of high-order LTI models
and later apply an appropriate reduction method to realize a reduced order LPV model.
Preserving structure reduction methods applied directly in the second order vector equa-
tions of motion in an interesting topic to be studied. Model complexity versus required
polynomial degree and a comparison with models obtained by first-principlesis a so sub-
ject of future work.
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1 Introduction

Abstract

This paper presents new linear matrix inequality (LMI) conditions to the static
output feedback stabilization (SOFS) problem. Although the conditions are only suf-
ficient, numerical experiments show excellent success rates in finding a stabilizing
controller.

1 Introduction

This paper presents new conditions to the static output feedback stabilization (SOFS)
problem: given alinear time-invariant (LTI) system,

z(t) = Az(t) + Bu(t), y(t) = Cx(t) (8.1)
determineif it is stabilizable by a static output feedback,
u(t) = Ky(t), (82)

where z(t) € R", u(t) € R™ and y(t) € R". The pair (A, B) is stabilizable and
(C,A) is detectable. B and C are both full rank matrices. This is one of the most
fundamental and challenging control problems which remains open up to date. Previous
research efforts resulted in efficient numerical agorithms to solve the SOFS and related
problems; see [1, 2] for a survey. Many of these approaches are based on non-convex
characterizations of the problem accompanied by a numerical optimization procedure
ableto compute stationary solutions. A numerical comparison and proposed classification
of some of these algorithms is found in [3]. The iterative algorithms proposed in [4, 5]
involving bilinear matrix inequalities (BMI) extended with slack variables are related to
the present work.

The present work characterizes the SOFS as sufficient linear matrix inequality (LMI)
conditions to which efficient convex programming tools are available. The Lyapunov sta-
bility theory is the basis for converting a wide variety of problems arising in system and
control into LMI characterizations [6]. A drawback of this framework is the natural ap-
pearance of products between the Lyapunov matrix variable, certificate of system stability,
and the system matrices. When the system matrices are functions of controller variables,
the matrix inequality is no longer linear but bilinear (BM1) in the decision variables. For
particular controller structures, the BMI can be reformulated into an LMI without loss
of generality via a change-of-variables involving the Lyapunov and controller matrices.
This notion first appeared in the context of full state feedback [7] and was |ater extended
to the full order dynamic output feedback [8]. A change-of-variables without loss gen-
erality for the SOFS remains unknown. The imposition of a block diagonal constraint
on both the controller gain and the Lyapunov matrix facilitate change-of-variables that
yields sufficient LMI conditions [9]. An important contribution to reduce the conserva-
tiveness due to the structural constraint on the Lyapunov variable is the introduction of
extended LM characterizations. Firstly proposed in the context of discrete-time systems
[10, 11] and later to continuous-time systems [12, 13, 14], multipliers (also referred to
as slack variables) are introduced into the formulation with the objective of decoupling
the Lyapunov matrix from other matrix variables. The required constraints to facilitate
change-of-variables are enforced on the multiplier rather than the Lyapunov variable, and
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thus conservativenessis reduced [11]. Recent contributions[15, 16] decrease the conser-
vativeness of thisapproach by finding moregeneral LMI resultsfor discrete-time systems,
which included the existing ones as particular cases. In all these works, a suitable simi-
larity transformation is applied to the system and the structure of the matrix multiplier is
constrained accordingly.

This paper presents new sufficient stability and stabilizability conditions tailored for
the SOFS problem. The extended LMI are obtained through an approach distinct from
the ones found in the literature. We use the concepts of enlarged spaces combined with
Finser's Lemma [17] to derive stability conditionswith multipliers. The enlarged spaces
here proposed contains the input vector «(t) or output vector y(t) explicitly, that is, the
feedback law (8.2) is not substituted in the differential equation (8.1). Excessive degrees
of freedom introduced by the multipliers are removed with the aid of the Elimination
Lemma, along the lines of [18]. The LMI conditions with fewer multipliers are more
suitablefor synthesis of stabilizing controllers. To facilitate change-of-variablesinvolving
controller data and multiplier, the input (or output) vector is augmented with redundant
inputs (or outputs) such that their dimension equals the dimension of the states. The
dimensions of the controller datais also increased accordingly, but due to the redundancy
of inputs/outputs, a controller with the original dimensions can be easily computed by
summing rows or columns of the augmented controller matrix. The method can cope
with continuous and discrete-time systems; only continuous-time is addressed here due
to space limitations. Although the conditions are only sufficient, numerical experiments
show success rates of over 90% in finding stabilizing controllers.

2 Preliminaries

Let us recall some concepts of Lyapunov stability for autonomous state-space systems.
Consider the dynamics of a continuous-time linear time-invariant (LTI) system governed
by the differential equation

z(t) = Az(t), x(0) = o, (8.3

where x(t) : [0,00] — R™ and A € R™*™. Define the quadratic Lyapunov function
V:R" - Ras
V(z) = z(t)" Px(t) (8.4)

where P € S™ and S™ stands for the field of real symmetric matrices. Accordingto Lya-
punov theory, system (8.3) isasymptotically stableif thereexists V (x(t)) > 0, Va(t) # 0
such that

V(z(t)) <0, &(t)=Ax(t), Va(t) #0. (8.5)

In words, if there exists P >~ 0 such that the time derivative of the quadratic Lyapunov
function (8.4) is negative along al trajectories of system (8.3). Conversely, if the linear
system (8.3) is asymptotically stable then there always exists P = 0 that satisfies (8.5).
These two affirmatives imply the well known fact that Lyapunov theory with quadratic
functionsis necessary and sufficient to prove stability of LTI systems. A way to obtain an
LMI condition eguivalent to the existence of the set characterized by (8.5) isto explicitly
substitute (8.3) into (8.4) [6]

V(z(t) = 2(t)" (ATP+ PA)x(t) <0, Va(t) #0. (8.6)
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The condition (8.6) is equivalent to the LM feasibility problem
JPes": P~0, ATP+PA<O. (8.7)

The fact that (8.5) is a set characterized by inequalities subject to dynamic equality
congtraints is explored in [17] to propose a constrained optimization point of view to
the stability problem. It is then possible to characterize the set defined by (8.5) without
substituting (8.3) explicitly into V (z(¢)) < 0[17]. Thewell know Finsler's Lemma[19]
is the main mathematical tool to transform the constrained optimization problem into a
problem subject to LMI constraints. e

Lemma 6. (Finder) Let z(t) € R", Q € S" and B € R™*™ such that rank(B) < n.
The following statements are equivalent.

i z()TQx(t) <0, Bz(t)=0, Vax(t)#D0.
i. BXTOB+ <.
iii. 3ueR : Q—uBTB<0.

iv. 3X¥ e R™™m . Q + xXB+BTXT <0.

A similarity between statement i. of the above lemma and (8.5) can be noticed. In
contrast to (8.6), the space of statement i. is an enlarged space [17] composed of x(t) as
well as &(t). Statementsiii. and iv. can be seen as equivalent unconstrained quadratic
forms of i. [17]. The equality constraint #(¢) = Axz(t) isincluded in the formulation
weighted by the scalar multiplier ;. or matrix multiplier X'. The Elimination Lemma
[6, 20] stated next will serve for the purpose of removing excessive multipliers without
adding conservatism into the solution.

Lemma 7. (Elimination) Let Q € S™, B € R™*™, C € R™**, The following statements
are equivalent.

i 3X eR™>™™ . Q4+ CTXB+BTXTC <0

i, BYTQB <0 ctroct <o
(8.89) (8.8b)
iii. JueR: Q—uBTB=<0, Q—puCTC=<0.
The Elimination Lemma reduces to the Finsler's Lemma when particularized with

C =1I.InsuchacaseCt = {0} and (8.8b) is removed from the statement.

3 Static Ouput Stability Conditions

Thestability conditions presented here rely on enlarged spaces composed by the state «(¢)
and its time derivative z(t), the control input w(¢) or the measured output y(¢). Different
LMI characterizations emerge depending on the considered spaces (x(t), @ (t), u(t)) or
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(z(t),z(t),y(t)). For the former space, let the dynamical equations (8.1)-(8.2) be re-
written in the equivalent form

z(t) = Ax(t) + Bu(t) (8.99)
u(t) = KCxz(t). (8.9b)
Stability of the above dynamical system is characterized by the existence of the set
V(2(t),&(t) <0, Y(x(t),s(t),ut)) #0 satisfying (8.9). (8.10)
where the quadratic form V' : R” x R” — R isdefined as
V(t) := i(t)T Pa(t) + x(t) Pi(t) (8.11)

The LMI feasihility problem stated in the following theorem is equivalent to the exis-
tence of a non-empty set (8.10) and serves as a certificate of quadratic stability.

Theorem 13. (Quadratic Sability) A+ BKC isHurwitzif, andonlyif, 3P € S™ A1, ®; €
Rnxn’ 1’\1 c Rnuxn7 A27 (1)2 c Rnxnu’ I‘2 c Rnuxnu,

J+H+HT <0, P=0. (8.12a)
0 P O AMA+AKC —A1 AB—As
J=|P 0 0], H:=[PA+DPKC —-P; &B— Dy (8.12b)
0 0 0 IMA+ILKC -TI'y TIhB-—T1Ty
Proof. Assign
LC(t) 0 P 0 AT CTKT Al A2
)« (@) |, @« |P 0 of,B"« |-I 0 |, X« |® &
’U,(t) 0 0 0 BT -1 Fl FQ

and apply Finder'slemmato the constrained Lyapunov problem (8.10) with P > 0. [

The matrix inequality (8.12) is a function of the multipliers A, ®, I". The Elimina-
tion Lemmais here invoked to constraint multipliers without adding conservatism to the
solution.

Lemma 8. The multipliers can be constrained as ¢, := aA;, ®2 := aA, without loss
of generality, where o > 0 isan arbitrary positive scalar

Proof. Assign
0 P 0 AT CTKT A A
O« |P 0 0|,B « |-I 0 ,X<—[P1 ;]
0 0 0 BT I Lotz

ol I 0
Ct |—1I|, CT"« |al 0
0 0 I

and apply the Elimination Lemma with P > 0. The inequality (8.8b) does not bring
conservatism to the solution. To seethis, expand C -7 QC+ < 0 and realize that —2a.P <
0 holdsY « > 0. O
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3 Static Ouput Stability Conditions

In order to obtain a condition suitable for computing stabilizable controllers, let an
extended input matrix B € R™*™ be the result of augmenting redundant inputs to the
system, such that the number of inputs are equal to the number of states. That is

B:=[By, Bu ... Bu, Bu Bu ..] (8.13)

where B,,, stands for thei-th column of matrix B related to the i-thinput. Let also define
an augmented feedback gain K € R™*"™v partitioned accordingly
K:=[Kkf, kI, .. Kf, K&, .. k¥, ..]" (8.14)

where K ,,, € R are j-th feedback gain from y(¢) to the i-th input ;. The contri-
bution of the different gains & ; ,,, to a particular input is just their sum

N
K, = Z Kju, (8.15)
j=1

Let also define the change-of-variablesinvolving the augmented controller K and the
multiplier A
K= AK. (8.16)
Due to the augmentation of input matrix and controller, the multiplier is now a square
matrix A, € R™*™. Whenever A, is non-singular, the original controller gains can be
reconstructed accordingto K = A; ' K. With these definitions at hand, the stabilizability
condition can now be stated.

Theorem 14. (Stabilizability) There exists a static output feedback that renders A +
BKC Hurwitzif 3P € S", K e R"*™ Ay, Ao, ' e R™*" peR :

0 P 0]
J+H+HT <0, P=0, J:=|P 0 0f, (8.17a)
0 0 0

MA+KC  —Ay A B-A

H:= |a(MA+KC) —ah; a(AB—Ay) (8.17b)

F1A+MRC —Fl ].—‘]_B_MAQ i

for an arbitrary scalar o > 0 and if the solution yields A 5 non-singular.

The aboveinequality arise from (8.12), the multiplier constraints of Lemma8, aswell
as the constraint I'y := Ao enforced to facilitate the change-of-variables (8.16). This
constraint brings conservatism to the above theorem. The structure of (8.17) does not
guarantee anon-singular multiplier A 5. The later multiplier constraint and the possibility
of solutions that renders A singular thus not invertible are the reasons for sufficiency of
this condition. Notice the required line search in .

The enlarged space containing the output vector (xz(t), %(t), y(t)) is now consid-
ered. Thistime, let the dual of the dynamical equations (8.1)-(8.2) be re-written in the
equivalent form

’

i (t) = ATz (1) + CTy (t) (8.183)
y (t) = KTBTa (1). (8.18)
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where the subscript (-)' stands for dual state and input vectors with appropriate dimen-
sions. Working with the dual system facilitates the appearance of multipliersin a suit-
able position for change-of-variables with controller gains, as will become clear |ater.
It is worth to mention that duality preserves the eigenvalues of the state matrix, i.e.
MA + BKC) = MAT + CTKTBT). Therefore, a tabilizing controller for the dual
system also stabilizes the primal one. Stability of the above dynamical system is charac-
terized by the existence of the set

V(z (t),2 (1) <0, V(x (t),2 (t),y (t)) # 0 satisfying (8.18) (8.19)

where the quadratic form V' : R™ x R™ — R is also defined as (8.11). The existence of
set (8.19) is equivalent to the LMI feasibility problem stated in the following theorem.

Theorem 15. (Quadratic Sability, Dual System) A + BKC' is Hurwitz if, and only if,
dP eS™ Ay, &1 e R™*"™ 'y € R™*"w Ay, $y € R™*" Ty € R XMy,

0 P O
J+H+HT <0, P-0, J:=|P 0 0}, (8.20a)
0 0 0
AAy +BKAy A®, + BK®y AT + BKT,
H = —Al —@1 —Fl (820b)
CAl - A2 C(I)l - @2 CFl - ].—‘2
Proof. Assign
' (t) 0 P 0 A BK AT AT
oty — [, Q« |P 0 0|,B « |-T 0 |,x« |o] oF
y () 0 00 c -I INE )

and apply Finder'slemmato the constrained Lyapunov problem (8.19) with P > 0. [

A condition suitable for computing stabilizable controllers can be obtained analo-
gously to what was done for the enlarged space containing «(t). Let an extended coutput
matrix C' € R™*™ be the result of augmenting redundant outputs to the system, such that
the number of outputs are equal to the number of states.

T
C=loy C - ap o ap ] (8.21)

where C,, stan@sfor thei-th line of matrix C related to the i-th output. Let an augmented
feedback gain K € R™*™ be partitioned accordingly

Ki=[Kiy Ky .. Ky Koy oo Koy o..] (8.22)

yYny

where K ,, € R™*! are j-th feedback gain from the i-th output y; to the input u(t).
The contribution of the different gains K ,,, from a particular output is just their sum

N
Ky = Kj,, (8.23)
j=1
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3 Static Ouput Stability Conditions

Dueto the augmentation of output matrix and controller, themultiplier A 5 € R™*™ isnow
asquare matrix facilitating the change-of-variables (8.16). The elimination of multipliers
without added conservatism follows analogously to Lemma 8 and will be omitted for
brevity. The stahilizability condition for the enlarged space containing y(¢) is stated next.

Theorem 16. (Stabilizability, Dual System) There exists a static output feedback that
renders A + BKC Hurwitzif 3P € S, K € R™*" Ay, Ag, Ty e R™™™ peR :

0 P O
TJ+H+HT <0, P~0, J:=|P 0 0f, (8.24a)
0 0 0
AA, + BK  a(AA, + BK) AA; + uBK
H = —A1 —OéAl —Fl (824b)
éAl - A2 Oé(éAl - Ag) éFl - /J,Ag

for an arbitrary scalar o > 0 and if the solution yields A 5 non-singular.

Sufficiency of this condition is occasioned by the constraint I's := uAs enforced
to facilitate the change-of-variables (8.16) and the possibility of solutions that yields A o
singular, thus not invertible.

Ensuring an Invertible Multiplier

The numerical experiments to be shown later suggest that the assumption of a solution
rendering a non-singular multiplier Ao isnot strong. However, it is possible to ensure an
invertible multiplier involved in the change-of-variableswith the drawback of increased
LMI complexity and (possibly) higher conservatism. For doing so, an extra equation of
the time derivative of the input

u(t) = KCi(t). (8.25)

isincluded on the description of the dynamical system (8.9). Similarly, thetimederivative
of the dual output

g (t) = KT"BT# (t). (8.26)
is included on the description of the dual system (8.18). The enlarged space should also
be extended with «(t) or ¢/’ (¢). Thefollowing stability condition originatesfrom applying
Finder'sLemmato the set (8.10) with the extended enlarged space and equality constraint
(8.25), and subsequent use of the Elimination Lemmato remove excessive multipliers.

Theorem 17. A + BKC is Hurwitz if, and only if, 3 P € S™, Ay € R"™" I'; €
Rnuxn, Ag, A3 S Rnxnu’ ].—‘2, Pg S Rnuxn“,

0O P 0 O
" P o0 o
THH+AHT <0, P=0, T:=|0 o o ol (8.272)
0 0 0 O
MA+AKC —A + A3KC A B — As —As3
H o= a(AlA + A2KC) a(—A1 + A3KC) Oé(AlB — Ag) —als (8 27b)
T P1A+ P KC —Py + O3 KC ¢ B — Py —®3 '
IMA+TLKC -y +T'3KC I''B—-1% —I'3
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for an arbitrary scalar o > 0.

The proof follows similar arguments of Theorem 13 and Lemma 8 and is omitted
for brevity. When considering the augmented input matrix in (8.27), i.e. B « B, the
following constraints on the square multipliers

Ao i= T3, Az = pol'z, @9 := sl
O3 := '3, o= pusl'z

facilitate the change-of-variables K = T'; K. Note that I's + I'} < 0 on the lower
right block of (8.27) implies a non-singular I" 3 and ensure, theoreticaly, the controller
reconstruction. Line searchesonthescalars ji1, o, ..., s aenow required making the
characterization less attractive.

Some Applications

The LMI characterizations composed of multipliers facilitate the solution of some hard
control problems [11]. The Lyapunov variable P can be made multiple or parameter-
dependent due to its appearance free from products with system matrices. This can be
exploited in the well known simultaneous and robust stabilization problems.

Simultaneous stabilization

The simultaneous stabilization problem can be posed as follows: given afamily of open-
loop plants,
A; B;

Gi = Ci Di )

i=1,2,...,Np
find a controller K that simultaneously stabilizes the plants, that is,
Re()\(Al+BlKCl))<O, 1=1,2,...,Np.

Considering the enlarged space (x(t), #(t), u(t)), this problem can be cast as the suffi-
cient LMI feasibility condition: 3P; € S, K € R™*™v Ay ;, Ao, I'1; e R®*", pe R :

0 F O

Ji+HMHi+H <0, P =0, Ji:=|P 0 0f, (8.283)
0 0 O
Ay A + KC; —Aq Ay iBi — As

H = Oé(ALiAi + KCQ) —OZALl' O/(Al’iBi — AQ) (828b)

A + uKC; T TiBi— phs

for i=1,...,N,wherea > 0isanarbitrary scalar, and if the solution yields A , non-
singular. A single A is adopted for the family of open-loop plants in order to facilitate
change-of-variablesinvolving the controller gain and multiplier, while multiple A 4 ; and
I'; help to reduce conservativeness.
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4 Numerical Experiments

Robust stabilization

Consider the linear time-invariant uncertain polytopic system,
Ny Ny Ny
&= 0;Aiw+Y 6:Bu, y=Y 0:Cu,
i=1 i=1 i=1
Ny
0; >0, > ;=1
i=1
The polytopic symmetric matrix variable P(#) is also defined
Ny
P(0) = 6P, (8.29)
=1

When synthesis of robust SOF is of concern, the LMI condition for the dual system might
findacontroller: 3 P, € S*, K € R™*" Ay, Ay, 'y e R™*™ n, a € R :

0 P~ 0
Ji+Hi+H <0, P=0, Ji:=|P 0 0}, (8.30a)
0 0 O
H = —A1 —OéAl —Fl (830b)
éiAl - A2 O/(éiAl - AQ) C’lfl - [LAQ

holdsfor ¢ = 1,..., Ny and if the solution yields A, non-singular. Notice that the
choice of o doesinfluence on the conservativenessand, in this case, should be considered
avariable.

4 Numerical Experiments

The success of the proposed conditions in finding stabilizable controllersis verified em-
piricaly via numerical experiments. Sets of 1.000 random triplices (A, B, C') satisfy-
ing the generic stabilizability results of Kimura [21] were generated with the aid of rss
MATLAB function. The Kimura condition guarantees the existence of a stabilizing static
output feedback if the dimensions of (A, B, C) satisfiesn > n, + n,. The state di-
mension takes the values n € {4,6}. The set of triplices are characterized by different
combinations of input and output dimensions - (n,,, ny) € {(2,3),(3,2)} forn = 4 and
(nu,ny) € {(3,4),(4,3)} for n = 6 - with the aim of investigating whether the char-
acterization of stabilizability of a particular enlarged space (u(t) or y(t)) is better suited
for inputs/outputs with larger dimensions. The random systems were made unstable by
updating the state matrix accordingto A <+~ A — 1.1\ "1, where \* = max(Re(A\(A))).
Each state matrix had a minimum of one up to four unstable eigenvalues. The redun-
dant inputs of the augmented matrix B are the first up to n — n,, inputs of B, i.e.
B = [B B(:,1:n—n,)| in MATLAB notation. The augmented matrix Cissm-
ilarly constructed.
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The stabilizability conditions of the enlarged spaces containing «(t) and y(t) (The-
orems 14 and 16, respectively) were solved for each random unstable system. The line
search in . was performed in the discrete set

M= {p:pe{10°10% 10", 1071,1072, 1072, —10*, —10", —10*, —10?}}

until either avalid solutionisfound or infeasibility resulted for al . € M. We consider a
valid solution as a feasible solution to which the solver did not accuse any problems dur-
ing the optimization like numerical problems, exceeded maximum number of iterations,
or lack of progress. The occurrences of valid solutionsthat yielded amultiplier A 5 close
to singular were registered according to the rule min(|A(A2)|) < 103 with the purpose
of accessing if non-singularity of this multiplier is a strong assumption. To enforce strict
LMI solutions the right hand side of the inequalities < 0 (> 0) werereplaced by < —el
(= eI) where e = 10~°. The Lyapunov matrix were constrained to be P = I with the
purpose of improving numerical conditioning. This can be done without loss of gener-
aity due to homogeneity arguments [6]. The interface YALMIP [22] and semidefinite
programming SeDuM i [23] had been used with standard configuration.

Table 8.1 summarizes the success of finding valid solutions for different dimensions
(n, nu, ny). The number of successes related to the primal dynamical system (Theorem
14), dual dynamical system (Theorem 16), and either one of these two are depicted. The
rates of at least one characterization succeed are over 90%, remarkably high. A trend
on the results suggest that the condition for the enlarged space containing w(t) is more
suited to systems in which n,, > n,. Conversely, the success rates of the condition for
the enlarged space containing y(¢) are higher when n,, > n,. Out of al valid solutions,
the smallest absolute eigenvalue of the multiplier A, was smaller than 10~2 only at two
occasions (0.03%). The controller reconstruction was disturbed by the close-to-singular
multiplier and yielded an unstable closed-loop system only once.

| (nu,ny)  Thm. 14 Thm.16  Thm. 14 0r 16 |
n=4

(32) 924 (92.4%) 859(85.9%) 983 (98.3%)

(23) 847 (84.7%) 943(934%) 972 (97.2%)
n=6

(34) 796 (79.6%) 856 (85.6%) 943 (94.3%)

(43) 881(88.1%) 819(8L.9%) 954 (95.4%)

Table 8.1: Success rate on the SOFS problem.
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1 Introduction

Abstract

Many dynamical systems are modelled as vector second order differential equa-
tions. This paper presents analysis and synthesis conditions in terms of Linear Ma-
trix Inequalities (LMI) with explicit dependence in the coefficient matrices of vec-
tor second-order systems. These conditions benefit from the separation between the
Lyapunov matrix and the system matrices by introducing matrix multipliers, which
potentially reduce conservativeness in hard control problems. Multipliers facilitate
the usage of parameter-dependent Lyapunov functions as certificates of stability of
uncertain and time-varying vector second-order systems. The conditions introduced
in this work have the potential to increase the practice of analyzing and controlling
systems directly in vector second-order form.

1 Introduction

Many physical systems have dynamics governed by linear time-invariant ordinary differ-
ential equations (ODEs) formulated in the vector second order form

M(t) + Cq(t) + Kq(t) = Ff(t) (9.1)

where ¢q(t) € R*, M € R**", C € R™" K € R"", F € R""f and f(t) €
R"s is the force input vector. Depending on the type of loads (i.e. conservative, non-
conservative), matrices M, C, K have a particular structure. Conservative systems (i.e.
pure structural systems) possess symmetric system matrices. Non-conservative systems
yielding from the fields of aeroelasticity, rotating machinery, and interdisciplinary system
dynamics usually possess nonsymmetric system matrices. For control purposes, system
(9.1) is often re-written as first-order differential equations

(t) = Az(t) + Bf(t) (9.24)

commonly referred to as state-space form. The relationship between the physical coordi-
nate description (9.1) and the state-space description (9.2) is smply

2(t) == (ggg) A [_Mo_lK _MI_lc}, B = [Mf)lF} 9.3)

where a nonsingular matrix M is assumed. Working with the model in physical coordi-
nates has some advantages over the model in state-space form [1], [2], [3]:

e Physical interpretation of the coefficient matrices and insight of the original prob-
lem are preserved;

e Natural properties of the coefficient matrices like bandedness, definiteness, sym-
metry and sparsity are preserved;

e Unlike first-order systems in which the acceleration is composed as a linear com-
bination of position and velocity states by an additional circuitry, the acceleration
feedback can be utilized in its original form;

e Physical coordinatesfavour computational efficiency, because the dimension of the
vector x(t) istwicethat of the vector ¢(¢);
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e Complicating nonlinearitiesin the parametersintroduced by inversion of aparameter-
dependent mass matrix are avoided.

The stability of vector second-order systems received considerableinterest during the
last four decades. In [4] several sufficient conditions for stability and instability using
Lyapunov theory are derived. Necessary and sufficient conditions of Lyapunov stabil-
ity, semistability and asymptotic stability are proposed in [5]. This work also brings a
substantial literature survey up to 1995. In [2] the necessary and sufficient conditions
of stability are based on the Generalized Hurwitz criteria. A desirable property of these
works is the explicit dependence of the conditions on the system coefficient matrices.
An undesirable fact is that conditions are particular to systems under different dynamic
loadings.

Most of the research on feedback-control design of vector-second order systems has
focused on stabilization, pole assignment, eigenstructure assignment and observer de-
sign. Identification errorsin mechanical systems might be quite large. Therefore, robust
stability of the closed-loop system is of utmost importance. The fact that stability of
some classes of vector-second order systems can be ensured by qualitative condition on
the coefficient matrices has facilitated the design of robust stabilizing controllers. In [6]
conditions for robust stabilization via static feedback of velocity and displacement were
motivated by the stability condition M7 = M = 0, CT + C = 0, KT = K = 0 inthe
coefficient matrices An extension to dynamic displacement feedback control law is pre-
sented in [7]. Dissipative system theory is exploited in [8, 9] for the synthesis of stabiliz-
ing controllers. All these approaches result in closed-loop systems inherently insensitive
to plant uncertainties. Based on the eigenvalue analysis of real symmetric interval matri-
ces, in [10] the authors propose sufficient conditions for robust stabilizability considering
structured uncertainty in the system matrices. A transformation on the system matrices
suitable for modal control isproposed in [3]. Partia pole assignment techniques via state
feedback control are proposed in [11, 12]. Robustness in the partial pole assignment
problem is considered in [13]. An effective method for partial eigenstructure assignment
for systems with symmetric mass, damping and stiffness coefficientsis presented in [14].
Robust eigenstructure assignment is treated in [15]. Vector second-order observer and
their design are addressed in [16, 17, 18].

Despite these efforts, the first-order state-space remains the preferred representation
due to the abundance of control techniques and numerical algorithms tailored for such.
As far as modern, optimization-based control theories are concerned, the literature lacks
on results to handle the systems directly in second-order form. An interesting contribu-
tion towards this goal isthe stability results of [19] for systemsin standard phase-variable
canonical form, given in terms of linear matrix inequalities (LMI) extended with mul-
tipliers. The numerical tools of modern convex optimization can solve these problems
efficiently [20]. The authors also mentioned the possibility of generalizing these results
to systems described by higher order vector differential equations.

The present manuscript extend the resultsin [19] by presenting conditions for analy-
sis and synthesis of vector second-order systems given in terms of LMI. We believe that
the conditions here introduced have the potential to increase the practicein analyzing and
controlling mechanical systems explicitly in physical coordinates. Necessary and suffi-
cient LMI criteria for checking stability of vector second-order systems is presented in
Section 2. Some of these benefit from the separation between the Lyapunov matrix and
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the system matrices by introducing Lagrange multipliers, which potentially reduce con-
servativeness in robust and other hard control problems[21, 19, 22, 23]. The multipliers
facilitate the usage of parameter-dependent Lyapunov functions as certificates of stabil-
ity of uncertain and time-varying systems. They also alow structural constraints on the
controller to be addressed less conservatively. Elimination of multipliersis investigated
to determine in which circumstances multipliers can be removed without loss of gener-
ality. The stabilization problem by a full vector second-order feedback as well as the
problem of clustering the closed-loop system poles in a convex region of the complex
plane, namely D-Stability, completes the results related to stability. A gradual extension
for systems with inputs and outputs during Section 3 leads to the criteria of synthesis
subject to Integral Quadratic Constrains (1CQ). Conditions for the design of static state
and output feedback controllersin vector second-order form are addressed, with focus on
the L5 to L5 gain performance measure dueto itsimportance in robust control. Section 4
concludes the paper and suggest topics for future work.

2 Asymptotic Stability

Let us recall some concepts of Lyapunov stability for first-order state-space systems
before working with vector second-order representation. Consider the dynamics of a
continuous-timelinear time-invariant (LTI) system governed by the differential equation

z(t) = Az(t), x(0) = o, (9.9)

where z(t) : [0,00] — R?" and A € R*"*2", Define the quadratic Lyapunov function
V:R> - Ras

V(z) == z(t)" Px(t) (9.5

where P € S?". According to Lyapunov theory, system (9.4) is asymptotically stable if
thereexists V(z(t)) > 0, Va(t) # 0 such that

V(z(t)) <0, &(t)=Ax(t), Vx(t) #0. (9.6)
In words, if there exists P >~ 0 such that the time derivative of the quadratic Lyapunov
function (9.5) is negative along al trajectories of system (9.4). Conversely, if the linear
system (9.4) is asymptotically stable then there always exists P = 0 that satisfies (9.6).
These two affirmatives imply the well known fact that Lyapunov theory with quadratic
functions is necessary and sufficient to prove stability of LTI systems. The usua way
to obtain a linear matrix inequalities (LMI) condition equivalent to (9.6) is to explicitly
substitute (9.4) into (9.5) [20], that is

V(z(t) = x(t)" (ATP + PA)a(t) <0, Va(t) #0. (9.7)
The condition (9.7) is equivalent to the LM feasibility problem

Jpes? . P=0, ATP+PA=<O. (9.8)

The fact that (9.6) is a set characterized by inequalities subject to dynamic equality
constraintsis exploredin [19] to propose a constrai ned optimi zation solution to the stabil-
ity problem. It isthen possibleto characterize the set defined by (9.6) without substituting
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(9.4) explicitly into V(x(t)) < 00of (9.6) [19]. Thewell know Finder'sLemma[24] isthe
main mathematical tool to transform the constrained optimization problem into a problem
subject to LMI constraints.

Lemma9 (Finsler). Let z(t) € R™, Q € S™ and B € R™*" such that rank(B) < n. The
following statements are equivalent.

i 2()TQx(t) <0, VBz(t)=0, z(t)+#0.
i. BXTQB+ <0.
iii. IJueR : Q—uBTB=<0.

iv. 3X e R™™ . Q4+ XB+ BTAT < 0.

A similarity between statement i. of the above lemma and (9.6) can be noticed. In
contrast to (9.7), the space of statement i. is composed of x(¢) and i (¢) that can be seen as
an enlarged space [19]. Statementsiii. and iv. can be seen as an equivalent unconstrained
quadratic forms of i. [19]. The equality constraint Vi (t) = Az(t) is included in the
formulation weigthed by the Lagrangian scalar multiplier . or matrix multiplier .

In order to obtain astability conditionfor an unforced system of theform (9.1) (f(¢) =
0), define the quadratic Lyapunov function V : R?" — R as

oy (1OY p (a0 _ (4O [P P (a(t)
Vig(®),4(®) = <q'<t>) P (q‘(t)) = (q’(t)) [PgT pJ (q‘<t>> (89)
where P € S?" is conveniently partitioned into P;, P; € S*, P, € R™. Resorting to
Lyapunov theory once again, system (9.1) is asymptotically stable if, and only if, there
exists V(q(t), ¢(t)) > 0, Vq(t), ¢(t) # 0 such that
: . ) : _ q(t)
V(q(t),q(t)) <0, VM{(t)+ Cq(t) + Kq(t) =0, it) #0 (9.10)
with the time derivative of the quadratic function as
: oy (AN [P R (e | (a®)\ [P P (i)
vialt).4t) = (c‘j(t)) {P;T Pﬂ (q‘<t>) * (q’(t)) [P;T Pﬂ (éj(t)) <(90'11)

Let an enlarged state space vector be defined as z(t) := (q(¢)”, ()", (‘j(t)T)T. For
this enlarged space, the constrained Lyapunov stability problem becomes

)\ " (1)
i )<
gt t
9.12
0 (9.12)
(1)

VM(t) + C4(t) + Kq(t) = 0, ( ) £0.
q(t)

0 Py P,
P, P,+PI Py
PT P 0

An LMI stability condition for vector second-order systems results from the direct
application of Finsler's Lemma 9 to the problem above.
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Theorem 18. System (9.1) is asymptotically stable if, and only if,
i. AP, e R™*" Py, P3€S" :

Ey Eis "To Py Py (B Eia
Egl E22 P1 P2 + PéT P3 E21 E22 =< O, (9135\)
Esy Es| |Pf Py 0] |Es1 FEs2
[E11 Eis N
E21 Egg = [K C M] 5
| E31 Eso
P P
[ pF PJ - 0. (9.130)
ii. AP, € R*"*" P, PseS", AeR :
“AMKTK P — AKTC Py — AKT M
« P+ PL—ACTC Py—ACTM| <0, (9.143)
* * “AMTM
P P
[PQT PJ - 0. (9.14b)

iii. 3, T, A, P, e R”"and P, Py € S" :

KToT + oK P+ KTTT + @C Py + KTAT + oM
* P+ P +CTTT +TC P+ CT'AT+TM | <0,
* * MTAT + AM
(9.158)
P P
[ I PJ = 0. (9.15b)
Proof. Assign
q(t) 0 Py Py KT i)
) [qt) |, 9« | P+PF P, B« |CT|, x« |T
G(t) Pf P3 0 M7T A
and apply Lemma 9 to the constrained Lyapunov problem (9.12) with P > 0. O

Notice the diagona entries of the first inequality of statement ii., i.e. AK7K = 0
and AMTM = 0, which impliesthat A > 0 and K, M nonsingular. The condition
reflects that asymptotic stability of mechanical systems requires that no eigenvalues of
matrix K should lie on the imaginary axis, i.e. no rigid body modes. At last, notice that
the condition does not enforce any specific requirement on the structure of the damping
matrix C' (except C' # 0). Thus, applicable to system under different loadings.

When applied to systems in first order form, the LMI conditions extended with mul-
tipliers are obtained by applying the Finsler's lemmawith [19]

() (ﬁgg) . Q«+ Lg ]g] . BT « [iﬁ] . Bt +« [i] .
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In this case, the standard Lyapunov LMI condition (9.8) can be easily recovered from
Lemma 9 item ii.. Notice that the basis for the null space B+ can be computed in a
straighforward manner from B (the identity matrix I is convenient). However, for vector
second order systems, it isnot trivial tofindabasis B+ from B := [K  C' M| without
resorting to matrix operations on the system matrices. This fact reflects the inherent
difficulties in finding standard Lyapunov stability conditions for general vector second
order systems. The statement i. of Theorem 18 depends solely on the Lyapunov matrices
and thus can be interpreted as a standard Lyapunov condition, with the drawback that
matrix inversion is required to determine 3. Taking advantage of the non-singularity of
the mass matrix, atrivial choice for B+ is

—1I 0
Bt = 0 -1
M=K M~'C
yielding the LMI stability condition 3P, P; € S™, P, € R™ :
—~P,M 'K — KTM-TP] P —PMC—-KTM- TPy ~0
P —PsM'K -CTM-TP] P+ Pl —PsM~'C—-CTM-TPs ’
(9.16a)
P P
[ I PJ > 0. (9.16h)

Lesstrivial conditionsinvolveinverses of both mass and stiffness matrices. Consider the
factorization

K 0 0
0 0 M

The nonsingularity assumption on M and K impliesthat B isalso honsingular and thus
invertible. Notice that

BiBar =0, z#0 < Biy=0, y=DBsx#0.
Therefore
y=Biz = o=Byly=By'Biz = Bt=B;'Bi.

The basis for the null space B+ can now be determined from 3. As an example

cC 0 K-1C 0
Bi:=|-I —I| = B =B;'Bf=| I ~I
0 C 0 M-1C
This particular choice of B1- yieldsthe LMI stability condition: 3Py, P3 € S, P, € R™ :
~CTK-TP, - PLK~'C+ P, + P} F(x) <0
* ~PsM~1C - CTM~TP;+ P, + PF
F(z):=-CT'K TP+ CTKTP,M'C -~ PsM~'C + P, + P}
P P
[pg pJ -0,
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Some of the Lyapunov stability conditions available in the literature [5] could, in princi-
ple, be replicated by choosing B+ appropriately. The presented conditions of asymptotic
stability with only Lyapunov matrices as decision variables are quite intricate because of
the presence of matrix inverses M —! and K —!. When M and K are given real, the in-
verse can be computed numerically. Complicating nonlinearities arise as soon as system
matrices are functions of uncertain parameters or controller variables.

Linearizing Lyapunov Function

The undesirable dependence of (9.164) in the inverse of the mass matrix can be circum-
vented by a suitable modification of the quadratic Lyapunov function (9.9). The next
theorem presents a standard Lyapunov stability condition with linear dependence on the
system matrices.

Theorem 19. System (9.1) isasymptotically stableif, and only if, 3P; € S™, W, W3 €
R'ILXTL .

—(WoK + KTW]) Py —WoC — KTW] <0 (9.173)
P~ W3K — CTWE P+ Py — (WsC + CTWY) ’ '
T
Pl W2]V[ P1 WQJ\/_[
|:MTW2T WgM:| + |:MTW2T WgM:| >0, (917b)
WM = M*W] (9.17¢)

Proof. Inequality (9.17a) results from (9.16a) with the change-of-variables P := Wy M
and P; := W3M. This change-of-variables substitutes the symmetric matrix Ps with
a general matrix W3 M yielding a non-symmetric Lyapunov matrix (9.16b). Constraints
(9.17h), (9.17c) are equivalent versions of the Lyapunov matrix and restores the symmetry
of the problem. Equality constraint (9.17c) enforces symmetry to W3 M, while inequality
(9.17b) arises from the fact that P - 0 < (P + PT) - 0. O

Although the above theorem offers a quadratic stability certificate with linear depen-
dence on the system matrices, the conditions extended with multipliers are appealing due
to the extra degrees of freedom introduced by these variables.

Elimination of Multipliers

The matrix inequality (9.15) is afunction of the multipliers ®, I', A. Itisworth question-
ing if al degrees of freedom introduced by the multipliers are really necessary. Would it
be possible to constrain or eliminate multipliers without loss of generality? The Elimina-
tion Lemma[20, 25] will serve for the purpose of removing multipliers without adding
conservatism to the solution.

Lemma 10 (Elimination Lemma). Let Q € S™, B € R™*", C € R"**, The following
statements are equivalent.

i IX eR™™m . Q4+ CTXB+BTXTC <0
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ii. BrTOBY <0 (9.184) ctToct <0 (9.18b)

iii. JueR : Q- uB B <0, Q- uCtc <o0.

Notice that Elimination Lemma reduces to the Finder's Lemma when particularized
with C = I. Insuch acase C+ = {0} and (9.18b) is removed from the statement.
A discussion on the relation between these two lemmas can be found in [20, 25]. The
elimination of multipliers on LMI conditions for systems in first-order form was studied
in [3]. In genera terms, the idea is to select a suitable C such that (9.18b) does not
introduce conservatism to the original problem while reducing the size of the multiplier
X. The next theorems result from a similar rationale.

Theorem 20. System (9.1) is asymptotically stable if, and only if, 3®, A, Py € R™*"
and Py, P; € S" :

Pr P 0

OK +x P+ KT (a®+ AT +oC Py +aKTAT + oM
* Py + (a® + A)C + % Ps+aCTAT + (a® + A)M | <0,
* * aAM + *
(9.19)
P P
[ T PJ > 0. (9.19b)
for an arbitrary scalar o > 0.
Proof. Assign
0 P1 P2 KT_ 0521
Q« |P P+PI P3|, B« |CT|, Ct« |-all,

7 o]" ‘o
CT—lal I| , X« ]
0 of

and apply the Elimination Lemma with P = 0. The chosen C+ does not introduce
conservativenessto the condition. To see this expand (9.18b)

ctToct = —a®P — aPs + a?Py + o?Pf <0 (9.20a)
(3
&Py 4+ aP; — a?Py — o*Py - 0. (9.20b)

Notice that the following support inequality

~NWINT <w - N - NT (9.21)

164



2 Asymptotic Stability

holds whenever W = 0. Resorting to the support inequality with N := o?2P,, W :=
aP; = 0, (9.20b) is satisfied whenever

a3 (P, — PPy P PT) = 0. (9.22)

P, — PPy LPI" = 0 isequivalent to (9.19b) by a Schur complement argument and thus
positive definite. Therefore (9.22) and consequently (9.20b) holds for an arbitrary real
scalar v > 0. O

A similar, equivalent characterization of the Theorem above can be derived by assign-
ing
I al 077
Ct |—al|, CT« | I aI
ol 0 I

and following the same steps presented on the proof.

The number of multipliers can be further reduced by constraining ® := A in (9.19a)
where . > 0 is areal scalar. Unfortunately, this constraint introduce conservativeness
leading to a sufficient condition.

Theorem 21. System(9.1) isasymptotically stableif 3P, A € R™*"™ P, P3 € S™, u, €

R :
PAK +%  Pr+ (1 +ap)KTAT + uAC Py +aKTAT + uAM
* Py + (1 + ap)AC +x Ps+aCTAT + (1 +au)AM| <0
* * aAM + x
(9.239)
PP
[PQT PJ =0, a>0, pu>0. (9.23b)

for an arbitrary scalar o > 0.

A source of conservatism is the appearance of a single multiplier on the block diag-
onal entries of (9.23a). For M > 0, usual property of the mass matrix, the (1,1) block
a(MTAT + AM) < 0witha > 0 issatisfied only if A < 0. As aconsequence, stability
cannot be certified when M > 0 and K isindefinite because (K TAT + AK) < 0 never
holds when i > 0 and A < 0. Numerical experiments suggest that a similar situation
is encountered when the matrix C' is indefinite and M or K are positive definite. The
condition was unable to attest stability of randomly generated stable systems (M, C, K)
in which C had at least one negative eigenvalue and M, K = 0. Py + PL = 0 holds
whenever the condition was able to find a certificate of stability, another contributing fact
to why the (2-2) block cannot be verified as negative definite when C isindefinite.

Stabilization by Static State Feedback

The dependence of the stability condition to a single multiplier A is particularly interest-
ing in the context of feedback stabilization. The vector second order system is augmented
with acontrollable input u(t) € R™«
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Mq(t) + Cq(t) + Kq(t) = Fuu(t),  ¢(0), 4(0) =0 (9.24)

where F,, € R"*"u, Consider a static state feedback controller of the form
u(t) = —Gag(t) — Gui(t) — Gpq(t) (9.25)

where G, ,G,, G, € R™*" are static feedback gains from acceleration, velocity and
position, respectively. The plant (9.24) in closed-loop with the controller (9.25) yields
the equations of motion

Mj(t) + Cg(t) + Kq(t) =0 (9.263)
M := (M + F,G,), C:=(C+F,G,), K:=(K-+F,G,) (9.26b)

Conditions for controller synthesis often involve products between controller gains
and Lyapunov matrices or multipliers, resulting in nonlinear matrix inequalities. The
nonlinear terms can be linearized by resorting to the change-of-variables, firstly intro-
duced in [26] in which only the Lyapunov variable is involved, and later in the context
of conditions extended with multipliers [21]. Define the following nonlinear change-of-
variables

Go:=GuA, G, :=G,A, G, :=GHA. (9.27)

Notice from (9.23) that the matrix A multiplies the system matrices in a position not
suitable for linearization of the nonlinear terms, i.e. A (K + F,,G,). A dual transforma-
tion of the closed-loop system

M+ M?" cCc«cC’, K«KT” (9.28)

makes the linearizing change of variables possible. A discussion on algebraic duality of
vector second-order system with inputs and outputsis given in the appendix. It is worth
mentioning that the above dua transformation preserves the eigenvalues of the system
cast in first-order form, that is

4 ([—Mo—lK —MI‘lCD - ([—M Crger —M{TC’T]> '

With these definitions at hand, the stabilizability conditions by static feedback can
now be stated.

Theorem 22. System (9.24) is stabilizable by a static feedback law of the form (9.25) if
JA, P, eR™™, P, PyeS™, G, Gy, G ER™ ™ o, peR :

WEAN+ F,Gy)+x  Pr+ (1+ap) (KA + F,Gy) + p(CA + F,G,)T
* Py + (1 + ap)(CA + F,G,) +*
* *
Py + (KA + F,Gp) + u(MA + F,G,)T
Ps+a(CA+ F,Gy) + (1 +ap)(MA+ F,G,)T | <0, (9.293)

a(MA + F,Go) + *
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2 Asymptotic Stability

P P
Pr Py

] =0, u>0, (9.29b)
and A isnonsingular.

Proof. The LMI (9.29) results from a direct application of Proposition 20 to the dual of
closed-loop system (9.26), together with adual transformation A <+ A T of the multiplier
and the change-of-variables(9.27). The change-of-variablesare without |oss of generality
when A isnonsingular thusinvertible. The original controller gains can then be recovered
by the inverse map

Go =G, A"t G, =G,AY, G, =G,Ah (9.30)
which characterizes the stabilizable control |aw. O

A nonsingular multiplier A isnotimplied by inequality (9.29). Thisfact contrastswith
stability criteria for systems in first-order form where nonsingularity of multipliersis a
direct conseguence of the structure of the LMI [22, 27]. With some restrictions imposed
on the problem formulation, it is possible to ensure a nonsingular A. For instance, the
multiplier can be confined to the positive cone of symmetric matrices,i.e. A € S™, A > 0,
or to the negative cone of symmetric matrices A € S™, A < 0. In these cases, extra
conservativenessis brought into the condition.

An assumption that facilitates a nonsingular A without adding conservativeness is
to exclude the acceleration feedback, i.e. G, = 0. In this case, the lower right block
MA+ATMT < 0of theLMI (9.29) with M nonsingular impliesanonsingular multiplier
A. Therefore, a stabilizing controller can be computed according to (9.30) whenever
(9.29) isfeasible. Note that the control law (9.25) with G, = 0 isafull state feedback in
the first-order state-space sense.

As metioned in the introduction section, acceleration feedback is often desirable due
to practical reasons. When position feedback is excluded from the control law (G, = 0)
the multiplier is assured to be nonsingular. Theentry (KA +ATK7T) < 0 located in the
upper left of (9.29) with K nonsingular and « > 0 implies A nonsingular. Therefore, once
asolution for the LMI problem above is found, the controller gains can be reconstructed
according to (9.30).

D-Stability

Performance specifications like time response and damping in closed-loop can often be
achieved by clustering the closed-loop poles into a suitable subregion of the complex
plane. The subclass of convex regions of the complex plane can be characterized in terms
of LMI constraints [28]. A class of convex subregions representable as LMI conditions
extended with multiplierswas proposedin[29]. Let R11, Ros € S%, Rip € R%, Ryp = 0.
The Dy, region of the complex planeis defined as the set [29]

Dr(s) == {s € C : Ryy + Rias + R{,s" + Rops"s < 0} (9.31)

where s is the Laplace operator. An LMI characterization for D g-stability of vector
second-order systems can be derived from D g-stability condition of a system in first-
order form. The autonomous system (9.4) is D p-stableif and only if 3P € S2" : [29]

Ri1 ® P+ Ri ® (PA) + R{, ® (A" P) 4+ Ryy ® (A" PA) <0 (9.32)
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A relation between regions of the complex plane and a particular Lyapunov constrained
problem can be deduced from the above LMI. First define the d-stacked system as

2q(t) = 1lg@at), Ag:=LiA = z4(t)=1;® Axq(t) (9.33)

where 1, represents a column vector composed of 1's and 1 is the identity matrix both
with dimension d. For example, the d-stacked system for d = 2 yields

)\ (A 0] [z(t)
z(t)) |0 Al \x(t))’
The time derivative of the Lyapunov function tailored for D g-stability analysis is
defined as

V(za(t),zq(t)) : = xd(t)TRn ® Pxq(t) + id(t)Tng ® Pxq(t)

(9.34)
+ 2q(t)T Rly ® Pig(t) + @a(t)” Rog ® Pig(t) <0
Substitute (9.33) into (9.34) and expand to arrive at (9.32). The usual time derivative of
aquadratic Lyapunov function, i.e. V(x(t)) = @(t)” Px(t) + z(t)T Pi(t) is recovered
from the above by choosing R1; = Ros = 0, Ri2 = 1. The set of solutions of the
D-stahility problem in time-domainis defined as

Dr(x(t)) == {x(t) ER" : V(x(t),i(t) <0, V(x(t), i(t)) as(9.34), P = o} .
(9.35)

For the sake of Dg-stability of vector second-order systems the d-stacked system is de-
fined

qa(t) :=1a®q(t), qa(t):=1a®@q(t), Ga(t) :=1a®{(t), (9.363)
Mg:=I,0M, Ci;:=1;,0C, Kij:=I[jK (9.36b)
MaGa(t) + Cada(t) + Kaqa(t) = 0. (9.360)

L et the constrained Lyapunov problem in the enlarged space be formalized

g@a®\ " [ R o P Ri1 ® Py + Ri2 ® Py
Ga(t) N Ri1 ® Ps+ R, ® P+ R12® P{ + Ry ® Py
Ga(t) * * (9.37)
Ri2 ® P qa(t)
Ri2 ® P3+ Ro2 ® P da(t) | <0,
Ryy ® P3 da(t)
P B qa(t)
T =0, VMqaga(t) + Cada(t) + Kaga(t) =0, | qa(t) | #0. (9.37b)
B Ga(t)

The D-stability condition for vector second-order systems is stated in the next theo-
rem.
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2 Asymptotic Stability

Theorem 23. System(9.1) isDg-stableif, andonlyif, 3P, P3 € S*, P, e R, &, T', A €
Rdnxdn .

;@ K) ®(I;C) (I, M)
T+H+HT <0, H:=|T®K) I'[;C) I'(Il;@M)|, (9.38a
AN K) AMzC) Alge M)
Ri1® P R P+ Ri2® P

* R11®P3+R{2®P2+R12®P2T+R22®P1

* *

Ri2® P
Ri12® P34+ Ros @ Py
Rap ® Ps3
P P
P P

J =

, (9.38b)

} = 0. (9.38¢)

The proof follows similarly to Theorem 18 and is omitted for brevity. Multipliers
need to be eliminated to make the above condition suitable for computing stabilizing
controllers. The same choice of C+ and C of Theorems 20 and 21 serve this purpose.
However, conservativeness when eliminating multipliers depend on the particular D
region. Taking (C+,C) similarly to Theorem 20, C+7 QC+ < 0 after expansion and some
algebraic manipulationsyields

R ® (()14P1 — OZBPQ — OéBPQT + a2P3) + Rio ® (—053P1 + 052P2 + 012P2T — OéPg)
+Rl, ® (0P +a®Py + o° Py — aP3) + Rao ® (@®Py — aPs — aP) + P3) <0
(9.39)
This inequality depends on the matrices R11, R12, Roo that defines the stability region.
Althoughitisnot trivial to state non-conservativenessindependently of the chosen region,
one can attest if the elimination of a multiplier brings any conservativeness for a partic-
ular Dy-region. To do so, first note that all of the addends of the above inequality are
similar in structure. A correspondence with the Lyapunov matrix P can be established
via a congruence transformation involving «, and multiplications with a matrix and its
transpose, e.g.

yTHT {PlT P2] HY =0, H:=dag(al,I), Y:=[I -I]".

Pl P
Whenever HT PH - 0 holds, which is aways the case because of (9.38¢), a?P; —
aPy — aPy + Py = 0 aso holds. Let us take some typical regions as examples. The
continuous-time stability region is determined by R1; = Ros = 0, Ry2 = 1, rendering
non-conservativeness as shown in Theorem 20. For a region with minimum decay rate
£ > 0 set with Ry = 28, Ros =0, Ri2 =1, if

| P P 20T | 1 Po
20H {PQT Pg] H = 20*BH {PQT Pg] H>0 (9.40)
holds, then (9.39) also holds. Indeed, multiply theinequality abovewith Y := [I —1I ]T

from theright and Y7 from the left to obtain (9.39). A set of values of o which does not
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introduce conservativeness to the condition can be inferred from (9.40), that is, {« :
a—a?B>0,a>0,3 >0} Forthe discrete-time stability region, represented as a
circle centred at the origin of the complex planewith R1; = —1, Ros = 1, R12 = 0, if

P P P P
2777 | 11 2 T |11 2
o“H {PQT P3] H~-H [PQT PB] H >0

is satisfied than inequality (9.39) is satisfied. Therefore, any o > 1 does not bring con-
servativeness.

3 Quadratic Performance

The following linear time-invariant vector second-order system with inputs and outputs

Mi(t) + Dq(t) + Kq(t) = Fyw(t),  ¢(0), ¢(0) =0 (9413
2(t) = Ui(t) + Vq(t) + Xq(t) + Daww(?) (9.41b)

is considered in this section, wherew(t) € R™ and z(t) € R"= arethe disturbanceinput
and performance output vectors, respectively, U, V, X € R"=*"_ The presence of input
signals w(t) requires a definition of stability.

L5 to £, Stability

The notion of stability of asystem with inputsit related to the characteristics of the input
signal w(t). Assume w(t) : [0,00) — R™ a piecewise continuous function in the
L ebesgue function space L4

otlesi= ([ wiTwirlar) R

In the control literature, the quantity ||w(t)|| 2, IS often referred to as the energy of
signal w(t). The system (9.41) is said to be £, stable if the output signal z(t) € Lo for
al w(t) € Lo. Definethe £, to £ gain as the quantity

(9.42)

Thisquantity can serve as a certificate of £ stability. If the £ to £, gain of asystem
isfinite, i.e. 0 < v < 00, then one can conclude that the system is £ stable. Because
Yoo 1Sbounded by below, it sulfficesto find an upper bound~ suchthat 0 < v, < v < oc.
Consider the modified Lyapunov stability condition

V (q(1),4(t),4(8)) <0, =2(t)"2(t) > v w(t) w(t) (9.433)
Y(q(t),q(t),q(t),w(t), z(t)) satisfying (9.41), (9.43b)
(1), d(1), (1), w(t), 2(1)) # 0. (9.43¢)
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3 Quadratic Performance

where v > 0 isagiven scalar. Invoking the S-procedure [20] produces a necessary and
sufficient equivalent condition [19]

V (a(t),d(t), (1) < Yw(t) w(t) = z(6)"=(1), (9.449)
V(q(t), (1), G(t), w(t), 2(t)) satistying (9.41), (9.44b)
(q(t),4(t),G(t), w(t), z(t)) # 0. (9.44c)

To realize that (9.44) implies an L, to Lo gain less than ~, integrate both sides of
(9.44a) overtimet > 0 to get

/ V(q(r), d(r).i(r)) dr < / u(r)Tw(r) — 2(r)2(r) dr (9.45)
0 0

For ¢ — oo, the resulting Lyapunov function

t
| Vtar) (o). dr = Vo, dtr.ir) > 0 (9.46)
0
is positive by definition. From the above and (9.45) it can be inferred that

121z, < V*lw®Z,- (9.47)

which compared to (9.42) impliesy > v .
Synthesis of controllers are usualy attached to some performance indicator or mea-
sure of asystem. The £, gain also serve as a system performance measure.

L+ Performance

The L5 to L5 gain may aso be interpreted as a performance measure. The system is
supposed to have good performance when z(t) is small regardless of the disturbance
w(t). The quantity ~ provides ameasure (in an L, sense) of the size of the output signal
z(t) in response to the worst-case disturbance w(t) with zero initial conditions. Thisis
the time domain interpretation. A frequency domain interpretation can also be attributed
to the £, gain. Obtain the frequency domain couterpart of system (9.41)

s2MQ(s) + sCQ(s) + KQ(s) = F,W (s), (9.483)
Z(s) = s*UQ(s) + sVQ(s) + XQ(s) + D.,W(s) (9.48b)

by applying the Laplace transform, where s in the Laplace operator. Define the input-
output transfer matrix H .., (s) as

H.(s) i= (s°U + sV 4+ X) (s°M + sC + K) ' Fyy + D.. (9.49)
It iswell know that

. z
up oo (e0)| = ol = sup A2

w w(t)EL: Hw”2
dueto Parseval’stheorem [30]. Hence, || H .., ||, < yisequivalentto L, to L, stability.
Moreover, the quantity v gives an upper bound on the maximum singular value of the
transfer matrix H ., (jw).
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Integral Quadratic Constraints

The notion of system performance can be further generalized by enforcing an integral
quadratic constraint on the input and output signals 31, 32]

/ot (Z((?)>T LSC‘QT 16‘;’] <51((?)) =0 (9.50)

where @ € S"=, R € S™, § € R"=*"_Smilarly to (9.45), pose the inequality

[ vaw.animyar< - [ (w((?))T & aD) e

The right hand side of the above inequality can be seen as a quadratic contraint on the
Lyapunov quadratic function V' (q(t), ¢(t),¢(t)). The modified Lyapunov problem then
becomes

T
V (q(t),4(t), () < — (5](( ))> [SQT 16‘;] (5)((?)) (9.52a)
Y(q(t), q(t), d(t), w(t), z(t)) satisfying (9.41), (9.52b)

(q(t),4(t), G(t), w(t), 2(t)) # 0, (9.52c)

ready to be transformed in an LMI condition by Finsler's Lemma.
Theorem 24 (Integral Quadratic Constraints). The following statements are equivalent.

P

i. The set of solutions of the Lyapunov problem (9.52) with {Pl P
3

empty.

] = 0 is not

ii. dP;, P3 € s, P, I'q, Al, P, e R™, II; € R"=*" &y € R*wxn", Dy, Iy, AQ,E
Rnxnz, Hg c anxnz, 52 c R7wXnz .

T+H+HT <0, [P%p PZ} =0, where (9.53a)
Pr P
0 P P, 0 O
P. P+PT Py 00
J=|Pr P 0o 0 o0, (9.53b)
0 0 0 Q S
0 0 0o ST R

0K — DX OC—PV &M — DU Py —D1Fy, — PoDy,
WK -TX I©Ih/(C-TV T'M—-TU Ty —-I1F,—-T3D,,
H = AlK — A2X AlC - AQV AlM — AQU Ag —Ale - AgDzw
ILK —-1LX II,C—-1LV ILM —1LU 1y -1L1F, —1sD,,
21K —5X Z1C—-EV Z\M—-=U Zy —E1F, —Z3D,
(9.53c)
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3 Quadratic Performance

Proof. Assign
q(t) KT —XT @1 @2
q(t) cr vt ry Iy

x(t) «— | §t) |, Q@+ (9530), BT « | MT —UT |, X+ [A1 Ay| (954)
’LU(t) —Fg; _DZw El EQ

and apply Finder'slemmato the constrained Lyapunov problem (9.52) with P - 0. O

The above condition yields specialized quadratic peformance criterias depending on
the choice of @, S, R. Assign
I 0
0 —2I|"

&3
ST R
to verify the £, performance criteria
[ [8 5(8) 20 [oorsomer [worvin
& =Mz, <7 IIw(t)H%z
& [[Haw(o)lF. <°

also known as bounded real lemma. To check passivity of avector second order system,
select

Q S
ST R

reducing the integral quadratic constraint to

L8 3Gl z0e - oreoacs
(3

t
/ () w(t) dt > 0 Hop(jw) + How(jw)* = 0 < Hay(jw) is passive,
0

condition also known as positive real lemma. Sector bounds on the signals z(¢) and w(t)
can be enforced by choosing

1
Q S I ——(a + ﬂ)[
sT Rr| < 1 ?
—§(oz + /I —afl
Theintegral quadratic constraint yields

/ot (w((ft))) LSC?T ﬂ ( ) - 0@/ ) = aw(t) (z(t) = Bu(t)) dt >0

z(t), w(t)) € sector(c, ).
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Similarly to the stability case, in (9.53) the product of the multipliers with the system
matrices occurs in a position that does not facilitate possible change-of-variables. One
would be tempted to invoke algebraic duality of the vector second-order system once
again. However, as discussed in the appendix, the presence of outputs bring complicat-
ing issues making such an approach not trivial. Add to this, the multipliers involved in
the ICQ condition have different dimensions. An ICQ condition dependent on a single,
square, invertible and well located multiplier is desirable for synthesis purposes.

A maodification on the constrained Lyapunov problem is the first step towards a con-
dition with such properties. The integral quadratic constraint may depend explicitly on
positions, velocities and accelerations by substituting z(t) = Ug(t) + Vq(t) + Xq(t) +
D, w(t) into (9.50) yielding

T

f qg 7'z Z7(5 +QD-w) qgtg
q f + zZw q t
/O ilt) { «  R+DT,QD.y+ DTS+ STDZJ i) | 20 (9559
w(t) w(t)
Z:=[X V U] (9.55b)
The new constrained Lyapunov problem
o T zTQz ZT(S+ QD o
UORTCRTOIR Il I A e st L A
w(t) w(t)
R:=R+ D% QD.,+ D! S+5"D.,
(9.563)

V(q(t),q(t), 4(t), w(t)) satisfying M(t) + Cq(t) + Kq(t) = Fuw(t),  (9.56b)
(q(t),4(t),4(t),w(t)) #0,  (9.56¢)

is not dependent explicitly on the output vector z(t). Sufficient conditions with reduced
number of multipliers can be derived from the above Lyapunov problem by applying the

Elimination Lemma. They become also necessary if the acceleration vector (or position
vector) isabsent in z(t) i.e. U = 0 (or X = 0).

Theorem 25. The set of solutions of the Lyapunov problem (9.56) with P > 0 is not
emptyif 3P, Ps€S", P, &, Ae R"™"™ aeR :

J+H+HT <0, where (9.57a)
0 P P 0 XTQX XTQV XTQU X7T(S+QD.,)
|\ P+P] PO * vIQv vTQU VT(S+QD.y,)
T=lpr "m0 olT| « «  UTQU UT(S+QD.,)
0 0 0 0 * * * R
(9.57)
PK oC dM —dF,
2 e (a® +ANK (a®+A)C (a®+AM —(aP+A)F, a>0
' aAK alAC aAM —alAF, ’ ’
0 0 0 0
(9.57¢)
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3 Quadratic Performance

P P
[ Pr PJ = 0. (9.57d)
Thisis necessary and sufficient whenever U = 0 in (9.56).
Proof. Assign
0 P P, 0 XTQX XTQVv XTQU XT(S+QD.y,)
P P P+ PQT P; 0 i * VTQV VTQU VT(S + QDzw)
Pf Py 0 0 * * UTQU U™(S+ QD)
0 0 0 O * * * R
KT o’ 0 I 0
cT —al 0 ol T 0}
T 1 T
B+ MT | C— «+ 7 NE Ct «+ 0 oIl X+ [A}
—FT 0 I 0 0

and apply the Elimination Lemmawith P >~ 0. Thislemma renders a condition without
extra conservatism whenever C+7QC+ < 0, that is

Fii(z)  Fia(x)
Fio(2)T Faa(x)
Fii(z) :=2(a®P; — a?(Py + Pf) + aP3) — (@' XTQX — *XTQV + o’ X" QU
+a?VTQV —aVTQU + UTQU) + ,
Fia(z) :i= — ?XT(S 4+ QD.yw) + aVT(S +QD.y,) — UT(S + QD..).

> 0, FQQ(.’E) = —R, R =< 0,

(9.58)
Use the support inequality (9.21) with N := o?Pf, W := o*P, > 0 and a Schur
complement with respect to R to show that (9.58) is equivalent to

1
Ps = Py P 'Py = 5 (*XTQX — o’ XTQV + aXTQU +aV'QV - VIQU

1 _ _ _ _
+a tUTQU) — 5(oﬁXTR—lx —2XTRYW +a(XTR'U - VTR V)

+a Y WUTRWU —UTR™V)) 4+ % = 0.
(9.59)
Note that P; — PJ Pfng = 0 implies P > 0 due to a Schur complement argument.
When U = 0 the right hand side of (9.59) is polynomial in o with no constant term.
Thus, there exists a sufficiently small « such that (9.59) holds which implies no added
conservatism aslong as « > 0 is considered a variable in the formulation. O

For a constant « the above constraint is an LMI. However, the condition requires a
line search in a. When X = 0 the same rationale with slightly modified C+ and C

I 0 0 aof
Cedaer ol C T o
0 I 0 0

also yields a necessary and sufficient condition.
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The second step towards an ICQ condition for synthesis is to define a nonlinear
change-of-variables between the Lyapunov matrices and a multiplier. Let a congruence
transformation be Y := diag(I',T"), I := A~T where A is assumed invertible. Apply it
to the partitioned Lyapunov variable, leading to the change-of-variables

P P P P
Yo oL 2ly= |t 2 -0 9.60a)
[P2T P3] |:P2T Ps ( )
P =1TpPr, Py:=T1TPr, PI:=1TPIT Py:=TTPiI. (9.60b)

The original Lyapunov matrices can be reconstructed by the inverse congruence transfor-
mation

|:P1 P2:| :Y,T |:AP1 IEJQ

Y= '-0 9.61
Py Py Pr P3] (9.61)

With theresultsof Theorem 25 and the previously defined nonlinear change-of-variables
at hand, an 1CQ criteria suitable for synthesis can be stated.

Theorem 26. The set of solutions of the Lyapunov problem (9.56) with P - 0 is not
emptyif3 P, PseS", P, T e R"™" «a, peR :

J+H+HT <0, [{3; ]?2} =0, where (9.623)
PT Py
[0 Py B, 0
151 pg + p2T P3 0
= A ~ +
J PT Py 0 0
L0 0 0 0
TTXTQXT TITXTQVT TTXTQUT TITXT(S+QD.,)] (9.62b)
* r‘vrQvr 1TvrtQur TTv7T(S+QD..)
* * r7UTQUT TTUT(S + QD.u) |’
i * * * R
R:=R+ DL QD.,+DL S+5"D,,
KT nCT uMT —uFy,
A+ ap)KT (14 ap)CT 1+ ap)MT  —(1+ ap)F,
o= 1" KT aCT aMT —aF, |*®>0p>0
0 0 0 0
(9.62¢)

Proof. To derive (9.62) from (9.57), first introduce the constraint ® = pA where i > 0.
Apply the congruence transformation Y, := diag(T', ', T, I), I' := A7 to (9.57a), con-
gruence transformation Y, := diag(I",I") to (9.57d), and the change-of-variables (9.60).
Notice that the upper left entry of 7 +H + H?T < 0in (9.62),i.e. KI' + I'TKT +
I'"XTQXT < 0 with K nonsingular implies " nonsingular. This fact corroborates the
assumption of an invertibleI' in the change-of-variables (9.60). O
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The condition from Theorem 26 benefits from some convenient properties. It depends
on asingle multiplier I" in products with M, C, K matricesas well as U, V, X matrices.
Moreover the product occurs at the "right side” of the matrices. Both properties facili-
tate change-of-variables involving the controller data, as will become clear later in this
manuscript.

Synthesis of controllers is the subject of the reminder of this paper. It will be given
focusto the design of controllerswith guaranteed £ »-gain performancefor clarity and its
practical relevance. Synthesis conditions considering other 1CQ criterias can be derived
similarly by particularizing @, R, S and appropriate Schur complements involving these
matrices.

Static Full Vector Feedback

The proposed ICQ condition offers the possibility of synthesizing controllers. Consider
the vector second-order system with disturbance and controllable inputs

Mij(t) + Cq(t) + Kq(t) = Fuw(t) + Fuu(t) (9.639)
2(t) =Uqt) + Vq(t) + Xq(t) + Doww(t) + Doyu(t) (9.63b)

in loop with a static full vector feedback yielding the closed-loop system denoted H ,:
Mi(t) + Cq(t) + Kq(t) = Fpw(t) (9.64a9)
2(t) = Uq(t) + V4(t) + Xq(t) + D.ww(t) (9.64b)
M:=(M+F,G,), C:=(C+F,G,), K:=(K+F,Gp) (9.64c)

= (U= D.,Ga), Vi=(V-D.Gy), X:=(X-D.G,)  (9.64d)

The same issues regarding the nonsingularity of the multiplier in the stabilizability case
have also to be consider here. Therefore, the next theorem states the existence of a static
controller in which the accel eration feedback is absent (G , = 0). Thiscontroller structure
correspondsto afull state feedback in the first-order state-space sense.

Theorem 27. Thereexistsa controller of theform (9.25) with G, = 0 suchthat ||H ., [| 2, <
~? if3 P, Py eSS, P, T R, G, G eR™*" o €R :

w(KT + F,Gy) +% P+ pu(CT + F,Gy) + (1 4+ ap) (KT + E,Gp)T

* Py + (1 4+ ap)(CT + F,G,) 4+ %
* *
* *
* *
Py + pMT + o KT + F,G,)T —pFy ITXT - KI'DT,
Py + (1+ap)MT + o(CT + F,G,)T —(1+ap)F, TTVT —KI'DT,
a(MT +TTM7T) —aF, rrot < 0.
* _721 Dzw
* * -1
- (9.65a)
PP
a>0, pu>0, [PQT 153] =0 (9.65b)
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Proof. In order to obtain the above inequalities from (9.62), first particularize it with
Q = I, R = —~*I and apply a Schur complement with respect to Q. A direct application
of the resulting inequalities to the closed-loop system (9.26) together with a change-of-
variables of the form (9.27) involving the multiplier I' and the controller data G ,,, G,
yields (9.65). Nonsingularity of T" isimplied by the entry MA + AT M7 < 0 with M
nonsingular. Once a solution to the problem aboveis found, invertibility of T assures the
reconstruction of the controller gains from the auxiliary ones accordingto G, = G, I}
and G, = G, I 0

The accel eration feedback was removed from the feedback law for theoretical reasons:
ensure anonsingular I'. Asdiscussed in the stabilizability section, anonsingular I' could
also be enforced by neglecting the position feedback G . If all feedback gainsaredesired,
in practice the LMI above could be augmented with the acceleration gain and solved.
The multiplier I" could be invertible. In case this happens, the acceleration, velocity and
position gains can all be recovered from the auxiliary controller gains.

Working with the closed-loop system in vector form facilitates the feedback of only
the position or the velocity vector without introducing extra conservatism to the presented
formulation. These controller structures would correspond to partial state feedback in the
first-order state-space sense, to which convex reformulations without loss of generality
are not known to exist.

Static Output Feedback

The acceleration, velocity or position vectors are often partially available for feedback.
In such a case, the vector second order system

M(t) + C4(t) + Kq(t) = Fow(t) + Fau(t) (9.663)
2(t) = U(t) + V(t) + Xq(t) + Doww(t) + Dayu(t) (9.66b)
y(t) = Ri(t) +5q(t) + Tq(t) + Dyww(t) (9.66¢)

is augmented with a measurement vector y(t) € R™. Theinterest lies on the synthesis
of a static output feedback controller of the form

u(t) = —Gyy(t) (9.67)

where G, € R™=*"v. To facilitate the derivations that follows, the measurement vector
is not corrupted by noise (D,,, = 0). Assume, without loss of generality, that the output
matrices R, S and T" are of full row rank. Then, there exist nonsingular transformation
matrices W,,, W, W, € R™*™ such that

RW,=[I 0], SW,=[l 0], TW,=[l 0]. (9.68)

For any given triplice (R, S, T'), the corresponding (W ,, W, W,,) are not unique in
general. A particular (W,, W,, W,,) can be obtained by

W, = [RT(RRT)™Y R*], W, := [ST(SST)~t S+], W, .= [TT(TT")~* T+].

The feedback of a single quantity, that is either accelerations, velocities or positions
are addressed here. Let the measurement vector be composed of position feedback only,
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3 Quadratic Performance

i.e. y(t) = Tq(t). From the coordinate transformation defined as G := W,q, ¢ := Wy
and g := W4, the system matrices of (9.66) are substituted according to

M« MW,, C+CW, K+« KW,
U« UW, V<VW, X< XW,
R+ RW,, S+ SW,, T+ [I 0].

The closed-loop matrices of the transformed system related to positions are then
K:=(K+F,[G, 0]), X:=(X—-D.[Gy 0])

while the other closed-loop matrices are the same as the open-loop ones. A static output-
feedback gain can be obtained by imposing on the auxiliary controller gain G and the
multiplier I" the structure

Go=[G, 0], I'= E; I?J . (9.69)
Thiskind of controller/multiplier constraint was firstly prpoposed in[22] in the context of
first-order state-space systems. This structure is merged in Theorem 27 by imposing the
structural constraints G, == G, = Gp = G and T as(9.69). Supposing I" nonsingular,
and consequently the upper left block T'; invertible, the origina controller data can be
recovered by the inverse change-of-variables

G=[G, 0]=][G,I' 0]. (9.70)

Thus, the structure imposed to the state feedback gain matrix G facilitates the output
feedback law u(t) = G,y(t). The same procedure can be made when the mesurement
vectoris y(t) = Rq(t) or y(t) = Sq(t).

Robust Control

The inherent decoupling of the Lyapunov and system matrices occasioned by the intro-
duction of multipliers facilitates the usage of parameter-dependent Lyapunov functions
[33]. This decoupling property was firstly exploited under the context of robust stability
of first-order state-space systemsin[21] and latter extended to performance specifications
[22]. Assume that the matrices of system (9.63) are uncertain but belong to a convex and
bounded set. This set is such that the matrix

s_[M ¢ K F  F,
o U V X Dzu DZUJ

takes valuesin adomain defined as apolytopic combination of NV givenmatricesQ 1, ..., On,
that is,

N Na
S:= {S(a):S(a) :zz&ai, Zaizl, aiZO.}
i=1 i=1

The operator Vert(S) := {Si,...,Sn} reducesthe infinite dimensional set S to the ver-
ticesS;, i = 1,..., N. The LMI conditions for vector second-order systems presented
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here can turn into sufficient conditions for robust analysis and synthesis by defining a
parameter-dependent Lyapunov matrix

Na
P(a) = ZPiozi (9.71)
i=1

and maintaining the multipliers as parameter-independent. In this case, the LMIs are
infinite-dimensional functions of the uncertain vector «. A finite-dimensional problem
arises with Vert (F(x,a) < 0). Consider the robust stability problem as an example.
System (9.24) is robustly stabilizable by a static feedback law of the form (9.25) with
G =0,fordl S € S,if 3N, Py, € R, Py, Py; €S, Gy, Gp € R™¥" 0, € R :

0 P, Py,
Ji+Hi+H <0, Ji:=|P Pui+Pl; P3|, (9.724)
Pg:i P 0
PKA + FuiGy) pCA + FuiGy) p(M;A)
Hi= | (14 ap)(K;A+ Ifu7iGp) (14 ap)(CiA+ lfu,in) (14 ap)(M;A)
(9.72b)
P Py
[P;T:i Pz;l] =0, a>0u>0, (9.72¢)
fori=1,...,N.

4 Numerical Examples

Three-Mass System

The simplicity of a three-mass system depicted in Fig. 9.1 allows an easy analysis and
straightfoward interpretation of the results. In this figure, m 1, mo and mg are system
masses, k1, ka2, ks and k4 are stiffness coefficients, while dy, d2, d3 and d4 are damping
coefficients.

f,, q, £, q, £, q,

Figure 9.1: Three-mass mechanical system.

The control input «(t) acts at mass 2 and mass 3 in opposite directions. The first
disturbance w1 (t) acts at mass 2 and mass 3 in opposite directions, with an amplification
factor of 3, and the second disturbance w(t) acts at mass 2. The controlled outputs
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(21(t), z2(t), z3(t)) are the displacement of mass 2 with an amplification factor of 3, the
velocity of mass 3, and theinput w(t), respectively. The motion of this mechanical system
is described by the differential equations

my 0 0 c1+c2 —C2 0
0 me O0|dt)+ | —c2 ca+es  —cs | D)

0 0 mg3 0 —C3 Cc3 _—|— Cyq (9733_)
k1 + ko —ko 0 0 0 0
+ [ —ko ko + k3 —ks3 jl q(t) = |:3 1] w(t) + |1 ] u(t),
0 —ks3 ks + ky -3 0 _—1
000 030 0]
=10 0 1]d&)+ |0 0 0fq)+ 0] u) (9.730)
0 0 0 00 0 1]

For this System, myp = 3, mo = 1, ms = 2, k‘l = 30, kQ = 15, k‘g = 15, k4 = 30,
and C' = 0.004K + 0.001 M. Magnitude plots of the open-loop transfer functions from
disturbances (w1, ws) to outputs (z1, z2) are depicted in Fig. 9.3a. The lightly damped
characteristics of the system modes are noticeable.

H ~ control will be used to reject oscillatory response of these modesin face of distur-
bances. Full vector feedback gains of positions and velocities are synthesized using The-
orem 27 for different values of the scalars «, . The upper bound ~ of the # .,-norm for
various («, p) isillustrated in Fig. 9.2. The minimum achieved upper bound v * = 7.679
occurs at (a, 1) = (0.0060,0.0820) with corresponding position and velocity feedback
gains

Gp = [0.2501 0.0774 —0.0786], G, = [5.2757 1.9574 —1.6351].

Improved vibration performance is corroborated by magnitude plots and impulse re-
sponses of the closed-loop system (Fig. 9.3aand 9.3b).

Model Matching Control of Wind Turbines

A different perspective to modern control of wind turbines is given here by considering
the design model in its natural form. For clarity, the turbine model contains only the two
structural degrees of freedom with lowest frequency contents: rigid body rotation of the
rotor and fore-aft tower bending described by the axial nacelle displacement. The simpli-
fied dynamics of awind turbine can be described by the nonlinear differential equations

T = Qalv — 4o, B)(t) — Qq(t) (9.74)
Mgy + Kiq1 = Ta(v — 1,7, B) (9.75)
where the aerodynamic torque @, (¢) and thrust 7, (¢) are nonlinear functions of the rel-

ative wind speed v(t) — q1(t) with v(¢) being the mean wind speed over the rotor disk,
the rotor speed ¢ (¢), and the collective pitch angle 5(¢). Linearization of (9.74) around
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95 | (e

+ 7

Figure 9.2: Upper bound on the H ,-norm of the closed-loop three-mass system with full
position and velocity feedback, obtained by Theorem 27.

an equilibrium point 6 yields

n _ 8Qa i aQa . aQa —
(o4 N3 00) = 2| 00+ G| wle) = o) + G| 50— N0, (0)
(9.76)
M 1) + Koan(0) = 5| 000+ 52| ) ) + G2 ) @77

where J,. and J, are the rotational inertia of the rotor (low speed shaft part) and the gen-
erator (high speed shaft part), K is the stiffness for axial nacelle motion ¢; (¢) due to
fore-aft tower bending, M isthe moda mass of the first fore-aft tower bending mode, 7
isthetotal electrical and mechanical efficiency, and N, is the gearbox ratio. The primary
control objective of pitch controlled wind turbines operating at rated power isto regulate
power generation despite wind speed disturbances. To accomplish this, rotor speed is
controlled using the collective blade pitch angle, and generator torque is maintained con-
stant (Q(t) = 0in (9.76)). Tower fore-aft oscillations are induced by the wind turbulence
hitting the turbine as well as changes in the thrust force due to pitch angle variations.
The collective blade pitch angle can be controlled to supress these oscillations without
degrading rotor speed regulation. The vector second-order system

0Qu| _9Qu
V+W% q<wg+ 0 o 8V9CW»+PO]@@>
0 Mi] \Gi(t) T, 0T, Q1 (1) 0 Ki| \qi(t)
8"/1 0 8‘/ 0

0Q. 0Qu
= | S lelo+ | 22 lo| 5o

v |, aB |,
(9.78)
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(b) Impulse Response

Figure 9.3: Comparison of open-loop three-mass system and closed-loop with full posi-
tion and velocity feedback (Theorem 27).

arise from re-arranging expression (9.76). In the above, the disturbance vector isw(t) :=
v(t) and control input isu(t) := 5(t). The open-loop system (9.78) has a singular stiff-
ness matrix due to the rigid-body mode of the rotor, which at first may seem inadequate
for adirect application of the conditions presented in thiswork. However, the closed-loop
stiffness matrix is non-singular because the position of the rotor is part of the feedback
law. Feedback of rotor position is analogous to the inclusion of integral action on rotor
speed regulation, usual scheme in wind turbine control.

Controller design followsan H ., model matching criteria, which has an elegant struc-
ture when considered in vector second-order form. The performance of the system in
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closed-loop should approximate a given a reference model

M- (t) + Crgr(t) + KrGr(t) = Furw(t) (9.79)
2e(t) = Urr(t) + Ve (t) + X G (t) (9.79b)

in an H..-norm sense. The matrices of the reference model are chosen to enforce a
desired second-order closed-loop sensitivity function from wind speed disturbance v(t)
to rotor speed v (t). The augmented system for synthesisis

[ 5] ()06 1) i RIS
—Myy M, wi —Cuy Cr wi —Kay K ¢1T (9.80a)

=[]+ 5] v

() = {—01 8 (1)] (?Zi) T {Dﬂ u(t) (9.80b)

where v,.(t) is the reference model velocity and (-) (1) Stands for the first line of matrix
(+). Thereferencefilter in (9.804) isforced indirectly by the the open-loop system (9.78),
which is convenient for implementation purposes. In this example, M, = 6.0776 - 106,
C, = 6.1080-10%, and K, = 3.9346 - 10° characterizes areference system with damped
natural frequency wq = 0.628 rad/s and damping £ = 0.625.

Full vector feedback gains of positions and velocities are synthesized using Theorem
27 with @ = 0.9 and 1 = 1, yielding a guaranteed upper bound v = 1.462. The true
upper bound of the augmented system in closed-loop computed using Theorem 25 is
~v = 0.1058. Controller gains are

G, =[-0.3734 —0.1702 0.0028], G,=[-0.1951 —0.1029 —0.0096]

Bode plots of the closed-1oop, open-loop and reference systemsare depicted in Fig.9.4a.
A good agreement between the closed-1oop and reference model is noticeable. The cho-
sen reference model indirectly impose some damping of the tower fore-aft displacement
by trying to reduce the difference in magnitude between open-loop and reference model
at the tower natural frequency. Step responses of the controlled and reference systems are
compared in Fig.9.4b, showing a good correspondence.

References

[1] R.E. Skelton, “Adaptive orthogonal filters for compensation of model errorsin ma-
trix second-order systems,” J. Guidance, Contr. Dynam., p. pp. 214221, 1979.

[2] A.M.Diwekar andR. K. Yedavalli, “ Stability of matrix second-order systems. New
conditionsand perspectives,” | EEE Transactions on Automatic Control, vol. Vol. 44,
No. 9, Sept. 1999, pp. 17731777, 1999.

184



4 Numerical Examples

Rotor Speed (¢(t)) Tower Position (q(t))
0
n
[}
-20
) )
s g™
g % -60
= =
= =
-80
=70 -3 -2 -1 0 1 -100 -3 -2 -1 0 1
10 10 10 10 10 10 10 10 10 10
Closed-Loop — — — Open-loop - == Ref. Model
100 200
50
100
&0 0 &0
g ¥
a a
5 50 s 0
= ]
&~ -100 ~
-100
-150
-200 -3 -2 -1 0 1 -200 -3 -2 -1 0 1
10 10 10 10 10 10 10 10 10 10
Frequency [Hz] Trequency [Hz]
(a) Bode Plots
0.04 0.03
N Closed-Loop
, o
0.035 Ref. Model 0.02
0.03
= —. 001
= 0.025 E
£ =
= 002 2 0
g z
2 o
J; 0.015 5 -0.01
= Z
2 0.01 S
= & -0.02
0.005
o -0.03
-0.005 -0.04
0 5 10 15 0 5 10 15
Time [s] Time [s]
(b) Step Response

Figure 9.4: ‘H ., model matching control of a simplified wind turbine model.

[3] D. J Inman, “Active modal control for smart structures” doi:
10.1098/rsta.2000.0721 Phylosophical Transactions of the London Society A,
15 2001 no. 1778 205-219, vol. Vol. 359 No.1778, DOI 10.1098/rsta.2000.0721,
pp. 205219, 2001.

[4] L. Shieh, M. Mehio, and H. Dib, “ Stability of the second-order matrix polynomial,”
Automatic Control, |EEE Transactions on, vol. 32, no. 3, pp. 231 — 233, mar 1987.

[5] D.Bernsteinand S. P. Bhat, “Lyapunow stability, semistability, and asymptotic sta-
bility of matrix second-order systems,” Transactions of the ASME, val. Vol. 117, pp.
145-153, 1995.

185



Paper F

(6]

(7]

(8]

(9]

(10]

(11]

[12]

[13]

[14]

(15]

(16]

[17]

(18]

S. M. Joshi, “ Robustness properties of collocated controllersfor flexible spacecraft,”
J. Guidance Contral, vol. val. 9, no. 1, p. 8591, 1986.

Y. Fujisaki, M. Ikeda, and K. Miki, “Robust stabilization of large space structuresvia
displacement feedback,” Automatic Control, | EEE Transactions on, vol. 46, no. 12,
pp. 1993 —1996, dec 2001.

J. D. Gardiner, “Stabilizing control for second order models and positive real sys-
tems,” Journal of Guidance, Control and Dynamics, vol. 15, pp. 280-282, 1992.

K. A. Morris and J.-N. Juang, “Dissipative controller designs for second-order dy-
namic systems,” |EEE Transactions on Automatic Control, vol. 39, pp. 1056-1063,
1994.

A. Diwekar and R. Yedavalli, “Robust controller design for matrix second-order
systems with structured uncertainty,” |EEE Transactions on Automatic Control, vol.
Vol. 41, No. 2, DOI 10.1109/9.746276, pp. 401-405, 1999.

B. N. Datta, S. Elhay, and Y. M. Ram, “Orthogonality and partia pole
assignment for the symmetric definite quadratic pencil,” Linear Algebra and
its Applications, vol. 257, no. 0, pp. 29 — 48, 1997. [Onling]. Available:
http://www.sci encedirect.com/science/article/pii/S0024379596000365

B. Dattaand D. Sarkissian, “Multi-input partial eigenval ue assignment for the sym-
metric quadratic pencil,” in American Control Conference, 1999. Proc. of the, val. 4,
1999, pp. 2244 —2247 vol 4.

B. Datta, W.-W. Lin, and J.-N. Wang, “Robust partial pole assignment for vibrat-
ing systems with aerodynamic effects,” Automatic Control, |EEE Transactions on,
vol. 51, no. 12, pp. 1979 —1984, dec. 2006.

B. Datta, S. Elhay, Y. Ram, and D. Sarkissian, “Partial eigenstructure assignment
for the quadratic pencil,” Journal of Sound and Vibration, vol. 230, no. 1, pp. 101
— 110, 2000. [Online]. Available: http://www.sciencedirect.com/science/article/pii/
S0022460X 99926202

N. K. Nicholsand J. Kautsky, “ Robust eigenstructure assignment in quadratic matrix
polynomials,” SAM J. Matrix Anal. Applicat, vol. val. 23, p. 77102, 2001.

S. Kwak and R. Yedavalli, “ Observer designs in matrix second order system frame-
work: measurement conditions and perspectives,” in Proc. of the American Control
Conference, Chicago, Illinois, 2000, pp. 2316-2320.

——, “New approachesfor observer design in linear matrix second order systems,”
in Proc. of the American Control Conference, Chicago, Illinois, 2000, pp. 2316—
2320.

G. Duan and Y. Wu, “Generalized luenberger observer design for matrix second-
order linear systems,” in Control Applications, 2004. Proc. of the IEEE Int. Conf.
on, vol. 2, sept. 2004, pp. 1739 — 1743 Vol .2.

186



4 Numerical Examples

(19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

(32]

M. Oliveiraand R. Skelton, “ Stability tests for constrained linear systems,” in Per-
spectives in Robust Control - Lecture Notes in Control and Information Sciences.
Springer, 2001.

S. Boyd, L. Ghaoui, E. Feron, and V. Balakrishnan, Linear Matrix Inequalitiesin
System and Control Theory. London: SIAM, 1994.

M. D. Oliveira, J. Bernussou, and J. Geromel, “A new discrete-time robust stability
condition,” Systems & Control Letters, vol. 37, pp. 261-265, 1999.

M. D. Oliveira, J. Geromel, and J. Bernussou, “Extended h , and h., norm charac-
terizations and controller parametrizationsfor discrete-time systems,” International
Journal of Controal, vol. 75:9, pp. 666—679, 2002.

G. Pipeleers, B. Demeulenaere, J. Swevers, and L. Vandenbergh, “Extended LMI
characterizations for stability and performance of linear systems,” Systems & Con-
trol Letters, vol. 58, pp. 510-518, 2009.

P. Finder, “Uber das vorkommen definiter und semidefiniter formen in scharen
quadratischer formem,” Commentarii Mathematici Helvetici,, vol. 9, pp. 188-192,
1937.

R. Skelton, T. lwasaki, and K. Grigoriadis, An Unified Algebraic Approachto Linear
Control Design, Taylor and Francis, Eds. Taylor and Francis, 1999.

J. Bernussou, J. Geromel, and P. L. D. Peres, “A linear programming oriented proce-
dure for quadratic stabilization of uncertain systems,” Systems and Control Letters,
vol. 13, pp. 65-72, 1989.

P. Apkarian, H. Tuan, and J. Bernussou, “ Continuous-time analysis, eigenstructure
assignment, and ho synthesis with enhanced linear matrix inequalities (Imi) char-
acterizations,” |EEE Transactions on Automatic Control, vol. Vol. 46, No. 12, pp.
1941-1946, 2001.

M. Childi and P. Gahinet, “h., design with pole placement constrains: An Imi
approach,” |EEE Transactions on Automatic Control, vol. Vol. 41, No. 3, pp. 358
367, 1996.

D. Peaucelle, D. Arzelier, O. Bachelier, and J. Bernussou, “A new robust d-stability
condition for real convex polytopic uncertainty,” Systems & Control Letters, val. 40,
pp. 21-30, 2000.

K. Zhou, J. Doyle, and K. Glover, Robust and Optimal Control.  Prentice Hall,
19095.

A. Megretski and A. Rantzer, “System analysis via integral quadratic constraints,”
| EEE Transactions on Automatic Control, vol. Vol. 42, No. 6, pp. 819-830, 1997.

M. Fu, S. Dasgupta, and Y. C. Sohc, “Integral quadratic constraint approach vs.
multiplier approach,” Automatica, vol. Vol. 41, Issue 2, p. 281287, 2005.

187



Paper F

[33] E. Feron, P. Apkarian, and P. Gahinet, “Analysis and synthesis of robust control sys-
tems via parameter-dependent lyapunov functions,” | EEE Transaction on Automatic
Contral, vol. Val. 41, No. 7, pp. 1041-1046, 1996.

Appendix: A Remark on Algebraic Duality

One of the most convenient features of the input-state-output framework of linear systems
theory is the notion of duality. It is awell known fact that a minimal, controllable and
observablefirst-order state-space form (9.2) admits the dual representation [30]

i'(t)
y'(t)
The dual system has also a frequency domain interpretation. Define a transfer matrix

asG(s) == C(sI — A)~'B + D. The transpose of a transfer matrix G(s) or the dual
system is defined as [Zhou]

AT2/(t) + CTu/ (1) (9.81a)
BT (t) + DT/ (¢). (9.81b)

G(s) — G(s)T = BT (sT — AT) "' CT + D7

The transfer matrix (9.49) of avector second-order system is repeated here for conve-
nience .
H.(s) == (s°U+ sV + X) (M + sC + K) " Fy + D..

The definition of the dual of the transfer matrix abovefollowsasimilar rationale. The
transpose of the transfer matrix H .., (s) or the dual vector second-order system is defined
as

Ha(5) = Haw(s)” = FT (82M7 +5C"T + K7) 7 (2UT + V" + X7) + DT,

(9.82)

or equivalently
MT§ )+ CT¢ () + KTq'(t) = UTw' (t) + VI (t) + XTw'(t) (9.83a)
Z(t) = FTq'(t) + DL uw'(t), q'(0), ¢'(0) = 0. (9.83b)

Some observations about the dual system and the original system can be drawn. The
dimensions of ¢(t) and ¢’(t) are the same, as well as the dimensions of w(t) and z'(¢),
and those of z(t) and w’(t). The dependence of the system dynamics on the derivatives
of the dual disturbance input w’(¢) brings difficulties on the application of the methods
described on this manuscript. Analysis and synthesis conditions derived from (9.83) can
be a subject of future work.
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1 Introduction

Abstract

This paper presents sufficient extended LMI conditions to the simultaneous plant-
controller design problem. We introduce the notion of linearizing change-of-variables
between the multipliers and plant parameters to be optimized. Integral quadratic con-
straints offer the possibility of designing linear systems with guaranteed £»-norm
performance, passivity properties, and sector bounds on input/output signals.

1 Introduction

Motivated by the need of designing light-weight spacecraft systems, thefirst effortsto de-
velop simultaneous plant-controller design (SPCD) methods dates from the 1980's. The
solid theory in state-space and optimal control influenced the choice of linear feedback
control laws and quadratic performanceindices. The resulting complex non-convex con-
strained optimization problems had major drawbacks such as high computational cost, no
guaranteed convergenceto a global solution, and lack of robustnessin face of uncertain-
ties on the plant.

In order to overcome the computational difficulty, some authors propose a sequential
redesign of plant and controller by adding a constraint on the closed-loop system while
optimizing the plant [1]. The constraint changes the problem to a convex optimization
and can either be (i) preservation of the closed-loop system matrix or (ii) preservation
of the closed-loop covariance matrix. This sequential procedureis actually a suboptimal
problem with proof of convergenceto a solution which improves the initial design. Ap-
proaches of SPCD followed the advancesin robust control theory during the last decades.
The SPCD is originaly a non-convex Bilinear Matrix Inequality (BMI) problem when
formulated in the state-space domain and stability is characterized by Lyapunov theory.
Nowadays, the numerical solution of BMI optimization problems does not reach a satis-
factory maturity. A natural way to handle the problem is to "split” the BMI into Linear
Matrix Inegqualities (LMI) optimization problemswhich typically yields a stationary solu-
tion. Several LMI-based algorithmsfor SPCD have been suggested, taking the advantage
of well established LMI approaches for robust optimal control [2, 3]. Most of the pro-
posals consider the state-space matrices as affine functions on the structural optimization
parameters, and differ from each other on how the sequential redesign is derived from the
origina non-convex BMI problem. The approach in [4] iterates between two different
formulations of H., control synthesis, basic characterization and projected characteri-
zation, to explore their convexity with respect to different variables. These two convex
sub-problems yield to a local optimum and have poor convergence time, since the Lya-
punov matrix is kept fixed in the structure redesign step. The algorithm proposed in [5]
also iterates between convex sub-problems: a controller is designed for a fixed plant;
plant and controller gains are redesigned for a fixed Lyapunov varigble. An Hy/H
mixed-performance was possible by using a single Lyapunov variable for both criteria.
Reference [6] adds a certain function to render the constraint convex. This” convexify-
ing” function is updated at each iteration until it disappears at a stationary point of the
non-convex problem. A homotopy-based procedure was proposed in [7]. In the plant re-
design step the variables are slightly perturbed resulting in perturbed matrix inequalities
which are approximated to LMIs by ignoring their second and higher order terms.
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Different from previous works, the results of the the present paper are not based on
sequential LM I-based algorithms. We propose sufficient LMI conditionsto the simultane-
ous plant-controller design subject to integral quadratic constraints. The LMI conditions
benefit from the separation between the Lyapunov and system matrices by introducing
Lagrange multipliers [8, 9, 10, 11]. We introduce the notion of linearizing change-of-
variables between the multipliersand plant parametersto be optimized. Integral quadratic
constraints offer the possibility of designing linear systems with guaranteed £ »-norm per-
formance, passivity properties, and sector bounds on input/output signals.

This paper is organized as follows. Some instrumental lemmas are presented in Sec-
tionll. Main resultsare givenin Section |11, initially addressing the plant design problem,
that is, the optimal design of plant parameters, and later the simultaneous plant-controller
design. Section IV brings conclusions and suggestions for future work.

2 Preiminaries

We resort to a couple of lemmas well known in robust control. The following lemmais
originaly attributed to Finder Uhlig [12].

Lemma 11 (Findler). Let z(t) € R", Q € S™ and B € R™*™ such that rank(B) < n.
The following statements are equivalent.

i z()TQx(t) <0, VBz(t)=0, z(t)#0.
i. BRTOB+ <0.
iii. IueR: Q—uBTB=<0.

iv. 3X¥ e R™™ . Q4+ XB+ BTxT < 0.

Finsler's lemma has been used frequently in control theory. Historically, its usage
started almost exclusively for the purpose of eliminating variables. For thisreason, amore
general version of thislemmais even called the Elimination Lemma [2]. In this context,
the application of the lemma starts from item iv. to obtain item ii., thus eliminating the
variable X. Later the lemma served to the purpose of introducing additional variables[9],
starting from item i. and arriving at itemsiii. and iv. where the Lagrange multipliers are
present.

The Elimination lemma|2, 3] is ageneralized version of Finder'slemma.

Lemma 12 (Elimination Lemma). Let Q € S™, B € R™*", C € R™**, The following
statements are equivalent.

i 3IX¥ e R™: Q4+ CTXB+BTXTC <0

ii. BToBt <0 (10.14) ctToct <0 (10.1b)

iii. JueR : Q—uBT™B <0, Q—uctc=<o.
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Notice that Elimination Lemma reduces to the Finder's Lemma when particularized
withC = I. Insuch acase C* = {0} and (10.1b) is removed from the statement. A
discussion on the relation between these two lemmas can be found in [2, 3].

3 Simultaneous Plant-Controller Design

The plant design problem involves the optimal design of plant parameters according to
some performance criteria. Simultaneous plant-controller design includes both plant pa-
rameters and controller gains as optimization variables. For clarity, the plant design is
addressed first.

Plant Design

Consider the following state-space system for plant design
i(t) = A(p)(t) + Bu(p)w(t) (10.29)
z2(t) = C=(p)x(t) + Dzw(p)w(t) (10.2b)

wherez € R™ isthe state vector, w(t) € R™ isthe disturbance vector, z(¢) € R™= isthe
performance channel, and systems matrices are real valued with appropriate dimensions,
and defined as
A(p) = AO + Ap/)a B, (/)) = Byo + Bwppv
Cz (P) = CZO + Czpﬂa Dzw(p) = Dsz + Dzwppa

A, = [Apl Ap, . APN} . Bup = [me Bup, .. Bpr] ,
Ozp = [Czpl Czp2 e Csz} 9 Dzwp = [Dzwpl Dzwp2 st DZIUPN] bl
p = [plIn pQIn /)NIn}Ta Blﬁpzﬁﬁl, 221,7N

Note the affine dependence of the above matrices on p representing deviations of
the plant parameters from the nominal ones. Matrices A ,, B, C-,, D, define how
parameter deviations affect the nominal plant matrices Ao, Byo, C.0, D.wo. These pa
rameters are assumed bounded by a hypercube with lower limit P, and upper limit ;.

An equivalent reformulation of (10.2)-(10.3) is better suited for the derivations that
follows. We work with the dual representation

i (t) = AT ()7’ (t) + CT () (1) (10.48)
2 (t) = BL(p)x (t) + DL, (p)w (t). (10.4b)
Working with the dual system is not vital to the plant design, but will facilitate the si-
multaneous plant-controller design later in this manuscript. The influence of the plant

parameters on the dynamics of the nominal system is represented by separate channels
p.,(t) and p,, (t) leading to the system of equations

& (t) = AVa (1) + CTow () + py () + Py (t) (10.52)
Z(t) = Bl <>+Dzwow<>+BTppz<>+Dmppw<> (10.5b)
pu(t) = pTATZ (8),  p(t) == pTCTw (1), (10.5c)
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To characterize stahility of the above system, define the quadratic Lyapunov function
V:R" = Ras

V(z' (t) =z ()T Pz (t) (10.6)
where P € S™ and itstime derivativeyields
V(' (t),% (1) =4 )T Pz (t) + 2 ()" Pi (¢). (10.7)

Also consider aintegral quadratic constraint (ICQ) on the input and output signals

/ooo (Z%)T [SQT zi] (Z%) =0 (108)

where@ € S™=, R € S"», S € R"=*"» R » (. The above constraint yields specialized
quadratic performance criteria depending on the choice of @, S, R. Assign

S b

to obtainthe £, performancecriteriaal so known as boundedreal lemma. A natural design
objectivewithin this particular constraint isthe minimization of the performancelevel ~ 2.
One may also want to design a linear system with passivity properties, by selecting

o [l

condition also known as positive real lemma. Sector bounds on the signals z(¢) and w(t)
may also be a design objective by choosing

{S% g] .~ _1(1 —%(a%—ﬁ)l.

5 a+p8)1 —afl

Resorting to Lyapunov theory and the S-procedure [9], system (10.5) is asymptoti-
caly stable and satisfy the ICQ constraint (10.8) if, and only if, thereexists V' (x(t)) > 0,
Va(t) # 0 such that

V(x’<t>,a'c’<t>><—(j((?))T[5% o G v s 0.2 0 0) £0

satisfying (10.5).
(10.9)

The dependence of the |CQ on the vector z(¢) can be turned into an explicitly dependence
interms of x(t), p.(t) and p,,(t) that yields
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(1) z (1)
o P, (t) P,(t)
Ve (), () <— |7 M| F : 10.104
(z (t),4 (1)) P () P () ( )
w (t) w (t)
BWOQBZ:O BwOQBZ;p BwOQDpr BuwoSDzuwo
R * BwPQBg BwPQDZw BUJPSDZUJO
M := . e zprprp Dorste (10.10b)
* * * R
R:=R+ DzonDwO + D.woS +STDL (10.10c)
V(@' (), 3 (£), 0o (1), P, (1), w(t) # 0 satisfying (10.10d)
& (t) = ATZ (1) + Caow' (1) + py(t) + piy(£) (10.10e)
pa(t) = p" AT (), p,(t) == p" CLw (t). (10.10f)

An LMI condition equivalent to non-emptiness of the set (10.10) is obtained by the
use of Finder's Lemma.

Theorem 28 (Integral Quadratic Constraint). The set (10.10) is not empty if, and onIyif
dPc Sn7 q)la q)Qa q)37 Pla P27 P37 A17 A?a A37 Hla H27 H3 ERnxna =1, '—427 '—43 S
Rnxnz .

T+H'+H <0, P>0, (10.11)
BwOQBZ;O P BwOQBZ;p wOQDzwp BwOSDsz
* 0 0 0 0
J = * * BprB;fp wPQDzwp BprDzwo , (10.12)
* * * zprDzwp DzprDsz
* * * * R
Ag®y + App®y Aol'y +A,ply AgAr + AppAy Aplly + A,plly
-, -1 Ay 1L
H:Z (I)l—(I)Q Fl—FQ Al—AQ Hl—HQ
(I)l—q)g Fl—Fg Al—Ag Hl—Hg
020(1)1 + Czppq)3 Cz()rl + OzppFB CZOAl + OzppAB Cz()Hl + CszH3
ApZ1 + App=s
-=
= — 2o . (10.13)
=1 — =3
CZOE]. + CszEB
Proof. Assign
x (t) Ay Ayp 0 o7 ol of
z (1) —1 0 0 F{ Fg Fg
ety | p.) |, QT B« | I —I 0 |,x« |AT AL AL
., (1) I 0 —I ¥ ol ol
w' (1) Coo 0 Cup e = =T
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and apply Lemma 11 to the constrained Lyapunov problem (10.10) with P > 0. O

The matrix inequality aboveis afunction of several multipliers. Would it be possible
to constrain or eliminate multipliers without loss of generality? The Elimination Lemma
[2, 3] will serve for the purpose of removing multipliers without adding conservatism to
the solution.

Lemma 13 (Elimination of Multipliers). The following constraints on the multipliers
Fl = qu)h ].—‘2 = aCI>2, Pg = 04(1)3, El = O, 52 = O, 53 =0

can be enforced without loss of generality, where o > 0 isareal scalar variable.

Proof. Assign
Ay Ayp 0 al 0] o7 of of
-1 0 0 -1 0 rf i ¥
Q«J, BV« | 1T 1 0 |,CT« |0 0] ,Xx« [AT AT AT
I 0 -I 0 0 ul o ool
Coo 0 Cupp 0 I g7 = gr

and apply the Elimination Lemma with P = 0. The chosen C+ does not introduce
conservativeness to the condition. To see this expand (10.1b)

QQBwOQBZ;O —2aP anO‘SDsz

1T Hpl _
C—QC = A I

< 0. (10.14)

The aboveisequivalent to

_ 1 _

R=<0, Prza (Bwo@BLy — BuwoSD.woR ' DL, 0STBL,) = 0 (10.15)
where the second inequality arises from a Schur complement argument. Therefore, no
conservatism isintroduced provided that o > 0 is considered avariableintheLMI. [

The ICQ condition with fewer multipliers is computationally less costly and more
revealing to the purpose of synthesis. Notice that the matrix of plant parameters p has
products with the multipliers ®,, ®3, As, As, Ilo, I13. Thefirst step towards a condition
for plant design is to enforce the following constraints on the multipliers

Do :=P3:= Ay = A3 =1l :=1l3:=0, V:=I,. (10.16)

where ¢ € R are scalar variables. Some conservatism to the condition is introduced by
these constraints. The second step isto definethefollowing nonlinear change-of-variables

pi=ply, p=[pln poln ... pnla]" (10.17)
involving p; and . Whenever v = 0, the original plant parameters can be reconstructed
according to p; = p;v»~!. With these definitions at hand, a condition for plant design
subject to 1CQ constraints can be stated.
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3 Simultaneous Plant-Controller Design

Theorem 29 (Plant Synthesis). There exists plant parameters p,;, i = 1,..., N such that
theset (10.10)isnotemptyif 3P € S™, p;, i =1,...,N, ¢, a € R, &1, 'y, Ay, 14, €
R’I’LX?’Z :

T+H'+H <0, P>0, (10.18)
BwOQBZ:O P BwOQBZ;p BwOQDpr BwOSDsz
* 0 0 0 0
J = * * Buw,QBL, B.,QDL,  ~ B.,,SDL .|, (10.19)
* * * DZU}PQDpr DZUUPSDZwO
* * * * R
Ag(bl + Apﬁ Oé(AQ(I)l + Ap,[)) AQAl + Apﬁ AOH1 + Apﬁ 0
—@1 _O[¢1 _Al _Hl 0
H=| &1 -9l (@1 —Yly) Ay =l I —vL, 0},
(I)l - "!]In 04((1)1 - w-[n) Al - "!]In l_Il - "!]In 0
C1zO(I>1 + Czp/é O‘(Csz(I)l + Ozp/a) C1,20A1 + Czp/é Cz()Hl + Czp/é 0
(10.20)
P> pi 2 P (10.21)

and if the solution yields ¢ non-singular. In this case, the original plant parameters can
be recovered from the auxiliary ones according to p; = p;v 1.

Inequalities (10.18) to (10.20) result from combining Theorem 28 with Lemma 13,
multiplier constraints (10.16) and change-of-variables (10.17). Bounds on the plant pa-
rameters are respected during synthesis by including (10.21) in the formulation. Notice
the assumption of a solution rendering ¢» non-singular. Although the structure of the
above LMI does not imply non-singularity of ¢, theinclusion of an extraconstraint ¢ > ¢
or ¢ < —e, e > 0 may render this variable non-singular.

Plant-Controller Design

The results from the previous section are now extended with controller design. Control
inputsu(t) € R™ areincluded in the open-loop system

& = A(p)x(t) + Byu(t) + By (p)w(t) (10.229)
2(t) = Calp)alt) + Dowt(t) + Don(p)o(t) (10.220)

where B, € R"*" and D,,, € R™=*" are considered independent of the plant param-
eters. This assumption can be fulfilled by augmenting the plant with states containing
filtered inputs. We consider the problem of designing a full-state feedback controller
u(t) = Ku(t) concurrently with plant parameters p,;. Similarly to the plant design, the
derivations are based on the dual closed-loop system

& (1) = (AT + KTBD)2 (1) + (€% + KTDT)w' (6) + p,() +piy(t)  (10.230)

2 (t) = BLya (t) + DT 0w (¢) + BT p,(t) + DT, p,, (¢) (10.23b)
/ L T AT ’ / L T ~T /
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The first step towards a condition for simultaneous plant-controller design is to en-
force the constraint
@1 = Al = Hl = . (1024)
Some conservatism to the condition is introduced by these constraints. The second step
is to resort to the nonlinear change-of-variables between controller and multiplier data
[13, 8, 10]
K :=K®o. (10.25)
Whenever @ is non-singular, the original controller gains can be reconstructed from the
auxiliary ones according to K = K®~'. With these definitions at hand, a condition for
simultaneous plant-controller synthesis subject to |CQ constraints can be stated.

Theorem 30 (Simultaneous Plant-Controller Synthesis). There exist plant parameters
pi,i=1,..., N and a controller gain K such that the set (10.10) is not empty if 3 P €
Sna pAia i= 17"'7N7 wa & €R7 q)la ]-—‘17 Ala H17 € R™™ -

T+H'+H <0, P>0, (10.26)
BwOQBZ:Q P BwOQBZ:p BwOQDpr BwOSDsz
* 0 0 0 0
j = * * BwPQBZ;p BwPQDpr BwPSDZwO ) (1027)
* * * DzprDpr DZ'LUPSDZIUO
* * * * R
Ag® + B,K + A,p a(Ag® + B,K + A,p) Ap® + B,K + A,p
—-P —ad —-d
H o= & — Pl a(® — I, &yl
o — I, a(® —l,) o — I,
CzO(I) + DzuK + Cvzp/3 a(CZO(I) + DzuK + Czpﬁ) CZO(I) + DzuK + Czp,é
Ag® 4+ B,K+A,p 0
—P 0
& — I, 0 (10.28)
o — I, 0
OZO(I) + DzuK + Cvzp/3 0
P> pi > Bt (10.29)

Proof. The above inequalities are trivially obtained from Theorem 29 but considering
the closed-loop (10.23), multiplier constraints (10.24) and change-of-variables with con-
troller data (10.25). Bounds on the plant parameters are respected during synthesis by
the presence of (10.29). If afeasible solution is found, the original plant and controller
parameters can alway's be recovered from the auxiliary ones accordingto p; = p;»~* and
K = K&, respectively. To realize this, first notice that —a(® +@T) < 0inthe(2,2)
entry of 7 + H + x < 0 with o > 0 implies & non-singular thus invertible. Moreover,
1 # 0isimplied by theentry (3,3),i.e. —¢1,, < —® with ® non-singular. O

4 Conclusions and Future Work

Sufficient LMI conditions to the simultaneous plant-controller design problem is pre-
sented inthis paper. Theinsertion of multipliersin the formulation facilitatesalinearizing
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4 Conclusions and Future Work

change-of-variables involving plant parameters to be optimized. Synthesis is subject to
integral quadratic constraints on input and output signals, offering flexibility on the speci-
fication of closed-loop performance. Thelinear dependence of the LMIs on the Lyapunov
matrix facilitates the usage of parameter-dependent Lyapunov functions as certificates of
stability of uncertain and time-varying systems. Results on simultaneous plant-controller
design for uncertain and linear-parameter varying systems have aready been derived and
will be presented in a separate manuscript.
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1 Introduction

Abstract

Tuning amodel-based multivariable controller for wind turbines can be atedious
task. In this report, multiobjective output-feedback control via LMI optimization is
explored for wind turbine control design. In particular, we use D-stability constraints
to increase damping and decay rate of resonant structural modes. In this way, the
number of weighting functions and consequently the order of the final controller is
reduced, and the control design process is physically more intuitive and meaningful.

1 Introduction

Optimal methods are attractive to wind turbine control, as the controller is the minimizer
of a cost function that is chosen a priori. Optimal control also handles multiple-input
multiple-output (MIMO) systems naturally. In practice, building the cost function can
be just as difficult as tuning a classical controller. Due to mathematical convenience, the
cost function is usually defined as a quadratic functional of the states and inputs (LQR
control). The selection of the weights composing the cost function to achieve genera-
tor speed and power regulation as well as load attenuation can be a tedious task, often
relying on trial-and-error procedures. For example, the designer tries to indirectly con-
trol mechanical loads by penalizing positions and velocities of the structural degrees of
freedom. To achieve asymptotic generator speed regulation, it is common to include a
term to penalize the speed error, and another term for the integral of the speed error. An
analytical characterization of the weights that should be attributed to each of these terms
is not trivial. H..-control of wind turbines also suffers from some problems related to
weighting, since the weighting functions are usually transfer functions augmented to the
design model, increasing the the order and complexity of the controller.

2 D-Stability Control of Wind Turbines
Our interest lies in the design of a dynamic output feedback controller

j;c(t) = AcIc(t) + ch(t) (111)
u(t) = Ccl'c(t) + Dcy(t) (112)

for awind turbine, such that satisfactory generator speed (and power) regulation as well
as mitigation of mechanical vibrations are attained. Consider the closed-loop system

z(t) = Az(t) + Bw(t) (11.3)
2(t) = Cx(t) + Dw(t). (11.4)

The ideas presented here can be extended to linear-parameter varying (LPV) systems by
making plant and controller matrices as functions of some scheduling parameter. Choose
input-output operators (transfer matrices) 7', . of interest. For example, Ty ¢, isthe
operator from wind disturbance to generator speed and 7', _, 3 is the operator from wind
disturbanceto pitch angle velocity. Then, adopt time and frequency domain specifications
in closed-loop. These specification can include input-output norms as
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o Lo-norm (|| Tw— - ||f)2 < 7¥): "energy gain” of a system to aworst-case disturbance,
e.g. aconstant relating the energy of the worst-case wind (wind gust) to the energy
on the gen. speed;

e Ho-norm (||T1,Hz||§ < p): expected variance of the output when the disturbance
is assumed white noise with zero mean;

e Generalized H-norm (||Tw—:[|, < ) energy-to-pesk gain of a system, e.g. a
constant relating wind gust with maximum pitch angle rates.

The specifications can also take regional pole placement constraints, such as the ones
illustrated in Fig. 11.1.

e Conic region: minimum damping for all modes;
e Decay region: minimum decay rate for all modes;

e Circleregion: acirclewith radius r and center —c.

| ] -
Re' U Rg ‘ Ré

Figure 11.1: Regions of the complex plane for pole placement constraints.

For illustration purposes, we adopt a generic wind turbine model with 9-states com-
posed of the following modes/states:

e Two-mass flexible drive-train;

e Tower fore-aft displacement;

e Second-order pitch actuator;

o First-order generator lag;

e Generator speed integral.

The chosen design criteriais to minimize the performance level ~ subject to
o ITosellfy <7 20 =[®) Q) BOIT

Tv—>BHg < 8 degls,

e arg(A(A)) < ¢, Re(A(A)) < a.
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e s G ()
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Figure 11.2: Augmented system for synthesis.

where (2, istheintegral of speed error, (), isthe generator torque and 5 is the pitch angle.
In words, this performance criteria states that the generator speed "integral square error
(ISE)” should be small with minimum control effort while respecting the pitch rate limit,
for the worst-case wind disturbance. The augmented system for synthesis purposes is
depictedin Fig. 11.2. The weighting functionswere chosen frequency independent on the
form G1(s) := ky and G2(s) := diag(k2, k3). All modes should be contained in a conic
region with internal angle 2¢ and decay rate of at least a. The adopted multiobjective
LMI formulation follows[1]. The LMIs were solved with the semidefinite programming
code SeDuMi [2] and parser YALMIP[3].

The drive-train torsional mode is the least damped mode in open-loop. Active vibra-
tion control can be obtained by a D-stability constraint on the minimum damping of the
closed-loop system. viathe conic region constraint. Figure 11.3 depicts the closed-loop
system response for a unit step on wind speed disturbance, under various internal angles
of the conic region. The location of the closed-loop poles are illustrated in Fig. 11.4.
The effect of the damping constraint on the generator speed €2 ; and generator torque @,
signalsis noticeable.

Increased damping in the tower fore-aft direction can be achieved by intersecting the
conic region with a minimum decay rate constraint. Figures 11.5 and 11.5 depicts wind
disturbance step response and location of the poles in the complex plane, respectively,
for various decay rates intersected with a conic region with angle of 87°. Notice that
the decay constraint does not influence significantly the torque signal, responsible for
damping the drive-train mode. This is due to the differences in terms of damping of
these modes in open-loop. The contribution of aerodynamic damping is higher in the
tower mode than in the drive-train mode, making the former more damped than the later.
Therefore, the decay rate acts on the tower mode without moving the drive-train poles
and vice-versa. .

All the above simulations considered an energy-to-peak constraint on the pitch rate S
of 10 deg/s. We now access how changes in the pitch rate bounds impacts the response
of the system in closed-loop. Wind speed step responses for different bounds on the pitch
rate are depicted in (11.7). Notice that both drive-train damping and tower decay rates are
kept the same irrespective of the energy-to-peak gain of pitch rate. Response of generator
speed regulation expectedly changes, and could be fine tuned by varyingthegain k ;.
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Figure 11.3: Closed-loop response for a unit step on wind speed disturbance for different

angles of the conic region.
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Figure 11.4: Location of the closed-loop polesfor different angles of the conic region.
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Figure 11.5: Closed-loop response for a unit step on wind speed disturbance for different
decay rates and conic region with angle of 87°.
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Figure 11.6: Closed-loop poles for different decay rates and conic region with angle of
87°.
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Figure 11.7: closed-loop response for a unit step on wind speed disturbance for different
energy-to-peak gains on pitch angle rate, with decay rate of = = 4sand conic region with
angle of 87°.
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