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ABSTRACT

The subjectof this thesisis the developmentof linear parametewvarying (LPV) con-
trollers and obsenersfor control of inductionmotors. The inductionmotor is one of

themostcommonmachinesn industrialapplications Beinga highly nonlinearsystem,
it poseschallengingcontrol problemsfor high performanceapplications. This thesis
demonstratebow LPV control theoryprovidesa systematiovay to achieve good per

formancefor theseproblems.The maincontributionsof this thesisarethe applicationof

theLPV controltheoryto inductionmotorcontrolaswell asvariouscontributionsto the
field of LPV controltheoryitself.

Within the last decadehe theoreticalbackgroundor control of LPV systemshasbeen
developed. LPV systemsconstitutea large classof nonlinearsystemswith a special
structureallowing for asystemati@pproacho controllerdesign.Basedn awidely used
modelof theinductionmotorandthe well-known rotor flux-orientedcontrol schemeit

is demonstratethow LPV methodscanbe appliedto several subproblemsn induction
motorcontrol.

The currentequationsof the inductionmotor have a particularstructure which allows
themto be written on a comple form. It is shovn thatfor an LPV systemwith this
structure the optimal controllerwill alsopossesshis structure.This knowledgecanbe
employedto improve the numericsof the controllersynthesisandto reducethe compu-
tationalburdenin theimplementation.

Viewing the rotationalspeedas an external parameterthe currentequationsof the in-
ductionmotor constitutean LPV system.This is usedto designan LPV flux obsener.
Theresultis anobsenerwith goodperformancendverylittle tuningneeded.
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At the cost of someconseratismthe LPV control theory can be appliedto an even
wider rangeof systemsknown asquasi-LPVsystems.It is demonstratethow this can
be appliedto thedesignof a statorcurrentcontroller As in the caseof the flux obsener
designtheresultingcontrollerperformswell andrequiresvery little tuning.

In certaincasest is difficult to obtainaccuratemodelsusing physicalprinciples. We

thereforeturn our attentionto nonlinearblack-boxmodellingwith multi-layer percep-
trons(MLPs). A novel methodfor transformingMLP modelsinto quasi-LPVmodelsis

presentedAn MLP modelof aninductionmotor systemis obtained andthe aforemen-
tionedmodeltransformatioris performed.Theresultingquasi-LPVmodelis thenused
in the designof a speeccontroller This demonstratehow LPV methodscanbe usedin

asystemati@approactall theway from modellingto controllerimplementation.

Finally, robustnesdo uncertaintyin the time-varying parameterss considered.More
specifically we considetthe casewherethe parametevariationis representetly adiag-
onalgainmatrix, whichis fully known exceptfor somesmallperturbation A novel type
of sufficient conditionsfor robustnesss presentedandit is illustratedhow this canbe
usedin the speedccontrollerdesign.

All controllersandobsenrersaretestedon alaboratorysetup.

Thekey resultshave beenpresentedtinternationakonferencesr have beensubmitted
for publicationin internationajournals.
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SAMMENFATNING

Denneafhandlingomhandleudviklingenaf lineaereparametewarierend€LPV) regula-
torerogobsereretil reguleringafinduktionsmotorednduktionsmotorerrenaf demest
anvendtemaskiner industrien.Densikke-lineseredynamikgiver anledningtil kompli-

ceredereguleringsproblemer forbindelsemedkrae\endearnvendelserl denneafhand-
ling demonstreresdet, hvorledesLPV-reguleringsteoridbnermulighedenfor en syste-
matisk tilgang til disseproblemer Afhandlingensveesentligstebidrag er arvendelsen
af LPV-teori til reguleringaf induktionsmotorersamtdiversebidragtil omradetLPV-

reguleringsteori.

Denteoretisle baggrundor reguleringaf LPV-systemeer udvikleti lgbetaf detseneste
arti. LPV-systemeudggren omfattendeklasseaf ikke-lineseresystememeden speciel
struktur, dermuligggrensystematiskilgangtil regulatordesignMed udgangspunkten
ofte arnvendtmodelfor induktionsmotorerog det velkendterotorflux-orienteredeegu-
leringsprincipdemonstreredenneafhandling,hvordanLPV-metoderkan arvendespa
fleredelproblemeindenforreguleringaf induktionsmotorer

Induktionsmotorenstrgmligningerar en specielstruktur, der gar det muligt at skrive
dem pa kompleksform. Det vises, at for et LPV-systemmed dennestruktur vil den
optimaleregulatorogsabesiddedennestruktur Dennevidenkanberyttestil atforbedre
regulatorsyntesensumerisle egenskabeng til at opndenmindreberegningskreeende
implementation.
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Vedatbetragteomdrejningshastighedemmmenudefrakommendgarametekaninduk-
tionsmotorenstrgmligningebetragtesomet LPV-system Detteudnyttestil atudvikle
enflux-obsener. Resultateer envelfungerend®bsener medmegetlille behor for tu-
ning.

Pabelostningaf konsenatismekan LPV-teoriarvendegpaenlangtstarreklasseaf ikke-
lineseresystemeikaldetkvasiLP\tsystemerDette demonstreresed udviklingenaf en
statorstrgmsigulator, der, ligesomfgrneevnteobsener-designresultereri envelfunge-
renderegulatormedmegetlille behor for tuning.

| vissetilfeelde er det vansleligt at opna en tilfredsstillendemodel baseretpa fysi-
ske betragtningerDerfor rettesopmeerksomhedemereftermod ikke-linesemlack-box-
modelleringvedhjeelpaf multi-lagsperceptrone¢(MLPer). En ny metodstil transforma-
tion af MLP-modellertil kvasiLP\*modellerpreesenteredsn MLP-modelaf et induk-
tionsmotorsystenoptraenespg den nye tranformationsmetodarvendes.Den resulte-
rendekvasiLP\*modelarvendesomgrundlagfor synteseaf enhastighedsmulator Pa
dennemadedemonstreredet,hvordanLPV-metoderdanneigrundlagfor ensystematisk
tilgangtil heleprocedurerira modelleringtil regulatorimplementation.

Til sidstbetragtesobusthedoverfor usikkerhedeii detidsvarierendegparametreSpeci-
fikt betragteglettilfaelde, hvor parameterariationerkanrepraesenteregedendiagonal
forsteerkningsmatrixsomer fuldsteendigkendtbortsetfra enlille afvigelse.Enny type
tilstraeklelige betingelserfor robusthedpraesenteresg detillustreres,hvorledesdisse
kanarnvendes udviklingenaf hastighedsmulatoren.

Alle regulatorerog obsenereer afpraveteksperimentelpaenlaboratorieopstilling.

Hovedresultaterner preesenteratedinternationale&konferenceeller erindsendtil pu-
blikationi internationaldidsskrifter
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ARX AutoRgyressve with eXogenousnput
LFT LinearFractionalTransformation
LMI LinearMatrix Inequality
LPV LinearParameteiarying
LTI LinearTime Invariant
MLP Multi-Layer Perceptron
NARMAX  NonlinearAutoRegyressive Moving Averagewith eXogenousnput
NARX NonlinearAutoRegressve with eXogenousnput
Pl Proportional-Intgral
PWM Pulse-Wdth Modulated
RQP RolustQuadratidPerformance
s.t. subjectto
Symbols

In thislist A denotesa matrix, n a positive integer, @ a squarematrix, X a Hermitian
matrix, c acomplex scalarr arealscalar
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Chapter 1

INTRODUCTION

This Ph.D. thesisconsidershe applicationof linear parametewarying (LPV) control
theoryto inductionmotorcontrol. Theaimis to developnovel controllersandobseners
for field-orientedcontrol of inductionmotorsandto provide theoreticalcontributionsin
thefield of LPV controltheory

1.1 Background

The induction motor has a wide range of applicationsin industry corverting elec-
trical power into mechanicalpower, for instancein pumps and ventilators. In-

deed, in the industrialised countries approximately 60 % of the entire electrical
power available is consumedby AC motors, whereof most are induction motors
[Kazmierkowski andTunia, 1994. Recentadvancesn computeitechnologyallows em-
ploying controltechniquegyielding aperformancédor theinductionmotorsimilarto that
of themoreexpensve andlessreliableDC motor. Thisdoes however, posecomplicated
controlproblems.

Several approachedo induction motor control exist, seefor instance[Vas,199§ or
[Kazmierkowski andTunia,1994. This thesiswill focuson one particularapproach,
therotor-flux orientedcontrol.

Theinductionmotoris ahighly nonlinearsystencallingfor advanceccontroltechniques.
Within thelastdecaddhetheoreticabackgroundor controlof linearparametevarying
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(LPV) systemdasbeendeveloped.LPV systemgonstitutealargeclassof systemswith
aspecialstructureallowing for a systemati@pproacho controllerdesign.At the costof
consenatismthe approachcanbe appliedto an evenwider rangeof systemsknown as
guasi-LPVsystems.

An LPV systemis essentiallya lineartime-varying systemwhich canbe written on the
form

& = A(6(t))z + B(6(t))u
y = C@®)z+ DO®))wu,

wheref is atimevaryingparametevector As suchit hasastructurewhichis similarto a
lineartime-invariantstatespacesystemandcontroldesignmethodswith somesimilarity
to linear statespacanethodscanindeedbe used.

Oneof themainreasongor LPV controltheorybeingthe objectof increasingnterestis
that performancenalysisand controllersynthesidor thesesystemscanbe formulated
aslinearmatrix inequalities(LMIs). LMIs posecorvex problemsandcanbe efficiently
solvedby numericalsoftwaresuchastheMatLabLMI toolbox[Gahinetetal., 1995. In
this sensepncea problemhasbeencastasanLMI, it canbe consideredssolved.

An early suggestiorthata systemon the LPV form could be controlledby a controller
of thesameform wasgivenin [Becker etal., 1993. Themethodgivenheredid however
not lead to a corvex problem, but the result was later extendedin several steps. In
[Apkarianetal., 1995 anon-conserative LMI solutionwasgivenundertheassumption
of affine parametedependenceln [Scherey200] the resultis extendedto the more
generalrational parametedependenceThis resultseeminglyhasnot beenappliedto
ary real-life systemsyet. In this thesisit will be appliedto the control of aninduction
motor.

In [ShammaandAthans,1997 it wassuggestedhat an evenwider rangeof nonlinear
systemgouldbetreatedasLPV systematthe costof someconsenatism.In this quasi-
LPV approachthe parameterareallowedto dependon the states.By disregardingthe
explicit dependencandtreatingthesesystemsasLPV systemstheoreticalguarantees
of stability andperformancecanbe obtained.

In thisthesisthesedeaswill beusedandfurtherdevelopedaimingfor controlof induc-
tion motorswith arigoroustheoreticabasis.

1.2 Objectives

The aim of this thesisis to develop novel controllersand obsenersfor field-oriented
control of inductionmotorsandto provide theoreticalcontributionsin thefield of LPV
controltheory
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In orderto limit the scopewe will focuson a particulartype of controller morespecif-
ically therotor-flux orientedcontrollerasdiscussedn for instancg Rasmussern] 995,
[Vas,1999, or [Leonhard,1990. This controllerconsistsof subblocksasshowvn in Fig-
urel.l.

®
r.ref speed _
_— — u —
. and Isrref stator stref | power | Ys [induction | shaft
'mR,ref magnetising current device motor load
current control
control
1\ estimates
observers measurements

Figurel.1: Sketchof therotor flux orientedspeedtontrolscheme.

The controller objective is to track referencedor the magnetisingcurrent, ., g, and

the speedw,. The obsenersprovide estimatef the statorand magnetisingcurrents
and of the speed. The speedand magnetisingcurrentcontrollersprovide a reference
signal, i, . f, for the statorcurrent. The statorcurrentcontrollertracksthis reference
by providing the power device with a statorvoltagecommandiis, re .

The main aim of this thesisis to provide novel methodsfor designingthesesub-blocks
usingLPV controltheory Thetheoreticalpartswill focuson the methoddescribedn
[Scherer2001], whichis very generalandnon-conserative.

1.3 Contributions

Thecontributionsof this thesisarein boththeinductionmotorapplicationandthe LPV
controltheoryareas.

Themaincontributionsin thetheoreticalareaare:
o A discretetime versionof the continuougime LPV control methodpresentedn
[Scherey2001] is given.

e The currentequationsof the inductionmotor have a particularstructure,which
allows themto bewritten on acomplex form. It is shavn thatfor anLPV system
with this structure the optimalcontrollerwill alsopossesshis structure.

e A systematicapproachfor transformingneuralnetwork statespacemodelsinto
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quasi-LPVmodelssuitablefor control designis given. This waspresentedn the
conferencepaperBendtserand Trangbaek20004.

¢ A novel approachto robust LPV control for a specialclassof LPV systems
is presented. This haspartially beenpresentedn the submittedjournal paper
[Bendtserand Trangbaek20004.

Themaincontributionsin theinductionmotorapplicationareaare:
¢ It is pointedoutthatthe proof of corvergencefor the speedbsener presentedn

[Kubotaetal., 1993 is incorrectandthatdivergenceis possible.

e The discretetime version of the LPV theory is applied to the designof a
flux obsener. This has partially been documentedin the conferencepaper
[Trangbaek2004.

e Thediscretetime versionof the LPV theoryis appliedto the designof a stator
currentcontrollerusing the quasi-LPVapproach.This hasbeendocumentedn
the submittedournal papeffBendtserand Trangbaek20014.

¢ A neuralnetwork is appliedfor black-boxidentificationof the motorsystem.

e Theobtainedneuralnetwork modelis transformednto a quasi-LPVmodelanda
speeccontrolleris designed.

e TherobustLPV controlmethodis appliedto the samemodel.

1.4 Outline of the thesis

Thethesisis organisedasfollows:

Nomenclature

Providesalist of symbolsandabbreviationsusedthroughouthethesis.

Chapter 1 - Introduction

Thisintroduction.
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Chapter 2 - Preliminaries

Introducessomebasicconceptieededaterin thethesis.Thetheoreticabartsof Chap-
ters5-7 rely heavily on matrix inequalitiesandin particularlinear matrix inequalities
(LMIs). Theseconceptswill bebriefly discussed.

Themodelstructurausedn thesamechapterss linearfractionaltransformationgLFTs).
This chapterlsodiscussemterconnectionsf suchsystemsncludingtheRedhefer star
product.

Finally, theuseof multi-layerperceptron§MLPs) asstatespacemodelsis discussed.

Chapter 3 - Induction Motor System

Describeghedynamicmodelof asymmetricathree-phasaductionmotorwith asquir
rel cagerotor. The part of the model describingthe currentsis written as a comple
secondorderstatespacemodelwith the shaftspeedasa time-varying parameter The
concepbf rotatingreferencdramesis thendiscussed.

In orderto control the speedof the motor it is necessaryo usea power device. A
commonlyusedtype of power device, thevoltagesourcednverter, is described.

Finally, thelaboratorysetupis discussedExperimentswill be performedonalaboratory
systemwith a1.5kW inductionmotor.

Chapter 4 - Rotor Flux Oriented Control

Therotorflux orientedcontrolschemdor theinductionmotoris described The purpose
of the controlleris to tracka referencespeedanda referencemagnetisingcurrentwhile
rejectingdisturbance$rom theloadtorque.

Firstit is discussedhow the dynamicalequationf the motoraresimplified by writing
themin a referencesystemfollowing the angleof the rotor flux. Thenthe rotor flux
orientedcontrol methodis described. The methodis obsener-basedand requiresan
estimateof therotor flux. A shortdiscussiorof flux andspeedbbsenersis alsogiven.

Chapter 5 - Linear Parameter Varying Flux Observer

This chapterreviews the LPV synthesignethodin [Scherer200] andappliesit to the
designof aflux obsenerfor theinductionmotor.
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First the historicalbackgroundf LPV controlis reviewed. Thenrobustquadraticper
formanceanalysisof LPV systemss discusse@ndthe so-calledfull block S-procedure
controllersynthesids describedA discrete-timeversionof theseresultsis thengiven.

Consideringthe speedasa time-varying parameteallows writing the induction motor
modelaseitherarealfourth orderLPV modelor asacomple« secondrderLPV model.
Thisis dueto a specialsymmetryin the transferfunction. Theoreticaljustificationfor
thefactthatcontrollersandobsenersfor this typeof systemcanbeassumedo have the
sametype of symmetrywithoutlossof performances presented.

Finally adiscrete-timdlux obsenreris designedisingtheabove theory Theobsenreris
testedon thelaboratorysetup.

Chapter 6 - Quasi-LPV Current and Speed Controllers

The quasi-LPVapproachallows the useof LPV theoryfor a very generalclassof non-
linear systems.First a discussiorof the quasi-LPVstructureis given. The approachs
thenappliedto the designof a statorcurrentcontrollet

It is thendiscussedow to transforma neuralnetwork statespacemodelinto a quasi-
LPV modelsuitablefor control design. This methodis thenappliedto the designof a
speecdcontroller

Chapter 7 - Robust LPV Speed Controller

In this chaptera novel approachs givenfor robustLPV designfor systemswvherethe
time-varying parametersreuncertain. The methodis appliedto the designof a speed
controller

Chapter 8 - Conclusions

This chaptercontainsconclusionsandrecommendationfor furtherwork.

Appendix A - Experimental Setup

In this appendixthe experimentaketupis discussedn detail.
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Appendix B - Lemmas and Proofs

This appendixcontainslemmaswith no appropriateplacein the mainthesisaswell as
proofswhichweredeemedoo long andtediousfor the mainthesis.
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Chapter 2

PRELIMINARIES

This chapterintroducessomebasicconceptseededaterin the thesis. The theoretical
partsof Chapterss-7 rely heavily on matrix inequalitiesandin particularlinear matrix
inequalities(LMIs). Theseconceptsaredescribedn Section2.2and2.3.

Themodelstructurausedn thesamechapterss linearfractionaltransformationgLFTs).
Section?2.4discussemterconnectionsf suchsystemsncludingthe Redhefer starprod-
uct.

Chapter6 describeghe useof multi-layer perceptron§MLPs) asa basisfor obtaining
guasi-LPVmodels. Multi-layer perceptronsare describedn Section2.5, whereaghe
discussiorof the quasi-LPVstructurewill beleft for Chapter®.

2.1 Notation
Most of the notationin this thesisis standardvith thefollowing exceptions.
Definition2.1 (Hermitianpart, herm (-))

Let X bea squae matrix. Then

herm (X) £ ~(X + X™).

DN | =
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TheHermitianpartis a naturalextensionof therealpartof scalarssincetheeigervalues
of aHermitianmatrix arereal.

Thesymbol L is usedasarightannihilatorin e.g.[Scherer2001 andasaleft annihilator
in e.g.[Helmersson1999. To avoid confusionwhencomparingwith otherliteraturewe
shallusethe symbols- and- respectiely.

Definition 2.2 (Leftannihilator, )

A™ denotesanyfull row rankmatrix sud thatker A™ = im A.

A only existsif A haslinearly dependentows andthen474 = 0.

Definition 2.3 (Rightannihilator, )

A" denotesanyfull columnrank matrix such thatim A™ = ker A.

Notethatim A*™ = im 47",

Finally, in orderto reducethewidth of certainmatrix equationsve will needthefollow-
ing notation.Givenamatrix X andaHermitianmatrix P the following expressionsare
equivalent

2.2 Matrix inequalities

A squarematrix X is Hermitianif X = X*. Let H*"*"™ denotethe linear spaceof
Hermitiann x n matricesandlet F' € H"*™. Let h € C* anddefinethe quadratic form

|h|% £ h*Fh. (2.1)
We saythat F' is positivesemidefinitef
|n|% >0 Vh (2.2)
andthat F' is positivedefiniteif
Je > 0: |h|%: > €h|> Vh. (2.3)

We simply denotethis F' > 0 andF' > 0, respectiely. F' < 0 (negativesemidefinit
andF' < 0 (negative definite)aredefinedsimilarly. S is apositivesubspacef F' if

Je>0:|h% > €h|> VheS (2.9)
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andwe write thisas
F>0o0nS.
A ngyativesubspacés definedsimilarly.

A Hermitianmatrix hasreal eigervaluesandthe maximaldimensionof its positive sub-
spaceis equalto the numberof positive eigervalues.Consequentlya Hermitianmatrix
is positive definiteif andonly if all of its eigervaluesarepositive.

Definition 2.4 (Inertia, in)
Theinertia of a Hermitianmatrix H is definedas
in(H) £ (in_(H),ing(H),in (H)) (2.5)

wherin_(H),ing(H),iny (H) denotethe numberof nggative zeo and positiveeigen-
valuesof H, respectively

Definition 2.5 (Inertia on subspacein(-|.))
For anysubspaces c C*,
in(H|s) £ in(S*HS) (2.6)

for anybasismatrix S of S.

Thefollowing lemmais a generalisatiomf the well-known Schurcomplementemma.

Lemma2.6 (Schur complementjScherer, 2001

If A isnon-singularand A and B are Hermitianthen

in ([&4 ZD =in(4) +in(B - C*A7'(C) (2.7)

Thislemmais very usefulin mary situations.An examplewill begivenin Section2.3.2.
Thefollowing lemmawill beusedin the proof of Lemma2.9.

Lemma2.7 (DualisationLemma)Scherer, 2001]

Let P be any non-singularHermitian matrix, and let S be any subspacesud that
ing(P|s) = 0. Then

in(P) = in(P|s) +in(P|s1) (2.8)
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Now let F' € H™*™ beamatrix functionof avectorof decisionvariablesz. We will call
F(z) > 0 amatrixinequalityin z. Thefeasibility setof a matrixinequalityis definedas
X feas = {z : F(z) > 0}, (2.9)

andwe saythatthe matrix inequalityis feasibleif X ., is non-empty Of course> can
bereplacedy >, <, or < in theabove.

Remark2.8 Thedecisionvariablesareusuallyin theform of oneor morematricesput
the problemcanalwaysbereformulatednto the vectorform.

Matrix inequalitiesarisein mary control analysisandsynthesiproblems.Thereis no
generalvay to solve them,exceptwhenF dependaffinely onz. In this casetheaffine
matrix inequalitycanbe solved with corvex methods.This will be discussedurtherin
Section2.3. If the matrix is a quadraticfunction of z thereis generallyno way to solve
theinequalityexceptin specialcasesuchasthefollowing.

Lemma2.9 (Elimination Lemmafor quadmtic matrix inequalities) [Scherer, 1999
[Helmersson,1999

Assumehat C hasdimensiom x m andthat
in(P) = (m,0,n) (2.10)

Thequadratic matrix inequality

I i I
[A*XB + C] P [A*XB + C] <0 (2.11)

in theunstructuedunknownX hasa solutionif andonly if

o (117 17 o
B [C P|,|B <0 (2.12)
and
e [C*T ooy [-C7] 4
A[I]P[I]A>O (2.13)

Proof: A constructve proofis givenin AppendixB onpagel73. <

Remark2.10 X beingunstructuedmeanghatthereareno constraintonthestructure,
e.g.thatit mustbe Hermitianor block diagonal.

Thislemmais the basisfor the synthesisnethoddescribedn Section5.3.
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2.3 Linear matrix inequalities

As mentionedn the previous sectionthereis no generalway to solve matrix inequali-
ties. Howeverif thematrixdependsffinely onthedecisiornvariablest is calledaLinear
Matrix Inequality(LMI) andfastandefficientnumericalsolversareavailable.If aprob-
lem canbe castasan(finite-dimensionallLMI it canthereforebe consideregractically
solved. This sectioncontainsa formal definition of anLMI, ashortdescriptionof some
of theavailablesoftwarepackagesindthetypesof problemshey cansolve, andfinally a
few examplesof controlproblemghatcanbe castasLMIs. A morethoroughdiscussion
canbefoundin [Boyd etal., 1994.

Definition 2.11 (Linear matrix inequality, LMI)
A linear matrix inequalityis aninequality
F(z) >0

whee F' is anaffine(i.e. a constanplusa linear) functionmappinga finite dimensional
vectorspaceto a Hermitian matrix setH™*". Theelementof the vectorz are called
thedecisionvariables

Remark2.12 In the usualdefinitionthe mappingis to a setof real symmetricmatrices,
andz belongsto arealvectorspace.lndeedmostavailablesolverswork only with this
formulation. Theabove definitioncanhoweverbereformulatecasanequivalentproblem
with realmatricesof doubledimensionsThiswill bediscussedurtherin Section5.5.

LMIs have several nice features.For instancethe feasibility setis corvex. This means
thatgivenasetof solutionsof anLMI, any corvex combinatiorof thesds alsoasolution.

Definition 2.13 (Corvex combination)

Let M = {21, z2, ..., z,} bea subsebf a linear vectorspace andlet {a1, az, ..., an }
bea seton non-ngativerealnumbessudithat}"? ; a; = 1. Then

n
T £ Z a;X;
i=1
is calleda corvex combinationof M.

Definition 2.14 (Corvex hull,Co)
Thecorvex hull, Co(M) of a setM is theintersectionof all corvex setscontaining M.
If M is asubsebf alinearvectorspacethenCo(M) is the setof all corvex combina-

tionsof elementsn M. The corvexity of thefeasibility setcanbeusedto corvertsome
infinite-dimensionaproblemsinto finite-dimensionabnes.
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Example2.15 Considerthe problemof finding an X suchthat
AX +X*A* >0 (2.14)

for all A € A, whereA is corvex. If A hasinfinitely mary elementsthenthis is an
infinite-dimensional MI, since(2.14)putsinfinitely mary constraint®n X . For afixed
X we canalsoview (2.14)asanLMI in A. This meansthatif X fulfills (2.14)for a
numberof As,thenit is alsoa solutionfor a corvex combinationof these.

Now if A isthecorvex hull of afinite numberof vertices(or geneators) 4;, 4, .., An,
we only needto solve (2.14)for theseverticesin orderto obtainasolutionfor all A € A.
Thisis afinite-dimensionaproblem.

LMiIs rarely have an explicit solutionbut mustbe solved by numericaliteration. One
exceptionis theLMI in X givenby
F(X)=A*XB+B*X*A+D >0. (2.15)

Thisinequalitytypically needdo be solvedasalaststepin acontrollersynthesisyhere
A, B, andD have beenfoundassolutionsto otherLMIs. By multiplying from bothsides
by A" or B" it is immediatelyobviousthat

A""DA" > 0andB""DB" >0 (2.16)

are necessargonditionsfor the feasibility of (2.15). In factthey are also sufficient.
Thiswasshavn in [GahinetandApkarian,1994, wherea constructve proof canalsobe
found. Herewe will give analternatve proofbasedn (2.15)beinga specialcaseof the
guadraticmatrixinequality(2.11).

Lemma?2.16 [Gahinetand Apkarian,1994
LetD € H**™. TheLMI (2.15)in X is feasibleif andonlyif (2.16)is satisfied.

Proof:

(2.15)is aspecialcaseof (2.11)with

C+C*=D,P= [ 0 _I"].

-I, O

Theinertia condition(2.10)is thenimmediatelyfulfilled andthe conditions(2.12)and
(2.13)caneasilybeseeno beexactly (2.16). <«

Remark2.17 Sincethe proof of Lemma2.9is constructve, this proof canalsobe con-
sideredconstructve.
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Remark2.18 In Lemmas2.9and2.16 < canof coursebereplacediy > andvice versa,
but the sufficiency partsdo not hold for non-strictinequalities(> and<). Considerfor
instancethe non-strictLMI

Fo) = Y )20
c+y c+c +y

in therealscalary. This canbewritten as(2.15)with

X+X*=y, A=B=[1 1], D:[(i ¢ ]

c* c+c*

F(y) haseigervaluesi(2y + c + ¢* & /(2y + c + c*)? + 4cc*) which areclearly of
differentsignsno matterhow y is chosen.In otherwordsthe non-strictLMI F(y) > 0
hasno finite solution,but the non-strictversionsof the conditions(2.16)bothread

[1 1]'_* [c(l c-:c*] [1 1]'_:[—2:2]* [c(i c-fc*] [—Zz]zozo’

wherez is anarbitrarynon-zeronumber

2.3.1 LMI solvers

Several software packagesare available for solving LMIs. The mostwidely usedis
probablythe LMI toolboxfor MatLab[Gahinetetal., 1995. FreealternatvesareLMI-
TOOL [Nikoukhahetal., 1995 andsdpsol[Wu andBoyd, 1996. The MatLabtoolbox
cansolve threedifferenttypesof problemsin additionto an explicit solutionof (2.15).
Thefirstis thefeasibility problem

¢ find, if it exists,a solutionz to theLMI F'(z) > 0.
Thesecondoroblemis thelinear objectiveminimisationproblem
e min,{cz : F(z) > 0}.
Thisis ageneralisationf the eigervalueproblem miny ,{\ : A\I — F(z) > 0,G(z) >
0}.
Thethird problemthatcanbesolvedby theMatLabtoolboxis thegenerlisedeigervalue

problem

e miny {)\ : \G(z) — F(z) > 0,G(z) > 0, H(z) > 0}.
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Thefirst two problemsarecorvex andaresolvedby interior pointmethods.Thethird is
only quasi-conex but canbe solvedby similar technique§Gahinetetal., 1995.

It is beyond the scope of this thesis to discuss how these methods work.
For an introduction to interior point algorithms in corvex programming see
[Nesterar andNemirovski, 1994 or [Nemirovski andGahinet,1994 describingthe al-
gorithmusedin thetoolbox.

2.3.2 Examples of LMIs in control

Two examplesof LMIs arisingin connectionwith controlproblemswill be givenhere.
For moreexamplessee[Boyd etal., 1994 and[Packardetal., 1991].

Lyapunov stability
Considerithe autonomousystem

Z = Az,
whereA is aconstansquarematrix. This systemis Lyapuna stableif andonly if there
existsa positive definiteLyapuna matrix X suchthat
A*X + XA <O.
A testfor stability canthereforebe castasafeasibility problemin X:

—-A*X -XA 0 S0
0 X '

Riccati inequality
Ho controlproblemsoftenleadto Riccatiinequalitiessuchas

A*X + XA+ X(BB* = DD*)X +C*C <0, X >0.

Becausef the quadraticdermthisis notanLMI in X. However, if we assumeBB* >
DD* (meaningBB* — DD* > 0) thenwe canuseSchurcomplemen{Lemma2.6)to
arrive attheequialent

A*X + XA+ C*C X
X —(BB* — DD*)~!

whichis indeedanLMI in X. If ontheotherhandBB* — DD* is indefinitethenwe
cannotusethis trick. But if C*C' is non-singular(and consequentlypositive definite)
thenwe multiply from bothsidesby Y = X ! to arrive at

YA* + AY + (BB* —DD*)+YC*CY <0, Y >0.

<0, X>0 (2.17)
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This canthenbe corvertedinto anLMI in Y. A problemwith this lastapproactarises
if (2.17)is just oneof severalconstraintson X evenif the otherconstraintsare LMIs.

Thenwe will have LMI constrainton X andY but alsotheconstraintX ! = Y which
is notcorvex. This problemarisesn mostrobustsynthesigroblems.

2.4 Linear system interconnection

This sectionis ashortintroductionto theinterconnectiorof linearsystemsTheconcepts
of linear fractional transformationsand Redhefer star productwill be described. For
furtherdetailssee[Doyle etal., 1997, [Zhou et al., 1994, and[Helmersson1995.

Mll M12
Ms,  Mp
mation(LFT) with respecto A; is definedas[Doyle etal., 199]

LetM = [ ] beacomplex matrix. Thenthelower linear fractionaltransfor
Fi(M,A;) & Myy + MipAy(I — Mo A)) ™ Mo,
Theupperlinear fractionaltransformatiorwith respecto A is definedsimilarly as
Fu(M,Ay) £ Moy + Moy Ay (I — M1 A,) ' M.
Thetransformationsireonly definedif theinversesxist.

Definition 2.19 (well-posedywell defined)

Thelower LFT F;(M, A;) is saidto be well-posed(or well defined if I — Ma3A; is
non-singular The upperLFT F, (M, A,) is said to be well-posedif I — M1 A, is
non-singular

The LFTs are anotherformulation of the interconnectionsn Figure2.1. Often M de-
scribesa known and time-invariantsystemand A containsunknavn or time-varying
gains.

M

A M

Figure2.1: Lowerandupperlineartransformations.
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The Redhefier star product x, representsheinterconnectionn Figure2.2,i.e.

o] -aem ]

€2 wa

Notethat A x B depend®n a partitioningof A and B. This partitioningwill alwaysbe
clearfrom the context.

€1 < le— W1

er 4 — wp
= AxB

ez ™ T we

B

€2 w2

Figure2.2: Redhefer starproduct.

. . . All A12:| [Bll BIZ]
Let the partitioningbe givenby 4 = andB = . Thenwe
p g g y [Agl Azz B21 B22
have [Doyle etal., 199]
A+ B = Fi(A, Bi1) A (I - 311A22)_1312]
Bo1(I — A22B11) A Fu(B, Azz)

Againwe needtheinversego be defined.

Definition 2.20 (well-posed,weltefined)

We saythattheinterconnectiond x B is well-posedf I — By; Ass andI — As3 By are
non-singular

Remark2.21 Thestarproductis definedevenif for instances; andw, areof zerosize,
i.e. A= A22. Thend « B = fu(B, A22).

Thestarproductis associatie [Helmersson1995 i.e.

(AxB)xC =A% (B*C).

Furthermore[? é] is theunit elemenbf thestarproductor star productidentity, i.e.

0 I 0 I
A*[I 0]_A_[I 0]*A.
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Theseawo factscanbeusedfor transformingproblemsnto specialforms. Thefollowing
example demonstratesiow to do this if a given designmethodrequiresa systemto
be strictly proper The example systemhas more inputs and outputsthan neededto
demonstrat¢heidea,but it hasbeenchoserthis way, sothatit canbedirectly appliedto
thetheorydescribedn Section5.3.

Example2.22 Thesynthesignethoddescribedn Section5.3requireshe system

& A|B, B, B z

= 2.18
Zp Cp | Dpu Dpp Ep Wp ( )
Y cC | F, F, F; U

to bestrictly properin the channelfrom the control signals,u, to the measurementg,
i.e. F3 mustbe0. Then(undersomeassumptionsa suboptimalkontrollerontheform

Te Ac | Bcl BcQ Ze
u [ =] Ce | Dar Der2 Y (2.19)
Zc Ce2 | De21 D22 We

canbeconstructedThemeaningof thesignalsw,,, wp, we, 24, 2p, andz, is unimportant
for now, andwill bediscussedn Chapters.

In practiceit mayhapperthatthe systemwe wishto designa controllerfor is notstrictly
proper This problemcanbe overcomeby finding a controller K for the corresponding
systemwith F; = 0 andthen transformingthe controllerinto anothercontroller K
yieldingthe sameclosedloop systemfor theactualsystem.Denotethe systemmatrixin
(2.18)by M, anddefine

0 I L o 1
F_[I —FJ’ r _[I Fs]

I|. . .
andobserethatl’ xI'* =" *x ' = [2 0] is the Redhefer starproductidentity,
andthat

A|B, B, B

C. | D D E

M éMs*l-\ — u uu up u
i CP DPU DPP EP

C|F, F, 0

Now assumehata controller K, hasbeenobtainedfor the systemdefinedby M, and
write this controlleras
u N ) Dy Ca Deo

| =K |z |, K.= | Ba Ac B,
Zc We Dc21 Cc2 Dc2
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Then,assuminghat + F; K, is non-singularthe closedoop s givenby

T T

0 Wy,
2p| = M |wp
e Te
Ze We

in which

M, 2 MyxK.=M,xT *xT)xK,
= (My+T™*)x (T K,) = M, % (T xK,).

A controllerfor the systemdefinedby M, is thusgivenby
u
Ee
Zc

2.5 Multi-layer perceptron

)
Ze
We

=K, , K.=(T*K,). (2.20)

This sectionprovidesashortintroductionto a particulartypeof artificial neuralnetwork,
themulti-layer perceptror(MLP), which canbe usedto modelnonlinearfunctions.lIt is
beyondthescopeof thisthesisto gointo detailwith this subject.For amorethoroughin-
troductionseefor instancgSuykensetal., 1999 or [Bendtsen1999 andthereferences
therein.Firstthe MLP structurewill bediscussed.

It is thendiscussedapecificallyhow to obtainnonlinearstatespacemodelsfrom input
andoutputmeasurementssingthe MLP structure.

Themulti-layer perception (MLP) is composedf layersof perceptrongoupledin par
allel. A perception consistof amemorylesscalarfunction,theneuon function acting
on aweightedsumof input signals,asshovnin Figure2.3.

The neuronfunction (or simply neuon) canbe eitherlinear or nonlinear Someof the
traditionalneuronfunctionsin MLPs arethe unit gain

tiin(z) =2
andthe hyperbolictangent

z —Z

e —e€

$tann(z) = tanh(z) = pranpe—y
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U1 61
U2 02

~ p(D i Oiu; + 6s)

o
®

Up 0b

Figure2.3: A singleperceptron.

In thisthesisonly thesetwo will beused.

A block diagramof an MLP with one hiddenlayeris shovn in Figure2.4. Theinput
vectorz;, is multiplied by theinputweightmatrix ©,. Thebiasvector®j; is thenadded
andthesumis inputto ¢ containinganumberof neuronsn parallel. Theresultingoutput
is multiplied by the outputweightmatrix ©, producingthefinal outputz,,;. Noticethat
theweightsé, ..., 8, in Figure2.3form arow in thematrix ®; andthattheweight8y is
anelementin ©,. The outputweightmatrix ©, canbe seenasstemmingfrom a layer
with linearneuronsandno biases.Theresultingfunctionis

Zout = @2¢(®1zin + @b) £ Mm(zina 917 @27 ®b) (221)

By choosing®,, ©2, and®; appropriateljthe MLP canbeusedto approximateagiven
staticnonlinearfunction. It hasbeenshavn [Hornik etal., 1989 thatwith a sufiicient
numberof neuronsand undercertaincontinuity conditions,the MLP with one hidden
layercanactasa universalapproximator

1)

Zin 1 T ¢() CH Zout

C])

Figure2.4: Block diagramof anMLP with onehiddenlayer.

2.5.1 Training

Adjusting the weightsof a neuralnetwork is known astraining. For an MLP this is
typically doneby trying to approximatea setof outputtargetsin the following manner
Givena setof targetoutputvectorsz, 1, ...z, andacorrespondingetof input vectors
Zin,1, -+, Zin,m definetheapproximatiorerror

e(m) = Zt,m — Rout,m = Rt,m — Mm(zin,my 61; 62, ®b)
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andthe quadraticperformancdunctional

k
i=1

Theaimis now to minimisethe performancdunctionalovertheweightsandbiasesi.e.

J = e(3)Te(d).

x| =
N =

min J.
01,02,0

Remark2.23 Minimising the performancdunctionalfor anMLP with nonlineameuron
functionsis anon-corvex problemandproblemswith local minimacanarise.

Thesimplestway to attemptto minimiseJ is by the Bad PropagationError Algorithm
(BPEA). This is aniterative method,wherethe weightsand biasesare updatedby the
following rule

dJ
Oiv1 =0; — nd—ei,
wheren > 0 is thestepsizeand©; is the collectionof all elementf 04, ©,, or ©; at
thei’ thiteration. This correspond$o goingin the oppositedirectionof thegradient,.e.
to move downhill until the bottomis reached.This methodis very stablebut alsovery
slow. Includingthe secondrderderivative asin the Gauss-N@iton learningrule

27 )‘1 dJ

i1 =0 — (e | —
A (d@idGiT do;

increaseshe convergenceatedrastically This correspond$o approximatiorthe perfor

mancefunction by a paraboloidand jumping directly to the bottom. For linear neuron
functionsthis will immediatelyyield the global minimum solution. The Levenbeg-

Marquardtalgorithm combinesthesetwo to obtainthe fastcorvergenceof the Gauss-
Newton algorithm with the stability of the BPEA. See[Suykensetal., 1994 andthe

referenceshereinfor a morethoroughdescriptionof trainingalgorithms.

2.5.2 MLPs as state space models
Assumethatwe wishto obtainamodelof thediscretetime nonlinearstatespacesystem

Yk+1 = f(yka sy Yk—ny+15 Uk ---s uk—nu-l—l)a (222)

wherey is a measurecutputand« is a known input. This is known asa nonlinear
autorgressve modelwith exogenousnputs(NARX).
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Yr+1
Yks -y Yh—ny+1 > _
M N
Uky ooy Uk—mpy+1 — ™ m Yk+1
\ €k+1
Figure2.5: MLP asstatespacemodel.
q—l
o Yk+1
Tk
Y
U M,, |~ H — )
Tk41 Yk+1
€k \ €kt1
q—l

Figure2.6: RecurrenMLP asstatespacemodel.

A way to obtaina modelfor this systemis showvn in Figure2.5. Old measurementsf
outputsandinputsarefed to the MLP, which providesa predictionof y(k + 1). The
predictionerrore(k + 1) canthenbe usedto adjustthe parameterén the MLP. Usinga
large numberof measurement® train the MLP, the effectsof white measurementoise
canberemoved,yielding a modelwith a predictionerrorwith the samevarianceasthe
noiseassuminghat the MLP hasenoughneuronsto modelthe system,andthatlocal
minimaareavoided. A morethoroughdiscussiorof this modelstructurecanbe found
in e.g.[Lightbody andlrwin, 1994.

Oncea modelhasbeenobtainedit could for instancebe usedasa predictorasalready
seen By feedingthe predictedoutputsbackinto the MLP, it canalsobeusedasanopen-
loop simulatorof the system. Thirdly, it canbe usedas a systemmodelfor a control
design.

Themodeltype (2.22)is someavhatlimited dueto thefactthatthe noisemustbewhite.
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A moregenerakystemstructureis

Trr1 = f(2x) + g(zr)ur + ga(zr)dr, yr = Hazy, (2.23)

wherez is the state,d;, is white noise,and H is a known matrix. Thisis a specialised
versionof the nonlinearautorgyressve moving averagemodelwith exogenousinputs
(NARMAX). An approaclto training of this type of modelis illustratedby Figure2.6,
whereq~! is the delayoperator The MLP providesa stateestimatewhich is delayed
andfed backinto the MLP. This is known asa recurrent MLP. The outputprediction
erroris againusedto adjustthe MLP parametersut arealsousedasinputsto the MLP.
In thisway it is possibleto includemoregeneralnoisetypes. The stateestimatesg, do
not necessarilycorrespondlirectly to the actualstatesz. Notice thatsomeof the state
estimatesouldfor instancebe delayedversionof the predictionerror.

If thereis no noise,it hasbeenshown [Siegelmannetal., 1997 thatthereis no loss of
generalityin the mappingsthat canbe achiezed by assuminghatthe stateestimates:
are delayedversionsof the outputy. But whenthe noiseis not white, thenthe more
generalrainingstructurein Figure2.6 mustbeused.It is beyondthe scopeof thisthesis
to go into detailswith how the parameterare adjusted.For a discussiorof this model
andits training seee.g.[KorbiczandJanczak1994 or [Bendtsen,1999. It shouldjust
be notedthat from input and outputmeasurement is possibleto obtaina statespace
modelof very generalnonlinearsystems.Unfortunatelythereareno training rulesfor
theNARMAX modelguaranteeingorvergence.

The MLP will beusedin Chapter6 to obtaina modelof theinductionmotorto beused
for speectontrol.

2.6 Summary

This chapteasgivenanintroductionto someof the basicconceptaisedin this thesis.
A matrixinequalityis anexpressionM (z) > 0, whereM is aHermitianmatrix function
of the decisionvariablesz. M > 0 meanghatall the eigervaluesof M arepositive.
Thereis in generalno way to solve matrix inequalities put if M is a quadraticfunction
of z with acertainstructureandcertaininertiapropertiesarefulfilled, thenit is possible
to construcia solution.

Anothercaseisif M dependsiffinelyonz. ThenM (z) > 0 isalinearmatrixinequality
(LMI) andfastandefficientsoftwaresolversexist. If aproblemcanbeformulatedasan
LMI it canthereforebeconsideredolved. Examplesf LMIs arisingin controlproblems
weregiven.

The starproduct,*, is usedto denoteinterconnectiorof systems.It wasdemonstrated
how theassociatiity of thestarproductcouldbeusedto transformcertainproblemsinto
oneswith asimplerform.
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Finally, themulti-layerperceptrorandits applicationasnonlinearstatespacemodelwas
discussed.



26

Preliminaries



Chapter 3

INDUCTION MOTOR
SYSTEM

This chapterdescribeshe systemconsideredn this thesis.First,in Section3.1,amodel
for aninductionmotorwith squirrelcagerotor andthreestarconnectedstatorwindings
is derived. A numberof assumptiongremadein orderto obtaina simplemodel. The

electro-magnetienodelis developedusingcomplex spacevectorrepresentationyhere
threereal signalsare combinedinto onecomplex signal. The resultis a comple third

ordernonlinearmodel. In Section3.2 the modelis written in a statorfixed reference
frame.

In Section3.3thepartof themodeldescribinghecurrentds writtenasacomplex second
orderstatespacemodelwith the shaftspeedasa time-varying parameter The concept
of rotatingreferencdramesis thendiscussedThis will beusedin Chapter.

In Section3.4 the uncertaintyon someof the motor parametewaluesis discussedThe
resistancesan changedueto temperaturevariations,and the shaft speedcan also be
consideredtime varyingparameter

In orderto controlthespeedf themotorit is necessaryo useapowerdevice. In Section
3.5acommonlyusedtype of power device, thevoltagesourcednverter, is described.

Experimentswill be performedon a laboratorysystemwith a 1.55W inductionmotor.
This systemis discussedn Section3.7. The laboratorysystemincludesa DC-motor
connectedo theshaftin orderto allow simulationof loadtorques.
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3.1 Induction motor model

This sectiondescribeghe dynamicmodel of a symmetricalthree-phasénductionmo-
tor with a squirrel cagerotor. The descriptionis mainly basedon [Leonhard,199(Q,
[Rasmusser, 999, and[Kazmierkowski andTunia, 1994.

Theinductionmotor mainly consistsof two parts,the statorandtherotor. Therotor is
rotatinginsidethe statorseparatethy anair gap, asshovn by thecrosssectionin Figure
3.1. Therotoris in principle built from parallelconductorsshort-circuitedoy aring at
eachend,asillustratedin Figure3.2.

The windings of the threestatorcoils (A, B and C) are parallelto the rotor barsand

distributed sinusoidallyaroundthe cylinder displacedby 120 degrees,so thatthe total

numberof windingsat eachangleis approximatelyconstant.Figure 3.1 illustratesthe

distribution of winding A by the width of the gray area. The statorshown is of the one

polepairtype,meaningthatthe coils will produceonemagneticnorthandonemagnetic
southpole. Often a motor will be constructedwith several pole pairs by connecting
coils in paralleland displacingthe coils by 120/Z,, degrees,where Z,, is the number
of pole pairs. This works asa gearinggiving a larger torqueanda slover mechanical
rotationalspeed. The derivation of the electricalequationswill be for a one pole pair

motor. Adaptingto multiple pole pairsis simply a questionof modifying themechanical
modelasin Section3.1.4.

Figure3.1: Crosssectionof inductionmotor

Thesstatorwindingsarefed sinusoidaloltageso createarotatingmagnetidield. When
the rotor andthe magneticfield of the statorrotateat differentspeedscurrentswill be
inducedin therotorrods. Thesecurrentsresultin amagneto-motie force perpendicular
to the currentandto the magnetidield resultingin atorqueontherotor.
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Figure3.2: Squirrelcagerotor

3.1.1 Modelling assumptions

A numberof assumptionsremadein orderto permita simplemodelto be obtained.

=

. Themotoris symmetrical.

2. Therotoris concentricandtheair gaphasa constanwidth, A.

3. Only the basic harmonicsof the spatialfield distribution and of the magneto-
motive forcein theair gapareconsidered.

4. ThestatorwindingsarestarconnectedseeFigure3.3) andtheneutralis isolated.

5. Theendsof therotor barsareshortcircuited.

6. Thepermeabilityof theiron partsis infinite.

7. Theflux densityis radialin theair gap.

8. Slottingeffects,iron lossesandend-efectsarenegligible.

9. Theeffectsof anisotroy, magneticsaturatiorandeddycurrentsarenggligible.

10. Thecoil resistanceandreactanceareconstanor slowly varying.
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Figure3.3: Statorcoils in starconnection.

Onesimplificationresultingfrom theseassumptionss thatthe rotor canbe considered
asconsistingof 3 short-circuitedvindingsdistributedin the sameway asthe statorcoils

[Leonhard,199Q pagel52]. In thefollowing thesevirtual coilswill bereferredto asthe

rotor coils or rotor windings The currentsin thesecoils arereferredto asi,,, i, and

ire. Sincetherotor currentscannotbe measuredthe numberof virtual rotor windings

canbechoserarbitrarily.

3.1.2 Electro-magnetic model

The electro-magneticnodeldescribeghetorqueon therotor asa function of the stator
currentsiz 4, ¢, andizc. Dueto theisolatedneutral

isA(t) +isB(t) +isc(t) =0 (3.1)

is valid atary instant.

The distribution of the statorcoils resultsin the magneto-motie force wave excited by
thestatorcurrentsat anangleé being(seeFigure3.4)

fs(0,t) = N (i54(t) cos(8) + i55(t) cos(6 — 2w /3) + isc(t) cos(d — 47 /3)) .
Notethatmathematicallyt maybe morecorrectto write theabove equationas
fS(iSA7 z'sB’ isC’ 0) =
N (154 cos(0) + isp cos(f — 2m/3) + isc cos(0 — 4m/3)),

sinceit is notatime-varyingfunction, but the former notationis the oneusedin mostof
theliteratureon the subjectandthis stylewill be adoptedhroughouthis chapter
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Figure3.4: The magneto-motie force bfdd&cecby the statorcurrentsat the anglef is
thesumof all currentsinsidethe semi-circle.

N, is the numberof windingson eachcoil. Likewise the magneto-motie force wave
excitedby therotor currents attheangled is

f'r‘(aa t) = NT(iTa(t)COS(G - er(t)) + irb(t)cos(e —0r (t) - 271'/3)
+irc(t)cos(8 — 0,.(t) — 47 /3)).

0. is the electricalangleof rotationof therotor. For a onepole pair machinethis angle
is the sameasthe mechanicabnglefccr, (0 = Zp0mecn). N, is afictive numberof
windingson therotor coils.

As the permeabilityof theiron is assumednfinite the magneto-motie forceis effective
only attheair gap,giving theflux densityon the statorside:

B, (6,8) = £ (£.(6,8) + r£:(6,1)), (3.2)

wherepy is the vacuumpermeabilityconstantaind x is a couplingfactorcompensating
for magnetideakage Ontherotor sidetheflux densityis givenby

B.(6,t) = 52 (k£.(6,6) + £:(6,0).. (3.3)

The partof the flux densityon therotor surfacedueto the statorcurrentsis

B.,(6,1) = T2 f.(6,). (3.4)

The currentdistribution alongthe surfaceof the rotor, a., is the derivative of the rotor
magneto-motieforce:
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1 9f:(6,¢)
2r 00 °

wherer is theradiusof therotor. Thetangentiaforcedf actingonanaxial strip of width
rdf3 is the (vector)productof the flux densityandthe currentdistribution:

ar(6,t) =

(3.5)

df = _Brs(eat)ar(aat)lrdﬁa (3.6)

wherel is the lengthof therotor. Integratingthis givesthe electro-magnetitorquein
thedirectionof rotation

27

me(t) =7 / df = —lrz/Brs(H,t)aT(G,t)dG. (3.7)

Surface 0

Theflux linkagein statorcoil A, ¥, 4, is theintegratedeffect of the statorflux through
all loopsof coil A. Theloopformedby theconductorsatangles\ — /2 andA + /2 is
penetratedby thefield lines passinghroughthestatorbetweertheseangles Assuming
a continuoudistribution of turnswith the incrementatiensity%Ns cos A (for coil A) at
thisangle theflux linkagecanbe obtainedas

AT
Uoa(t) :—N / cos)\{ / IrB;(6,t)d0}dA. (3.8)
A=—1

Theflux linkagesin therotor coils arefoundin the samemanner:
At+5+6-
\I'm(t)Z%NT / cos \{ / Ir B, (6, )d0}d). (3.9)
A=—12 6=A—Z+6,

The correspondingquationdor the othercoils are:
A+5
U.p(t) = —N / cos(A — 27 /3){ / IrBy(0,t)d6}d, (3.10)

A= 0=X—Z

AZ
U.oft) = —N / cos(A — 4w /3){ / IrB,(0,t)d6}d, (3.11)

A= 0=X1—7%
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z A+3+6,
1
WMﬂ:§M~/ cos(A — 2 /3){ /° Ir B, (6, £)d0}d), (3.12)
A= 9=A"Z 16,
H A3+,
1
U..(t) = §Nr / cos(A — 47 /3){ / IrB,.(0,t)d0}dA. (3.13)
=3 O=A—5+6~

Theinputto neutralvoltagein the statorcoils areassumedo be givenby:

usa(t) = Rsisa(t) + %\PSA(t), (3.14)
uss () = Raiss () + 5 V() (3.15)
uwm:R%dﬂ+%%dm (3.16)

wherethestatorresistanceR,, is theresistancef thestatorwindings,andtheequivalent
equationdor rotor coils are:

d

= rira V., )

0 = Reiralt) + %00
. d

0 = RTZTb(t) + %‘I’Tb(t),
d

= rire(t =V, (1),

0 R,iq(t) + 7 ®)

wheretherotor resistanceR,, is theresistancef the (virtual) rotor windings.

3.1.3 Complex space vector notation

To simplify the equationsa complex notationbasedon the valuea,, £ €727/3 is intro-
duced.Thecomplex spacevectorof the statorcurrentis definedas

50(0) 2 2(504(0) + annisn(t) + @2uiso (1) (3.17)

For therotor currentsa spacevectoris definedaswell:

1(6) 2 2 (ira(0) + anuin(8) + @2 rel0) (3.18)
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Notice that no informationis lost in this transformationfrom threeto two degreesof
freedom.Using(3.1)thethreestatorcurrentscanbereconstructedrom the spacevector
Similarly therotor currentscanbereconstructediueto i,.q + i, + i, = 0.

Thespacevectorfor the statorvoltageis

a,(t) & g(usA(t) + apttsn () + 02, us0 (£)). (3.19)

The three stator voltagescannotbe reconstructedrom this value without addingan
additionaldemandfor instanceus 4 (t) + usp(t) + usc(t) = ¢, wherec is somechosen
constantput dueto theisolatedneutralthe valueof this constanis of noimportance.

We alsodefinespacevectorsfor the statorandrotor flux linkages:

U (t) 2 g(xI/SA(t) + a5 Usp(t) + a2, Vso(t)), (3.20)

T, (t) £ 2(Trat) + s Trp(t) + a2, Tpelt)).- (3.21)

Wl b

Insertingequationg3.8),(3.10),and(3.11)in (3.20)aftersomecalculationgyives:
U, (t) = Lyis(t) + Limin(t)e?®®), (3.22)
wherethe statorinductance,, andthe mutualinductanceL,, are
IrN2 IrNaNy

L,2 3w08—h, L, £ 3np, h (3.23)
A similar equationcanbe obtainedfor therotor:
U, (t) = Lyt () + Linis (t)e 70, (3.24)
wheretherotorinductanceL,, is
IrN?
L, £ 3mu, Sh’ ) (3.25)

Combining (3.14)-(3.16)with the spacevector definitions(3.19)-(3.17)resultsin the
simpleequation:

Us(t) = Rgis(t 3.26
7,(t) = Rifu(t) + — (3.26)
A similar resultcanbe obtainedfor therotor:
_ v,
0= R (t) + L) (3.27)
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By insertingspacevectorexpressionsn theflux densityequation(3.4) andinsertingthis
in thetorqueequation(3.7) theintegral canbecalculatedo getthefollowing expression
for the electro-magnetitorquetangentiako therotation:

me(t) = 5 2, LS () G (D7) ). (3.28)

Inserting (3.22)and(3.24)in (3.26)and(3.27)gives:

- d- d - )

Us(t) = Ryis(t) + L%is(t) + Lma(ir(t)eﬂr (®)y (3.29)
: d- 4z (1ye—io®

0= R,i.(t) + Lr%zr(t) + Lm%(zs(t)e ), (3.30)

3.1.4 Mechanical system

The mechanicalotationalspeedw,,...; is affectedby the electro-magnetitorquem,
andtheloadtorquemy:

Omeen(t) = %(me(t) —mu(t)), (3.31)

whereJ is the collective momentof inertiaof therotor andthe load, assuminghe shaft
to berigid. m containsthe actualload alongwith the speed-dependeniscousand
coulombfriction. Theelectricalrotationalspeeds definedas

wr(t) = 0,.(t) = Zpwimeen(t)- (3.32)

Equationg3.28)-(3.32)Yorm the modelto be usedbelow.

3.2 Stator-fixed coordinates

The modelof the inductionmotor canbe expressedn variouscoordinatesystems Ex-
pressinghemodelin acoordinatesystemwhich rotateswith therotoror statorflux gives
amodelin which the statesareconstanin steadystateoperation(constantv, andmr,).
This modelis oftendesirableor controlpurposedut in orderto performthe non-linear
changeof coordinatest is necessaryo know the rotor flux angle. For flux estimation
purposest is thereforeoftendesirableto work with a modelin statorfixed coordinates.

In (3.29)and (3.30) @, andi, are alreadyin statorfixed coordinateswhile 7, is in
rotor-fixedcoordinatesBYy definingthe statorfixedrotor current

z7‘5(7“) = zr(t)ejer () (333)
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thefollowing statorfixedmodelis found:
d .- d

(Rs + Lsa)is (t) + L Ezrs(t) = as(t), (3.34)
d d _
Lm(% — jwr(t))is(t) + (R, + LT(% — jwr(t)))irs(t) = 0, (3.35)
me(t) = 5 Zp LS (1)ira(0)*}, (3.36)
Zp

0r(t) = Zpiomeen(t) = 22 (me(t) — mr(t)). (3.37)

J
To summarise;, andi,., arethestatorandrotor currents.i, is the statorvoltage which
is often controlledthrougha voltagesourcednverterasdescribedn Section3.5. w;. is
therotationalspeedf therotor. m, istheelectro-magnetitorque.m is theloadtorque

actingasadisturbance.Z,, Rs, R, Ls, L., and L,,, arethe parameter®f the motor,
andJ is the collective lumpedmomentof inertiaof rotor andload.

3.3 State space model

For several analysisand synthesismethodsa statespacemodelis desired. This model
will be formulatedhere. For cornveniencethe time dependeng will be droppedin the
notation.From (3.34)and(3.35)a comple statespacemodelfor the currentequations
canbe obtained:

Esre = Agrc®sre + B, s,
is
Te=| = )
lrs

l L, R.+jL2 w, L (=RyLim+Lyjws) ]
9

2 —L,L, L2 —L,L,
—RsLy—jLsLmwr LsR,—jLsLowy,
LZ —L,L; L2 —L,L,

L.
I.L. LZ
Bge = _L .

IL,L,—L2,

Asrc =

Thespeedu, couldbeincludedin thestatevectorasathird state but theabove form has
theadwantagethatthe statespacepartcanbe seenasa linear parameterarying system
with w,. asthevaryingparameterseeChapters.
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3.3.1 State transformations

For controlpurposedt is oftendesirableto work with anotherstatevectorthan [_Z y ] A

ZT‘S

statetransformatioris obtainedby multiplication of a statetransformatiormatrix, T,
Tnew = Tl‘s’ Ane’u) = TAsrcTila Brew = TBgyc (338)
An importantchoiceof statess
s [s 1 0| [is
e 2 |20 = 2. 3.39
’ [zm] ll LI:,:] [zm] ( )

Themagnetisingurrent,i,,,, hasthe sameangleastherotor flux

\Ilrs = \i’rejor = Lm{m = ngs + LTZTS' (340)

Theresultingstatespacesystemis

Zse = Ase®sc + Bicils,

is
Tsc = | = )
Im

L2 R,+R,L?> L2 (jL,w.—R,) ]
b

m

Ay = | Tr@E-T.L) L (L3=L,L,)
I Jwr — T

o)
5

(3.41)

This particularchoiceof stateshassomenice propertiesor controlpurposesvhich will
bediscussedn Chapter4.

3.3.2 Real state space model

To obtainareal statespacanodelthe spacevectorsarefirst splitinto realandimaginary
parts:

Us = UsD + jusQa (342)

zs = isD + jiSQ’ (343)
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Em = imD + jimQa (344)

whereu,p, usqQ, isD, 5@, tmp andin,g arerealsignals. A realstatespacemodelcan
now be obtainedby substitutingthe complex systemandinput matricesby realmatrices
of doublesize

. A, —A;
Ar + jA; — [ oA ] (3.45)

andby substitutingthe signalvectors

z + jzi = [z] . (3.46)

This givesthefollowing model:

Tyr = Asrwsr + Bsrugr

isD
tmD _ UsD
xsr - . 7“’8’!‘ -
1s5Q UsQ
ImQ
L2 R, +R,L? —L2 R, 0 L2 w,
L.(L2,—L,L,) L.(L2,—L,L,) L2 _L,L,
R, R, 0
A = I. 1. —Wr
st — 0 L2 w, L2 R,+R,L? —L? R, ’
L2 L,L, L. LganLer) L.(L2,—L,L,)
0 Wpr = — il
L ” r
L,L,—L2 0
0 0
Bsr = 0 L. )
L,L,—L2
0 0
32,2
Me = (ZsQ'LmD - lsD'LmQ)a (347)
2L,
Zp

Wr = ZpWmech = 7(me —myg). (3.48)
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3.3.3 Rotating reference frames

In normaloperationthe inputsandstateswill berotating,i.e. following circulartrajec-
toriesin the complex plane.For controlandsimulationpurposest is oftendesirableto
work with the systemin arotatingcoordinatesystem. Definingthe signals

T, = ge I Uy 2 ue 9P (3.49)
thesystemi = Az + Bu canbewrittenas
z, = (A — jwl)z, + Bu, (3.50)
d

A
wherew = 2 p.

3.3.4 Steady state
In normaloperationthe spacevectorswill rotatearoundthe origin in thecomple plane.
Definition 3.1 (Steadystate)
Thecomple statespacesystem
z = Az + Bu (3.51)
is in steadystateif there existsa refelenceframerotatingat angularvelocityw sud that
zr = (A — jwl)z, + Bu, =0, andu, =0, (3.52)

whee z,. andu, aredefinedasin (3.49).

Letthesystem(3.41)bein steadystateanddefinew,,gr = %LL suchthat

(Asc - jme)wsc + Bscts = 0. (353)
Thend,, £ a,e iwmat, [_,Z“] = [_“] e~Jumrt greall constantandthe statesare
lms Z’I’n
givenfrom
iss| . 1p -
= - _(Asc - meR) Bscuss
st
as
zss =

(Rr + j(me - wr)Lr)ass
Rer + j(me - wr)Rer + jmeLer + me(me - wr)(Lgn - LrLs)

(3.54)
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Ems =
RT',L_”SS
R;R, + j(wmgr — wr)RsLr + jwmrLsRr + wmr(wmr — wr)(L2, — L. Lg)"
(3.55)

Thequantityws;;p, £ wmr—w, isknown astheslip frequencyandis relatedto thetorque
by
_ 3Z,L2

28pHm T 12,
me = 2R, |im | “Wstip- (3.56)

3.4 Uncertain and time-varying parameters

The dynamicalbehaiour of the induction motor is affectedby time variationsin the
parameters.

Therotor resistanceR,. canchangeasmuchas50 % dueto heating. Furthermoreit
canbedifficult to obtainan accurateestimateof its valueespeciallyduring steadystate
operation.

ThestatorresistanceR, canalsochangeput the statorwindingsareusuallybetterven-
tilated thanthe rotor windings, so the variationswill not be quite aslarge. In addition
obtainingan accurateestimateis easier Sinceboth of thesevariationsare causedy
temperaturehangesboth R, and R will beslowlyvarying.

Therotationalspeedv, canchangedueto loaddisturbancesr asaresultof acommand
changeto the controller This variationwill typically be fastcomparedo someof the
otherdynamicsof themotor. Sometimesy,. (or thepositiond,.) is measuredyut avoiding
theuseof a speedandposition)sensoiis oftendesirabledueto therelatively high cost
andhigh sensitvity to the ervironmentof thesesensors.

Themutualinductancel,,, (andto someextentL, andL,) will beaffectedby magnetic
saturatioreffectswhenthe magnetisatiowhangesNoticethatin thederivationof (3.29)
and(3.30)it wasassumedhattheseinductancesre constantso modellingthis uncer
tainty is morecomplicatedthansimply assuminghe inductanceso be time-varyingin
theabove model.
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3.5 Power device

In a control contet the control objective is usually controlling the angularvelocity or

positionof therotor shaft. The control signalsareusuallythe statorvoltagesor currents
dependingn thetype of powerdevice Thedescriptionherewill belimited to a (three-
phasebridge)voltage sourcedinverter(VSI). For athoroughdiscussiorof powerdevices
including currentsourcednverterssee[Kazmierkowski andTunia, 1994.

Figure3.5is asketchof thepowerdevicein connectiorwith theinductionmotor. TheDC
voltagesourcecorvertsathree-phas@C supplyto a DC voltagewhichis thensupplied
to theinverter. The signalconditioningsuppliestheinverterwith a modulationsignalto
generatehereferencestatorvoltages.

———>1 Signal conditioning

Us,ref
U+,U- PWM J
U+ SA
L * J— Usp
UsC
AC U-
supply  pc voltage VSl _
i

Figure3.5: Voltagesourcednverterconnectedo aninductionmotor.

The inverteris sketchedin Figure 3.6. By applying pulse width modulationsignals
to the input terminalsus 4, pywm, UsB,pwm, aNdusc,pwm the outputvoltagesu,a, uss,
andusc canbe switchedbetweenU+ andU~. Sincethe statorcurrentsonly depend
on the lower frequeng part of the statorvoltagethis is equialentto applying a low
passfiltered versionof the switchedvoltages. The signal conditioningcomputesthe
modulationsignalsto accomplish%(usA + aspusp + @2 usc) R Usrep, Wherethe
approximatioris only consideredor thelow frequeng part.
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Usa UsB UsC

U+ °

UsA,pwm UsB,pwm Usc,pwm
Figure3.6: Three-phaseéridgevoltagesourcednverter

3.6 Parameter identification

For control purposest is necessaryo know the motor parametersk,, R, L., Ls,
and L,. Thesecanbe identifiedfrom statorcurrentandvoltagemeasurementsThere
is however an infinite numberof motor parametersall yielding the samebehaiour
[Gorter, 1997. It is thereforenecessaryto make some assumptionon the param-
eters, for instancethat L, = L,. The parameterscan then be identified for in-
stanceby auto-commissioningt standstillasdescribedn e.g.[Rasmusser 995 and
[Rasmusseetal., 1995. Thevoltagereferencds choserin suchaway thatthe gener
atedtorqueis notlargeenougho pull theshaftout of standstill.If voltagemeasurements
arenot availablethereferenceroltagesfor the power device mustbe used.

3.7 Experimental setup

In this thesisseveral experimentswill be performedon a laboratoryinduction motor
systemillustratedin Figure3.7.
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power induction |_Shaft brushless
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Figure3.7: Laboratoryinductionmotor system.

The inductionmotor hastwo pole pairs(Z, = 2), a squirrel-cageotor, andthreestar
connectedtatorwindings.Its nominaldataare

Nominalpower 1.5kw
Nominalspeed 1420rpm
Nominaltorque 10Nm

Nominalcurrentat380V 3.6 A

Thenominalspeedof 1420rpm = 148.7rad/s is equivalentto the electricalrotational
speedv, = 297.4rad/s. Theelectricalrotationalspeedn rad/s will betherepresenta-
tion usedin thefollowing chapters.

In [Rasmussern 999 the parametersf theinductionmotorwereidentifiedat standstill
at20°C undertheassumption.; = L, as

Ly=L,=0.352H, Ln=0.341H, R,=5.0Q, R,=3.3Q. (3.57)

The PCrunsthe control programto be testedproviding a referencevoltagefor thein-
ductionmotor power device anda torquereferenceo the DC motor power device. The
brush-les©C motorcanbe usedto simulatealoadtorqueon the shaft. Sincethe PCre-
ceivesmeasurementsf therotor angularpositionfrom the encodetthis canfor instance
beapositionor speeddependenipad.

In additionto the encoderdatathe PC recevesmeasurementsf the statorcurrentand
voltage.

Theequipments describedn furtherdetailin AppendixA.
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3.8 Summary

This chapterdescribedhe inductionmotor system.The following complex statespace
modelof theinductionmotorin the statorfixedreferencdramewasderived:

Bge = Asca:sc + Bscﬂsa

is
Tsc = | = 3
im

L2 R.+R,L> L2 (jL,w,—R,) ]
b

T,.(L2 —L,L,) L,(L%—L,L,)

m

Asc =

L. Jor =1,
Ly
L,L,.—LZ2,
O ?

3Z,L2 ~ 7 Tk
me = 5= S{isiy, }

Wr = ZpWmech = %(me - ’I’TLL).

i, and @, arethe statorcurrentand voltage, respectiely, andi,, is the magnetising
current.w, is therotationalspeedf theshaft.m, isthetorqueproducedy theinduction
motor. my, is theloadtorqueon the shaftactingasadisturbance L,,, Lg, L,, R, R,
Z,, andJ areconstanor slowly varyingrealparameters.

The statorvoltage, 4, is the control signalandis suppliedto the motor by a power
device, the voltagesourcednverter i, anda,, andin someconfigurations,., canbe
measured.

This constitutesthe modelto be usedin the following chapters. Experimentswill be
performedon a laboratorysystemdescribedat the endof this chapterandin Appendix
A.



Chapter 4

ROTOR FLUX
ORIENTED
CONTROL

In this chaptettherotorflux orientedcontroller(or rotorfield orientedcontroller)scheme
for theinductionmotoris describedThe purposeof thecontrolleris to trackareference

speedw, - r, andareferencenagnetisingurrent,i, z . ¢, While rejectingdisturbances
from theloadtorque.

Themainpurposeof thischaptelis to presentinexistinginductionmotorcontrolmethod.
This controlleris a cascadecoupling of several sub-blocks. The aim of the following
chapterss to developreplacementby new method<or someof thesesub-blockslt has
thereforebeenchosento focuson field orientedcontrolandin particularthe rotor flux

orientationratherthangive afull review of all the mary control methodsfor induction
motors.

Section4.1 shavs the simplificationin the dynamicalequationof the motor achieved
by writing themin a referencesystemfollowing the angle of the rotor flux. Section
4.2thendescribegherotor flux orientedcontrolmethod.The methodis obsener-based
andrequiresan estimateof therotor flux. A shortdiscussiorof flux estimationis given
in Section4.3. If a speedor position measuremenis not availableit is furthermore
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necessaryo estimatethe speed. A brief introductionto speedobserersis givenin
Sectiord 4.

The controllersand obsenersdescribedn this chapterhave all beendescribedefore.
The only new contribution is the discovery of the potentialinstability of the speedob-
senerdescribedn [Kubotaetal., 1993. An exampleof thisinstability is givenin Sec-
tion4.4.2.

4.1 Model in rotor flux coordinates
By expressinghe modelin a coordinatesystenfixedto therotor flux angle

PELY,. = Lin, (4.1)
wherei,, is asgivenin Section3.3.1,i.e.4,, =15 + LL—;LS, apartiallinearisationof the

torqueandmagnetisingcurrentequationscanbe achieved. Equationg3.34)and(3.35)
in rotor flux coordinatesre:

d . - d . , _
(Rs + (E + meR)L{g)ZST + (% + ]me)LImZmR = Usr, (42)
!/ - d . ! -
R, (imr —isr) + (% + j(wmr — wr))Lypime = 0, (4.3)

wherethefollowing definitionshave beenused

Ter S Gge P, Ugp £ ase P,

imR = ime 9P =lig, Wmr = %p,

o £ 1- LG/(LrLs)’ L{s‘ £ oL,

L, £ (1-0)Ls = Lfn/Lra R, 2 (Lm/Lr)ZRr-

The statorcurrentin rotor flux coordinatess split into two real values,the directand
guadrature&eomponents:

isa = Rfise P} = R{ir},

isq = S{ise 7P} = i}

By taking the real part of (4.3), a dynamicequationfor the magnetisingcurrent, i, r,
canbefoundas

L, d . . .
R_TW’“R +imR = isq. (4.4)

A

Thequantity T, % is calledtherotor timeconstant
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Theimaginarypartgivestheslip frequeny

1 3
Wslip = Tr"r:; (45)
Theproducedorquecanbefoundfrom (3.28)as
Me = gZpL’mz'mRisq. (4.6)

As seena decouplingis achiesedsothati,g is usedfor controllingi,, g andis, is used
for controllingthe torquem,.. Eventhoughi,,r doesaffect m., the changesareslow,
makingm,. analmostlinearfunctionof ¢,,.

4.2 Rotor flux oriented control

Several speedor torque control schemesfor induction motors exist, see for in-
stancgKazmierkowski andTunia, 1994 or [Vas,1994. Also worth mentioningis the
passvity-basedapproachdescribedn e.g. [Ortegaetal.,1994. In this thesiswe will
howeverfocuson oneparticulartype of inductionmotorcontrol,namelydirectrotor flux
orientedcontrol which will be describedn this section. The basicprinciple is shovn
in Figure4.1 andis basedon the partial decouplingof the torqueandthe magnetising
currentachievedin therotorflux orientedreferencdrame.

®
r.ref speed _
—_— — u —
. and Isrref stator stref | power | Ys  induction | shaft
'mR,ref magnetising current device motor load
R current control
control
1\ estimates
observers measurements

Figure4.1: Sketchof therotor flux orientedspeectontrol scheme.

Thecontrollerobjectie is to track referencegor the magnetisingcurrent,i,,, g, andthe
speedw, (ortorqueor position). Theobsenrersprovide estimate®f the statorandmag-
netisingcurrents;, andi,,,, andof thespeed Theseestimatesrebasecn measurement
of someof thesethreesignals. In somecaseghe statorvoltage,u,, is alsomeasured.
Otherwisethe voltagecommand,, .y canbe used. The speedand magnetisingcur-
rentcontrollersoperatan therotorflux orientedreferencédrameandprovide areference
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signal,is,, e £, for the statorcurrent. The statorcurrentcontrollertracksthis reference
by providing the power device with a statorvoltagecommandii, . ¢, in the statorfixed
referencdrame.

Examplesof how to implementthe differentblockswill be givenin thefollowing. The
examplesin Sectionst.2.1-4.2.3arefrom [Rasmusser999.

4.2.1 Speed control

The speedccanbe controlledthroughthetorque,m., givenby equation(4.6). Sincethe
torqueusuallyis not measurednothingwill be gainedby estimatingand controllingit
in afeedbackoop [Rasmusser,999. Insteadthereferencevaluefor ¢, canbefound
from (4.6) as

2

lsqref = 5 Me,ref - 4.7
T S L imr T (-0

Thespeedtanthenbecontrolledfor instanceby a Pl-controllertunedby arelayfeedback
experiment. Sincethe speedcontrolleris in a cascadeouplingwith the statorcurrent
controller, the tuning mustbe performedwith the intendedstatorcurrentcontrollerin
operation. The tuning will also be affectedby the bandwidthof the speedsensoror
estimation.

Thetorqueis limited by the maximumstatorcurrentallowed. Thelimit is foundas
3Z,L! imR ,
Me,maz = & 2m, = Ir2naz - 7’§d,ref' (4.8)
Anti-windup mustthereforebeimplementedf the speedcontrollercontainsanintegra-

tion.

The schemeis illustratedin Figure 4.2. The PI-controller actson the control error
wr,ref —@r. ThePl-controlleroutputme ey is limited by me 4, COMputedrom (4.8).
Thetorquereferencene, .y is corvertedinto acurrentreference g r.y Using(4.7).

W i
rref ¥t PI Me, ref torque sq,ref
T_ control
N
®, Me,max
A
i |
maximal mR
torque
computation

Figure4.2: Exampleof asimplespeedtontrolscheme.
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4.2.2 Magnetising current control

The magnetisingcurrents,,  is governedby (4.4). The aim of the controlleris to keep
impg CONstanatsomepredeterminedalue. At speedaboveratedspeedt maybeneces-
saryto reducethis valuein orderto avoid saturatiorof the voltagesupply This situation
will notbeconsideredere.

Sincethe steadystatetransferfunctionis 1 independenof physicalparameters propor
tional controllerwith gain K, will have zerosteadystateerrorif the referencevalueis
premultipliedby K;’{—jl assuminghatthe statorcurrentcontrollerhaszerosteadystate

error. A proportionalcontrollertunedby a relay-feedbaclexperimentcanthereforebe
used.

4.2.3 Stator current control

As describedn Sectiond.2adecouplings achievedin therotor flux orientedcoordinate
systemsothati,q controlsthemagnetisingurrentandi,, controlsthetorque.Thestator
currentsi,q andi,, arecontrolledthroughthe directandquadratureomponent®f the
statorvoltage,usq andus,, definedas

Usd

> >
3
—~
I
w0
3
N

1N

Usq S(

S’I‘)'

Unfortunatelythe equationdor the currentsarecross-coupledoa decouplings neces-
sary

Splitting (4.2)into therealandimaginarypartsgives

d.. . d .

Usqg = (Rs + L{s%)zsd - meL{ngq + L:n %ZmRa (49)
d.. . .

Usg = (R + L= )isq + wmrLiisa + LyywmRimR- (4.10)

Inserting (4.4)in (4.9)adecouplingschemecanbeidentifiedfrom

d.. . . .
(Rs + L;&)st = Usd + meL{ngq - R;(st - sz)a (411)
d
(Rs + L;E)qu = Ugq — meL;isd — LfmmeimR- (412)

Decouplingcanbeachievedby addingthefeed-forwardvoltages

Usapf = — WmRLYisg + Rp(isd — imR), (4.13)
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Usqff = wmrLyisa + LiywmRimp (4.14)

to the outputsof the currentcontrollersusq. andu,,.. We thenachieve

(Rs + Lfgdit)isd = Usdc
d..
(Rs + L;%)qu = Usqec-

The statorcurrentcan thereforebe controlled by for instancePI-controllerstunedby
relay-feedbaclexperiments.This currentcontrol systemis illustratedin Figure4.3. In
practicethevaluesof i,q4, 154, imr, andwm,r all have to bereplacedy their respectre
estimatesAnti-windup againhasto beimplementediueto limits in thevoltagesupply

A

iiSd Usdlff

[ - Usdc i/\ U
sd,ref A Pl S 'sd
isq,ref b Usqc Usq

b |
|sq uS(]ff

Figure4.3: Exampleof a simplestatorcurrentcontroller

4.3 Rotor flux estimation

In thestatorcurrent,magnetisingurrent,andtorquecontrollersestimate®f the magni-
tudeandangleof the magnetisingcurrent(or equivalentlytherotor flux ¥,.; = L,,i,,)
areneededThis sectionwill give anexampleof how to estimate,,, basedon measure-
mentsof i,, 4, andpossiblyw,. A flux obserercanbebasednrespectiely thevoltage
model (3.34)andthecurrentmodel(3.35)or acombinationof these Theobsenerbased
onthecurrentmodel(3.35)is:

2 a R, _
i = (—L—’ + jwr)im + L—z (4.15)

Notethatthis modelrequiresaccurateestimate®f R, andw,. It is essentiallyanopen
loop simulationof the motorregardingthe statorcurrentasinput.
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Anotherobseneris basedn integratingthe voltagemodel

- d¥
Us = Rsis * 4.16
a is + 7 ( )
to obtainanestimatefor ¥, andthenfindingi,,, from
- L, - L.L, -
im=—5Ys+(1— Yis- (4.17)
m L?n s L%n s

The voltagemodelmethoddoesnot needvaluesof R, andw,., but it canbe very noise
sensitve especiallyfor low frequencieslueto the pureintegration.

4.3.1 Closed-loop observer of Jansen and Lorenz

The rotor flux obsener describedin [JanserandLorenz,1997, here called the JL-
observer is an exampleof a combinationof the currentandthe voltagemodel. This
obsener combineghe goodqualitiesof the currentmodelin low speedoperationwith
the good qualities of the voltage modelin high speedoperation. The JL-obserer is
shavnin Figure4.4.

| |

iS 1 [6) Lm :

l 1-c |

current model ) | - |

Tt T-TTTT Tt T T T T | us ‘ @) :

- 3 2o | A : A
s |RrLm Y| ! Wl L, | 1] im
1L 9@ n = Ke =0 TR LT
: B . g | | l-l—;. m

0 O R e T [ s
! ?r - ol ! voltage model
! r I
! l

Figured.4: Flux obsener of JanserandLorenz(JL-obserer).

The K- and K>-blocks constitutea frequengy dependentveighting betweenthe two
obsenrer types. For frequenciess, whereK; + K,s™! is large (low frequencies)the
main emphasiswill be onthe currentmodel. For K; + s 1K, = 0 the JL-obsereris
exactly the voltagemodelobsener. Theideais thatat high frequenciesve canexploit
therobustnes®f thevoltagemodelto uncertaintiesn R, andw,. andatlow frequencies
we canusethecurrentmodelwhich haslower gainsandtherefores lessnoisesensitve.
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TheJL-obserercanbewritten asthe statespacesystem:

&ji = Ajxji + Bjiym,

tm = Cixj + Djiym,

¥,
Ti=1| 9 |»
ii’I‘C
ZS
ym:l:ﬂs]’
[ L K, K, 1
Ap=| —-f= 0 1 ,
0 0 —F+jw
Klele KLy — R, 1
By = LJ‘:,I,:S_LT” E
| e 0 |
Ci=[4 0 0], Dy=[1-Fgf 0]

4.4 Speed estimation

For systemswithout speedor position sensorghe speedw, mustbe estimated. This
sectionpresentgwo waysof doing this. Section4.4.1presentsa simple methodbased
on equation(3.35). The methodpresentedn Section4.4.2is basedon adaptie control
theory Section4.4.3presentsimulationresults.

4.4.1 Speed estimation from rotor equation

Oneway to estimatethe speedis to isolateit from the rotor equation(3.35). In the
statorfixedreferencdramethis gives

- Rr - - -
jimWr = — (Im — s 2 tm- 4.1
Fimw I (2 1s) + e (4.18)

In therotor flux orientedreferencdramethe equivalentequationis

R, s
Wy = WmR — L_i (419)
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Note thatthe lasttermis an expressionfor the slip frequeny andthat the accuray of
theestimateof R.. is essentialespeciallyat high slip frequenciesBoth versiongrequire
estimate®f theflux. Thebandwidthandnoisesensitvity of thespeedbsenertherefore
dependon the choiceof flux obsener. A flux estimatebasecbn therotor equation(JL-
obsenerwith K; — oo, Ks — 00) is uselessinceit will alwaysreturnthesamespeed
estimateastheflux estimatds basedn dueto theopen-loomatureof this flux obsener.
The main problemswith a flux obsener basedon the voltagemodel (JL-obserer with
K; = K, = 0) isthatit depend®on the statorresistanceR;, andthatit containsa pure
integration. To obtaina reasonablspeedestimatea compromisebetweerthe two must
befound.

4.4.2 Speed estimation method by Kubota et al.

An alternatve approachbasedon adaptve controltheoryis suggestedy Kubotaet al.
in [Kubotaetal., 1993. Theschemads illustratedin Figure4.5.

Ug Induction Is
motor

2]
As
A Speed
O adaptive ||
scheme
[®]

Figure4.5: Adaptie flux andspeecestimationschemeof Kubotaet al.

~

A, is thesystemmatrix of the modelbasedn the currentestimateof the speed.B;, is
theinput matrix of themodel.C = [1  0]. G is theobsenergainmatrix andis chosen
sothatthe obsener polesareproportionalto the motormodelpoles. The stateestimate
is updatedoy the equation

d “ ~ _
8= Agedise + Boclis + G(is — 1s), (4.20)
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wherethe first two termsprovide an open-loopsimulationandthe lastterm providesa
correctionbasedn the statorcurrentestimationerror.

In [Kubotaetal., 1993 it is shavn throughLyapunw theory that the speedadaption
scheme

d . 2

o= AcS{elim}, (4.21)
wheree;; = i, — is andthe speecestimateupdategain ). is any positive constantwill
male the estimationerror corvergeto zero. Unfortunatelythe proof is incorrect. The
proofis basedn the Lyapun function

V =e*e+ (Au,)%/2 (4.22)

wheree = x4, — T, Ay, = @r — wy, @and) is apositive constant.Thetime derivative
of Vis

4y = é*e+e*é+2AAerwr/)\= ‘
2e*herm(Age + GC)e — 2herm(e*(Ase — Ase)Ese) + 20, 0r /A =
2e*herm(Asc + GC)e+
20, S{ -7 i + T — i} + 280,67 /A =
2e*herm(As. + GC)e + 2A,,, ﬁ%{e;‘jm}+
2, S{i%im} + 20,6 /A

(4.23)

whereit hasbeenassumedhatw, = 0. However, in [Kubotaetal., 1993 thethird term,
2A,,, ${i;,im}, hasbeenforgotten. It is thenstatedthat £V canbe madenegative by
choosingG sothatherm(A4;. + GC) < 0, andby setting

. I3,
@t = "L,L, — L2,

S{elim} (4.24)
SinceS{u*y} = |u||y| sin(Ly — Zu), whereZ(-) is theangleof acomple« numberthe
forgottentermwill be positve whensin(/i,, — Zi,,) hasthesamesignasA,,,, which
is alwaystruein steadystate.This canbe seenfrom (3.55)in thefollowing way: Write
(3.55)as

C1

_ 4.25
Co + C3wy ( )

gms(wr) =
wherecy, ¢z, c3 arecomplex constant¢dependin@nw,, g anda,,, buttheseareconstant
in steadystate). Then,observingthatthe denominatois non-zerodueto L, L, > L2,
we have
C1 C1

Lim = Lim =2 iy -
m m co + c3Wy c2 + cawy

ZL(ea + ezwr)(c2 + e3p)*.  (4.26)
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Tediouscomputationsill shav that
S{(c2 + cawr)(ca + c30p)*} = Ay, R (R2L, + w2, g Ls(Ls L, — L2)))  (4.27)

which hasthe samesignasA,,,.. In otherwordsthe forgottentermwill be positive in
steadystateandprobablyin mostothercasesaswell, sothereis no guarantedhatthe
Lyapuna functionwill corvergeto zero.

The reasonthat the methodusually works arnyway, is that the speedestimatein most
casewill corvergeto thetruevalue,andsubsequentlyhe stateestimatesill corverge
too.

107" 10° 10° 10°

10
©,p adls]

Figure4.6: Theangle/e;s — ﬁm in steadystatefor the examplemotor.

Whensin(zez-s—ﬁm) hasthesamesignasA,,, , thespeedestimatiorerrorwill increase.
Figure4.6 shavstheangle

Zeis — éim =
Z [1 0] ((_Asc +jme)71 - (_Asc +jme)71) Bsc -
Z [0 ]-] (_Asc +jme)_1Bsc (428)

in steadystatefor w, = 10rad/s and®, = 15rad/s, asa function of the angular
velocity of theflux, w,, g for anexamplemotorwith the parameterén (3.57). As seen
thespeecestimatiorerrorwill increasevhenw,, g < 5rad/s (regeneratie mode).This
is alsodemonstratetly thesimulationshavn in Figure4.7. Thesystemis in steadystate
atw, = 10rad/s andw,,g = 4rad/s. The estimatorconstantsaarechosenasG = 0
(guaranteekerm (4. + GC) < 0) and . = 1000.
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Figure4.7: Simulationof the speedestimatorwith the systemin steadystateat w, =
10rad/s andw,,r = 4rad/s. Thetwo figuresto theleft shav theestimate®fis andiyy,,
respectiely, in a coordinatesystenrotatingatthe sameangularvelocity astheflux. The
actualcurrentsare constantn this coordinatesystemandare marked by . The initial
estimatesaremarkedby O. The bottomfigure shaws the speecdestimateasa functionof
time. The speecestimatds seento divergefrom the actualspeed.

As seenthe speedestimatedivergesfrom the true speed.Initially the currentestimates
cornvergetowardsthe true values but the increasingspeedestimationerror causeghem
to divergeeventuallyaswell.

4.4.3 Speed estimation simulation results

Figure4.8 shavs a testof thetwo speedestimationschemesThe actualspeedchanges
from 10rad/s to 12rad/s andbackagainafter0.5 secondsThis is donefor bothalow
(2Nm) anda high (9Nm) load situation. The figure shawvs this testfor threedifferent
versionsof therotor equationschemgFiguresA, B, andC). The JL-obserer hasbeen
usedto provide the flux estimatesand the differencebetweenthe threefiguresis the
choiceof frequeny weightingconstantk’; andK,. All threehave beenlow-pasdiltered
to reducemeasurememoise.In FigureA theweightingis mainly on the currentmodel
shaving the expectedreluctanceto changeaway from the currentspeedestimate. In
Figure B the weighting hasbeenchosento give a reasonableesult. In Figure C the
weightingis mainly on the voltagemodel. The fluctuationsin the high slip casehave
the frequeny w,, g andaredueto the almostpureintegrationwhich causesan almost
constanbffseterror. Thiscauseshefluctuationsvhenthenonlineartransformatiorfrom
im 104, R iS performed.
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Figure4.8: Speecestimationatlow andhigh load. In FigureA the weightingis mainly
on the currentmodel. In Figure B the weightinghasbeenchosento give a reasonable
result. In Figure C the weightingis mainly on the voltagemodel. Figure D shaws the
sametestfor the methodby Kubotaetal.

FigureD shownsthe sametestfor the methodby Kubotaetal. with the obsener polesat
1.2timesthesystenpoles.Theperformancés similarto theoneobtainedn FigureB. It

is foundthatperformancesimilarto FiguresA andC canalsobeobtainedby changing
theratio betweerobsenerandmodelpoles.

Instantaneoushangesn the speedarenot realistic. Figure4.9 shavs a morerealistic
simulationwherethe speeds controlledby a rotor flux orientedcontrollerwith speed
measurement/ailablealongwherethespeedeferences changedn steps Also plotted
is the speedestimatefrom Kubotas method. Figure 4.10 shovs the speedestimation
error.
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Figure4.9: Speedchangegperformedby rotor flux orientedcontrollerwith speednea-
surementsandthe speecdestimateof Kubotas method(dashed)
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Figure4.10: Speeckstimatiorerror

Noticethatthe speedestimatiorerrorresultingfrom the stepds practicallythe samefor
low andhigh speed Thisindicateghatthemainproblemsor theflux obsenercausedy
speeduncertaintywill begreatesttlow speedsincea changeof for examplel0rad/s
causes biggerdifferencein the modelfor low speedshanfor high.

Figure4.11shaws a similar simulation,wherethe speedeferencesweepsslowly from
—15rad/s to 15rad/s andbackagain.Every 2 secondsheload changesn a stepfrom
3Nm to 7TN'm or back. Thefigure alsoshows the speedestimation.Figure4.12 shavs
thespeedestimationerror.
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Figure4.11: Speedsweepwith stepchangedn load and speedestimateof Kubotas
method(dashed).
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Figure4.12: Speeckstimatiorerror

4.5 Summary

In this chaptertherotor flux orientedcontrolmethodhasbeendescribedThe controller
consistof acascadeouplingwith astatorcurrentcontrollerin theinnerloop. Theouter
loop controlsthe shaftspeedandthe magnitudeof therotor flux. Examplesof how to
constructhesecontrollersweregiven.

Thecontrolmethods obsenerbasedndrequiresanestimateof therotorflux. An exam-
pleof aflux obsener, theJL-obsererpresenteih [JanserandLorenz,1997, wasgiven.
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If aspeeddr positionmeasuremeris notavailableit is furthermorenecessaryo estimate
the speed.An exampleof a speedobsenrer, the onepresentedn [Kubotaetal., 1993,
wasgiven. It wasshown that undercertainconditionsthe obsenrer will diverge. How-
ever, in normaloperatiortheestimatewill usuallycorvergeto thecorrectvalueassuming
thatthe correctmotorparametergreused.



Chapter 5

LINEAR
PARAMETER
VARYING FLUX
OBSERVER

In recentyearsefficient waysto designcontrollersfor a particulartype of non-linear
systemslinear parametervarying (LPV) systemshave beendeveloped.

This chaptemwill review theLPV synthesignethodin [Scherer200] andapplyit to the
designof aflux obsererfor theinductionmotor. In Sections.1thehistoricalbackground
of LPV controlis reviewed. In Section5.2 robust quadraticperformanceanalysisof
LPV systemss discussedin Section5.3theso-calledfull block S-procedure&ontroller
synthesiss discussedSection5.4 discussefiow to obtaina discrete-timeversionof the
resultsin Sectionsb.2and5.3. Thisturnsoutto besurprisinglysimple.

Consideringhespeedv, asatime-varyingparameteallows writing theinductionmotor
modelobtainedn Section3.3.1aseitherarealfourth orderLPV modelor asacomplec
secondorder LPV model. This is dueto a specialsymmetryin the transferfunction.
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Section5.5 providestheoreticaljustificationfor the fact that controllersand obseners
for this type of systemcanbe assumedo have the sametype of symmetrywithoutloss
of performance.

In Section5.6 a discrete-timdlux obsenerfor awide rangeof speedss designedising
the theorydescribedn the previous sections.The obserer is testedon the laboratory
setup.Eventhoughthe performancas not significantlybetterthanthe JL-obserer de-
scribedin Section4.3.1it is worth notingthatpracticallyno tuninghadto bedone.

5.1 LPV background

In the famousDGKF paper[Doyle etal., 1989 statespacesolutionsfor the standard
suboptimalH, problemweregiven,thatis, for anLTI statespacesystemanda given

~v > 0, find all controllerssuchthat the #..-norm of the closed-loopsystemis less
than~. The solution was found by solving two coupledRiccati equations. In two

independenpapers[GahinetandApkarian,1994 (continuousand discretetime) and
[lwasakiandSkelton,1994 (continuougtime only) the problemwasreformulatednto

threecoupledRiccatiinequalitiesyielding an LMI problem. Therewere mary adwan-

tagesto this approach.The DGKF solutionrequiredseveralassumptionsn the system
thatwerenot inherentto the problem,but ratherto the solutionmethod. Most of these
assumptiongsould be removedwith the inequalityformulation. Furthermorat became
moreobvioushow to extendtheresultto linear parametervarying (LPV) systems.

Definition 5.1 (Continuoudimelinear parametevaryingsystem| PV system)

A continuoudimelinear parametervarying systenis a systenwhich canbe written on
theform

& A(B(t))z + B(O(t)u
y C(6(t))z + D(O(t))u,

wheee § is a boundedime-varyingparametervectorwhich canbe measuedonline.

(5.1)

Definition 5.2 (Discretetimelinear parametervaryingsystemlLPV system)

A discretetimelinear parametervarying systenis a systenmwhich canbewritten on the
form

Tpe1 = A(Or)zr + B(Or)uy
yr = C(Or)zr + D(0)uy,

whee § is a boundedime-varyingparametervectorwhich canbe measuedonline

Thereare two importantpointsto make aboutthe parametewector Firstly, it is not
necessariknown a priori but canbe measuredn real-time,sotraditionaltime-varying



5.1LPV background 63

control methodsbasedon future aswell as pastvaluescannotbe used. Secondly the
variationscanbe fast, so traditionalgain schedulingoetweena finite grid of linearised
operationpointswill notnecessarilyvork.

Thesefactswerepointedoutin [ShammaandAthans, 1997, whereit wasalsosuggested
thatthe problemmight be solved by designinga controllerwith the sametype of struc-
ture,i.e. an LPV controller. An early suggestiorof a controllerdesignof this type is
givenin [Beckeretal., 1993. Thesynthesignethodis corvex, but unlessthe parameter
dependences affine, it requiresaninfinite numberof constraints.

If theparametevectorentershestatespacematricesn arationalmanneanLPV system
canbewritten asan LFT asillustratedin Figure 5.1, wherethe uncertaintyblock (or

residualgaing A is amatrix functionof 6(¢t) andM is anLTI system.(Despitetheterm

"uncertaintyblock”, A is assumedo be fully known in realtime, but it is uncertainin

thesensehatit is notknown a priori.)

2y W
y M u

Figure5.1: LPV systemon LFT form.

In two independenpapers[ApkarianandGahinet, 1995 (continuousanddiscretetime)
and[Packard,1994 (discretetime), controller synthesidor LPV systemson the LFT
form weregivenin termsof LMIs. Theideawasto provide the controllerwith acopy of
theuncertaintyblock asillustratedin Figure5.2, A, (t) = A(t).

Figure5.2: LPV systemwith LPV controller

If 2, canbereconstructedrom the measurementg, thenby settingz, = 2, we will
have w, = w,. w, canthenbeusedto compensatéor the effectsof w,, onthesystem.
But evenif z, is not fully known, someof the effectscanstill be compensatety an
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obsener-basedestimate.

The methodsin [Packard,1994 ApkarianandGahinet,1995 are basedon the scaled
Small Gain Theorem. The scalingis doneby multipliers, J, which have to commute
with A, i.e. JA = AJ for all possibleA. This conditiongreatlylimits the available
multiplierstherebyintroducingconseratism. In additionthesemultipliersallow for A

to be complec evenif it is actuallyknown to be realintroducingfurther conseratism.
Furthermorghe SmallGain Theorems moreconsenrative thanrobustquadmatic perfor

mancgZhou etal., 1997 (Rohustquadratigperformances discussedn Section5.2).

Underthe assumptiorthat the systemis polytopictheseproblemsareall dealtwith in
[Apkarianetal., 1995. Thesystembeingpolytopicmeanghatthe matrix

A(6) B(6)
[C(e) D(e)] (5:2)

belongsto the corvex hull of afinite numberof matrices.The controllerresultingfrom
thesynthesiss alsoon polytopicform, i.e. the controllermatricesarefoundasa convex
combinationof vertex matrices

Stayingin the LFT setting[Helmersson1999 takesrealnes®f A into accountusinga
structuredsingularvalueapproachbut dueto thefrequeny domainnatureof theresult
theimprovements only usefulfor time-invariantparameters.

In [ScorlettiandGhaoui,1995 theanalysigesultsin [RantzerandMegretski, 1994 (for
journalversionsseg[ScorlettiandGhaoui, 1999 and[MegretskiandRantzey1997) are
extendedto synthesis.By using skew-symmetricmultipliers the realnesf the time-
varying parametergretakeninto account.However, the multipliers arestill requiredto
beblock diagonalmaintainingalot of conseratism.

In [Scherer2001] the controllersynthesigproblemfor systemswith rationalparameter
dependencis solvedwith full block multipliers. In otherwords,the conseratismdueto
theblock diagonalmultipliersis removed. Theresulthastheleastpossibleconseratism
if we allow for arbitrarily fastparametewariations.The only downsideto the methodis
thatthe schedulingfunction A., now hasto beanonlinearfunctionof A.

Thischaptemill review thesynthesisnethodn [Scherer200] andapplyit to thedesign
of aflux obsenerfor theinductionmotor. In Section5.2 robustquadraticperformance
analysisof LPV systemss discussedAssumingthatthe statespacematricesdepencbn
0 in arationalmannera full block S-procedurés usedto transformbetweenthe LPV
on the form in (5.1) andan equivalentsystemon LFT form. In Section5.3 full block
controllersynthesiss discussedThesewo sectiongontainno new contritutionsexcept
for Lemmab.12, which providesa partial solutionto someof the numericalproblems
associateavith Lemmaz2.9. FurthermoreScherers resultsareextendedo complex sys-
tems.Carefulinspectionrevealsthatthis is mainly a questionof substitutingtransposed
(-T) with complex conjugatedransposed-*).
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5.2 LPV analysis

This sectionreviews the robust quadraticperformancg RQP) analysismethodthat is
the basisfor the controllersynthesiddescribedn [Scherer2007]. Firstthe conceptof
RQPis introduced. Thenthe equivalencebetween_ PV systemson the form (5.1) and
ageneralised FT representatioins discussed.The latter providesa separatiorinto an
LTI systemandtime-varying parametersvhich is essentiato the following sectionon
controllersynthesis.

5.2.1 Robust quadratic performance

Considerthe LPV system

3 A(A)¢ + B(A)wp
zp = C(A)E+D(B)wy,
wherethe statespacematricesdependn A in alinearfractionalmannerwhich we will

discusdater A is atime-varyingmatrix belongingto acompactandpath-connectedet
A.

(5.3)

Definition 5.3 (Rolustquadmatic performanceRQP)

We say that the system(5.3) achievesrobust quadraticperformancewith performance
index

. S
P =Fy £ [g,’: R’;], Ry >0 (5.4)
p

e PositiveconstantsK and« exist sud that
1€t < ||€(to)|| Ke %) for t; > to andall A € A if wy(t) = 0.

¢ Thequadratic performancespecification

t1

Je > 0: / [wp(t)*  2p(t)*] Py [1:”((;)] dt < —s]lwp(t)*wp(t)dt,

to to

holdsfor all t; > to andall A(t) € A if £(tg) = 0.

The first condition guaranteegxponentialstability. The secondcondition providesa
performancepecificatiordependingn the choiceof P,. For instancethe choice

2
—v*I 0
ne )
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providesthe £5-inducednormbound

oup L7l

<7
w0 ||w]|2

Otherpossibilitiesarepassvity andpositive realconstraintsRQPhasbeenshovn to be
lessconserative thansmallgain conditions[Zhou et al., 1997.

RQPanalysiscanbe formulatedasa (possiblyinfinite-dimensional LMl

Theoremb5.4 [Scherer, 1999(Robustquadratic performanceanalysis)

Supposghere existan X' > 0 satisfyingthe LMI

[ I 0 ] 0 X‘ 0 0 [ I 0 ]
A(A)  B(A) X 0] 00 A(A)  B(A)
0o I 000, S, o 1 [ ©9
C(A) D(A) 0 0[S R, | |C(d) DQ)

for all A € A andwith P, satisfying(5.4). Thenthe system(5.3) achievesrobust
quadratic performancewith performancendex P,.

Proof: A proof by standardlissipatvity argumentss givenin [Scherey1999. A proof
for the discrete-timeversionis givenin Section5.4.2. <

5.2.2 Linear fractional dependency

Now considerthefollowing LPV systemonageneralised.lFT form:

13 A| B. B. B, 3
Zu _ Cy | Duu Duyc Dup Wy,
zc B CC DC’LL DCC Dcp wc (56)
Zp Co | Dpu Dy Dy Wp
with a parametedependenggivenby
Wy,
We . — Sa,l (A)
o € 8,(A) =im S, (A) = im 502 (D) , (5.7)
Zc

whereé € Ctne 2, € C=v 2, € Cke 2, € C'»,w, € C'we w, € C™, and
wp € C™». Thistype of parametedependeng is moregeneratthanwhatis usually
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seenin LPV literature.If S, is nonsingulamve have a standardeedbacKoop

7] = S (@)s.a2) * [ ]

Zc We

If wehave S,1(A) = A andS,2(A) = I we recoverthe standard-FT representation.
This moregenerakepresentatioallows for instancefor affine parametedependencdt
turnsoutin the synthesigproblem, thatevenif the planthasa standard.FT dependeny,
it maystill benecessaryo let thecontrollerhave the moregeneraform in orderto avoid
conseratism[Scherer2001].

Notice thatthe interconnectiorof the systemin (5.6) andthe parametedependengin
(5.7)is only well-posedf [Scherer2007]

I 0
I -
S.(A) @ im = Cwutmetnzuthe YA ¢ A,
a( ) Duu Duc
Dey, Dpp

uu D’LLC

In thestandard_FT casethis simplyamountgo I — [
for all A.

] A beingnon-singular
cu pp

If wewouldlik eto examineRQPfor thesystem(5.6)-(5.7),we needto putit ontheform
in (5.3). Thefollowing lemmafrom [Scherer2001 providesaway to dothis.

Lemmab.5 Assumehat .S, (A) is a continuoudunction. If theinterconnectiorof (5.6)
and(5.7)is well-posedthen

Duu DUC

Saz - [DCU Dpp

hasfull rowrankfor all A € A. Theefore

i
Duu Duc

Sal [SaZ - [D D :| Sal]
cu pp.

is continuousn A. Furthermoe thesysten{5.3) with

[A(A) B(A)] _ [.A Bp] L

C(a) D(A)] [Cp Dy
1.
Bu Bc Duu Duc Cu Duz)
A R L e R N P

hasthe sametrajectoriesfor £(t), w,(t), and z,(t) as(5.6)-(5.7).
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In otherwordsthe system(5.6)-(5.7)is equivalentto (5.3) with (5.8).
Thefollowing theoremprovidesa way to checkfor RQPfor theLFT system.

In orderto align the notationwith the onein thefollowing sectiondefinethe following
subspacéy swappingcoordinate®f S, :

Theoremb5.6 (Full block S-piocedue for LPV system]Scherer, 2007
Rolustquadnatic performanceor the systen(5.6)-(5.7)is achievedif thefollowing two
equivalenttonditionsare fulfilled:

1. Theinterconnection(5.6)-(5.7)is well-posedandthere existsan X > 0 sudh that
(5.8) satisfieq5.5)for all A € A.

2. dim(S,(A)) > n,y + k. andthere exist ¥ > 0 anda Hermitianmultiplier

Q S ‘le S12

S* R | S R -
P2 212 | > 00nS.(A), VA€A, 5.9
QIz 521 Q2 52 ( ) ( )
Sy Rip | S35 Ry
satisfying
+1°7To0 x| 0 0 0 0 00 171 0 0 0 1
ko X 0 00 00 0 0 A B, B. B,
* 0 0 Q S le Slz 0 0 0 I 0 0
ko 0 0 S* R S5 R 00 Cuo Duu Dyc Dup <0
* 0 0 QTZ 521 Qz Sz 0 0 0 0 I 0 )
L O O SIz Iz S; Rz 0 0 CC Dcu DCC DCIJ
* 00 00 00 Qy Sp 0 0 0 I
* J | 0 O 00 00 Sy Ry 1 LCp Dpu Dpc Dy |
(5.10)
Proof:

We have alreadyseerthat1. guaranteeRQP Theequialenceof 1. and2. followsfrom
the socalledfull block S-procedurdoundin [Scherey2007, whereit is givenfor real
systems. Careful inspectionrevealsthat extendingit to complex systemsis merely a
questionof substituting” — .* andR — C. «
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Themainadwantageof using2. insteadf 1.is thattheparametedependengonly affects
the choiceof multipliers. This turnsout to be very helpful in the synthesigo follow in
Section5.3.

5.3 LPV controller synthesis

This sectionreviewsthe LPV controllersynthesislescribedn [Scherer200]]. Firstthe
interconnectiorof an LPV systemandan LPV controlleron the generalised FT form
describedn the previoussectionis describedThis leadsto a closed-loopsystemon the
sameform. The Elimination Lemmafor quadraticmatrix inequalities(LemmaZ2.9) is
thenappliedin orderto turntheanalysisequatiorfor theclosed-loofnto LMI synthesis
equationsA partial proofis thengivenproviding a constructiorfor the controller The
synthesid.Mlis areinfinite-dimensionalln Section5.3.3anexampleis givenof how to
make themfinite-dimensional Finally Section5.3.4discussefiow to overcomesomeof
thenumericalproblemsassociatedavith solvingthe quadratiomatrixinequality

5.3.1 Closed-loop system

Considerthe LPV system
& A|B, B, B T
Zp Cp | Dpu Dy Ep Wp
Y C|F, F 0 u

with z € C* ,u € C™ andy € CP representingtatesjnputsandoutputs.w, € C*v»
containgdisturbancenoise,andcommandsignals.z, € C*=» is theperformanceutput,
i.e. the signalsto be controlled. w, € C"=,z, € C*» arethe channelsconnecting
thetime-varying parameterin A with the nominalsystemdescribedy (5.11). Let the
time-variationsbe givenby

Wy, o s Sl(A)
{Z} € §(A) =im S(A) =im AR (5.12)

This type of parametedependeng was discussedn Section5.2.2. Assumethat the
time-varyingparameterareknown to beboundedy A € A.

Remark5.7 As seenthe systemis requiredto be strictly properin the channelfrom
controllerinput » to the measurementg. In Section2.4 it wasdiscussedvhatto do
whenpresentedvith anon-strictlypropersystem.
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As discussedn theintroductionto this chapteythe mainideabehindLPV controlis to

let the controllerhave online accesgo the time-varying parametersif boththe system
andthe controllerhave standard_.FT parametedependengthis canbe representeds
in Figure5.3.

Zu A Wy,
oAl
Ze J We
Zp M Wp
y u
K

Figure5.3: Expandingthetime-varyingblock, A, by a schedulingtunction, A..

Remark5.8 This could be viewed asa robustsynthesigproblem: Designthe controller
K suchthatthe closedloop systemis stableandfulfills someperformancespecification
for any A € A. This would normally be a non-covex problemexcept for special
casessuchas state-feedbackLuckily, dueto the particularstructureof the problem,
copying A into A, will allow a wider setof multipliers, making the problemcorvex
with someconseratism.Letting A, beanonlinearfunctionof A will evenremovethis
conseratism.

Now let the controllerbe givenby

& Ac | B, B, Te
u = Ce1 | Deir Dero Yy ’ (5-13)
Ze Ce2 | Dea1 De22 We

wherez, € C*, 2z, € Ck, andw, € C™-. Let the contoller schedulingsubspacéde
givenby

(5.14)
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We thenhave a closed-loopsystemon theform (5.6) with

- A B B

A| B, B:. | B, 0 w 0 P

1D 1D 0 0] 0 0] O

w| e e\ Fup | _ 10 0| Dy 0 | Dy |+

CC Dcu DCC Dcp 0 0 0 0 0

L CP DPU DPC DPP Cp 0 Dpu 0 Dp

[ 0 B 0

IL,, 0 0 A. Bga  Be 0 I,,|]0O 00O

0 E, O Cei Deai Do ¢ 0 |F, 0 |F, |, (515

0 0 I Ce2 Deo1 Deao 0 00 I, |0

0 E, 0

anda parametedependenggivenby (5.7),with

S1u(A S1(A) 0
S| | 0 Sa)

)
(A)
[S2C(A)J lo scz(AJ

We cannow analysethe stability andperformancef the closed-loopsystemby directly
insertingin Theorenb.6. Noticethat

Se(A) = 8(A) x Se(A).

5.3.2 Controller synthesis

Assumingthat (5.9) definesa corvex setof possiblemultipliers, analysingthe stability

andperformancef the closed-loopsystenby testingthefeasibility of (5.10)is acornvex

problemsincethe only unknovns, X and P, enterlinearly. In connectiorwith synthesis
it becomesa non-corvex problemdue to the presenceof productsof the multipliers

andthe closed-loopmatrices. However, dueto the specificstructureof the problem,

by applyingthe Elimination Lemmafor quadraticmatrix inequalities(Lemma2.9), the

synthesigproblemcanbe castasanLMI. Thisis dueto thefollowing lemma,which has

beeninstrumentain mostLPYV resultsin theliterature:

Lemmab.9 (Hermitianmultiplier extension)Padkard, 1994

LetX > 0,Y > 0 € H**", andlet r be a positiveinteger. Thenthere exist matrices
Xy € C**7" X3 € H™*" sud that

-1

[X X2]>0and[X X2] :[Y *]

X; X, X X; ¥ % (5.16)



72 LinearParameteNarying Flux Obsenrer

if andonly if

[X I,

X I,
> < .
I, Y]_Oandrank[ ]_n—i—r (5.17)

I, Y

Proof: See[Packard,1994 or [Helmersson1995. «
LemmaB.3 givesa constructiorfor thefull rankHermitiancase.

Beforegiving thetheoremfor controllersynthesisve needthefollowing assumptioron
the performancéndex:

in(Pp) = (dim(Qp), 0, dim(Rp)),

whichis neededn orderto fulfill theinertiaconditionin the EliminationLemma. This
conditionis non-restrictve, sincemostsensiblechoicesof quadratigperformancebjec-
tivesdo indeedfulfill this.

Partition the inverseof the performancenatrix P, as

a1 [@r S
P, L= [gf P (5.18)
P P
anddefinethe multipliers
a (@ S =a [Q S
P = [S* R:| ’ P= _S* R:| ’ (519)

partitionedto conformwith S(A).

Theoremb5.10 (LPV contmller synthesis)Scherer, 2001
Thefollowing two statementare equivalent
1. Acontroller ontheform (5.13)existssuc thattheclosedoopsysten{5.15)admits
an X > 0 anda Hermitianmultiplier P, satisfying(5.9)and(5.10).
2. Thele exist Hermitian X,Y and Hermitian multipliers
P>00nS(A)andP <0onS(A)t, VYAeA (5.20)

satisfyingthelinear matrixinequalities

[X I] >0 (5.21)

I'Y
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- -k - -

* 0 X| 00| 00 I 0 o
«| |x 0loo] 0o A B, B,
* 00[Q S| 00 0 I 0
v w 22
x| | 0oo|s R 00 Cu Duu Dup < 0 62
* 0000 (Q S 0 o0 I
] loolools mlc Du D]
«17°[0o Y|]oo] o0 [ -4 -c: —C;
x| |y ofloo]| 0o I 0 0
x 00]Q 5] 00 —B; -D., -D:
P “ 2 u uu pu o 2
| | 00|35 R| 00 o I 0 >0 (523
* 0000 [Q S -B; -D;, -Dj,
sl looloo s Bl o o 1
where
®=[B* E; E], v=[C F, F) . (5.24)

Proof: Forthefull proofsee[Scherer2001. Hereonly a constructve proofof 2. = 1.
will begivenwith thefollowing assumptions.

We assumehatthe systemis onthe standard_FT-form, i.e.
wyu(t) = A(t)zu(t) (5.25)

or equialently

andthat A is squaresothat
A
Nzu = Nyu = Ny

Thenwe have

We furthermoreassumehat
in_ (P)=mn, (5.26)

which simplifiesthe proof greatly With this conditionit is possibleto let the controller
beonthestandard FT form aswell. Theschedulingunctionwill however still have to
beanonlinearfunctionof A.
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The proof will bein the form of a controller constructionalgorithm comprisedof the
following steps. First the extendedmultiplier P, is constructedrom P and P and X

is constructedrom X andY. Thena controllerschedulingfunctionis constructedo

assurg5.9). The LTI partof thecontrollercanthenbefoundusingLemma2.9. Assume
now that P, P, X andY satisfying(5.20)-(5.23)have beenfound.

Extension of multipliers _
By compactnesef A andby the strictnesof (5.20)we can,if necessaryperturbP to
renderit nonsingularDefine

N&p_pt (5.27)
andlet U beanorthonormabasisfor theimageof N suchthat

N_ 0

*N:
U*NU [0 N,

] , N_<0, Ny>0. (5.28)
Chooseheschedulingunctiondimensionsaask, = dim(N, ) andm,. = dim(N_) and
define

[V_(A) Vi(A)] =S(A)U (5.29)
with V_, V. havingm,, k. columnsrespectiely. By definingtheextendedmultiplier as

P U

P, = ~
U* (U*NU)™*

(5.30)

we find by LemmaB.3 andSchurcomplemen{Lemmaz2.6) that P, is nonsingulaand

Pl= [P *:| , in(P,) = in(U*NU) + in(P) = (m¢ + 1y, 0, ke +ny). (5.31)

To constructY we pick Z, asanorthonormabasisof theimageof X — Y ! andset

X Zy

X =
Zy (Z;(X-Y Y)Z,)

. (5.32)

By LemmaB.3 and SchurcomplementLemma2.6) X will be positive definite and
Y x
e

*
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Scheduling function

DefiningS.(A) = [AC§A)] we needto find a A, suchthat

P, >00nimS(A) x im S.(A), VA € A. (5.33)
With the above definitionsthis canbe written as

[ S(A)"PS(A) V_(8)Ac(B) + V(D)

Using Schurcomplementinda congruenceransformatiorthis is equivalentto

NYOAL(A)
[Acm) ~N_ ] -
[ *]* [S(A)*PS(A) — V_(A)N_V_ (A)*]_1 [Vi(A) V_(A)N*] >0. (5.35)
By choosing
Ac(A) = N_V_(A)* (S(A)*PS(A) — V_(A)N_V_(A)) ' Vi (A) (5.36)
to make the off-diagonalblocksequalto zero,inequality(5.35)is equialentto

N7 = Vi (A)* [S(A)*PS(A) — V_(A)N_V_(A)*] " Vi(A) >0
and

—N_ = N_V_(A)* [S(A)* PS(A) — V_(A)N_V_(A)*] ' V_(A)N* > 0.

Theseareequialentto
[ Nt Vi (A) ] -0
Vi (A) S(A)*PS(A)—V_(A)N_V_(A)*

and

_N_ N_V_(A)* .
[V_(A)N_ S(A)*PS(A) —V_(A)N_V_(A)*] >

by Schurcomplementarguments. By Schurcomplementthe latter is equialentto
S(A)*PS(A) > 0, whichis alwaystrue dueto (5.20). Thefirst inequalityis by Schur
complemengequialentto

S(A)*PS(A) — Vo (A)N_V_(A)* — Vi (A)N4 Vi (A)* = S(A)*P~18(A) > 0,
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wherethe equality follows from the definitionsof N, V_, andV,. FromLemmaz2.7,
(5.20),and(5.26)we have

in(P~'5(a)) = in(P) — in(P|sa)L) = (N, 0,n4) — (ny,0,0) = (0,0,7,),
i.e. thefirstinequalityis alsoalwaystrue.

Controller construction

Oncethe multipliers have beenconstructedandthe fulfilment of (5.9) hasbeenassured
through(5.36), the controller matricescan be found asa solutionto (5.10). Thisis a
guadraticmatrix inequality in the form givenin LemmaZ2.9, which can be seenafter
somerearrangementsf rows andcolumnsandby observingthat

- i
0 I, 0 0 0 0
B* 0 E: 0 E; =19y, (5.37)
0 0 0 I 0 0
VR
and
v,
'_
0 I, 0 0 0 0
cC 0 F, 0 F, = (@, ], (5.38)
0 0 0 I, 0 0
U3
where
d, T,
®| =% and U, | =0. (539)
®3 T,

The inertia condition(2.10)is satisfiedif theinnerfactorin (5.10) hasnegative inertia
(ns + ne + Ny + me + nyp) andpositve inertia(ng + ne + 1y + ke + nyp). Thisis
clearlyfulfilled since

. (0 X

n (/Y 0) - (ns + N, 07 Ng + nc)a (540)
in(P) = (nu+me,0,n,+ k), (5.41)
in(Pp) = (Nwp,0,mzp). (5.42)
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Remark5.11 The proof givenhereis lessgenerathanin [Scherer200]. For instance,
the inertia condition (5.26) on P is not necessarybut the constructve proof is a lot

more complicated andthe schedulingfunctionis givenin a lessexplicit manner The

conditionis non-comvex, so it is not easyto enforce. However, practicalexperience
shavsthatit oftenis fulfilled anyway, atleastif enforcingthe corvex inertiarestrictions
discussedbelow in Section5.3.3.

To summariseassuminghattheparametedependengis givenby (5.25),thealgorithm
for findinganLPV controlleris asfollows

¢ Solvethe LMIs (5.21)-(5.23)with the additionalconditions(5.20) and (5.26) to
obtainX,Y, P,andP.

e ConstructP, asin (5.30)andX asin (5.32).

¢ Solvethequadraticmatrixinequality(5.10)to obtainthe controllermatrices.

e The controlleris now given by (5.13) with w, = A.z., whereA. is given by
(5.36).

5.3.3 Finite dimensional global solution

SinceA usually hasinfinitely mary elements(5.20) posesan infinite numberof con-
straintson P and P. Let us againconsiderthe LFT case. Then(5.20) is equivalent

to
[?] [? }s;] [ﬂ > 0 and [_2 ] [5? }s;] [_i ] <0. (5.43)

LetusassumeéhatA canbedescribedy

A= CO(Ag), Ag = {Z L,A,Kl* A € A,},
i=1

whereA; arefinite setsand L;, K; are matricesof full columnrank. Since(5.43)is

not linear in A it is necessaryo introduceconstraintson P and P in orderto have

(5.43)on A implied by (5.43) on the finite generatorsetA,. Enforcing@ < 0 and

R > 0is sufficientto have thisimplication[Scherey 1999. Noticethatif the parameter
dependengis affine,i.e. D, = 0, thenthe(2, 2)-blockof (5.22)is Q@ +D;;, R, Dy, < 0.

Dueto R, > 0 thisimplies@ < 0. Similarly (5.23)implies R > 0, soin the affine

parametedependengcasethereis no needfor conseratism.

In thegenerakationalcasetheleastconsenative constraintsvould appearo be

LiQL; <0, K!RK;>0, Viel,..n.
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With these constraints, (5.43) on A, implies (5.43) on A [Scherey200y]. By
addingtheseconstraintsthe synthesisnequalities(5.21)-(5.23)are thereforea finite-
dimensional.MI, which canbeimplementedn a standard_MI| solver asdescribedn
Section2.3.1.

5.3.4 Solving the quadratic matrix inequality

Theproofof Lemma2.9in AppendixB onpagel73providesaway to construcia solu-
tion to thequadratiomatrix inequality(2.11). Numericalproblemsmayariseespecially
if P isill-conditioned. Theonly inversionsn the proofwhich needto be performedare
theinversionsof S*ILS in equation(B.19)andof Z;. Thefollowing lemmaprovidesa
choiceof L thatwill make S*ILS ~ —1I, makingit easyto invert. Referto the proofin

the Appendixfor definitionsof thematrices.

Lemma5.12 LetUg [£5 0] V4 = B bea singularvaluedecompositiorf B. Wth
the definitionsin the proof of Lemma2.9 andwith

Ji Jio N [rI
= = * P .
/ [Ji"z J22] Vs [C] [C] Vs, (5:49)

partitionedso J,, € H(™<z)*(m—cz) choosing

I 0 " —
L=Vs [0 Q], QQ" = —J3! (5.45)
will provide
S*I1S = —1. (5.46)
. ! Dlz] [O]
Proof: Insertin = K*CV, and
g[D22 Zle

AL 01 _[L o0
me o o] Pls
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we have
0 r 0
S*TIS = T o1l T o1l =
K=CVs [Q] | K°CVs [Q]
0 *
w7 [0
Ql| p Ql | _

[g] / [22] =Q"2Q = —1. (547)

Theexistenceof a @ fulfilling QQ* = —J,,' followsfrom $*TIS < 0 = Jas < 0. <

Of coursefinding a suitable@ is no morenumericallytractablethaninverting J22, but
the point is thatit doesnot have to be exact, an approximatesolutionwill still make
inversionof S*I1S well-conditioned.

5.4 Discrete time controller synthesis

When a model hasbeenobtainedbasedon physicalconsiderationsit will be usually
in continuoustime. On the other hand,the controller usually hasto be implemented
in discretetime. Therearetwo waysto do this. Either the controlleris designedn
continuougime andthendiscretisedpr the modelis discretisedirst, anda controlleris
thendesignedn discretetime.

Someof theadvantagesinddisadantage®f the first method(controllerdiscretisation)
comparedo thesecondmethod(modeldiscretisationpre:

e Sincetherealplantoperate$n continuoudime, stability andperformanceequire-
mentsaremorenaturallyexpressedn continuoudime.

¢ The optimal samplingrate may dependmore on the controllerdynamicsthanon
the plantdynamics.If the samplingfrequeny canbe choserireely, thenit might
bebetterto determinghis afterthe controllersynthesis.

¢ Ontheotherhand,if thesamplingfrequeng is givenbeforehandthencontroller
synthesidgn continuoustime might resultin a controllerwith very high gainsor
unstableopen-loopdynamicswhich couldresultin theclosed-loobehaiour not
beingpreseredwhenimplementedn discretetime. Limitationson the sampling
frequeng will betakeninto accountwith modeldiscretisation.
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¢ Time delayscanbe modelledeasilyin discretetime, whereadn continuousime
approximationsuchasPadéapproximantgseee.g.[Franklinetal., 1994) must
beused.

e Dependingon the type of parametrisationit might be necessaryo performthe
discretisatiorof the controllerat eachsample. This may be computationallyde-
manding.

¢ On the other hand, discretisationof a continuoustime model with a simple
parametrisatiormay resultin a discretetime model with a more complicated
parametrisation.

No matterwhich of the two waysis chosena discretisatiorhasto be performed.Dis-
cretisationof LPV systemss lesstrivial thandiscretisingL Tl systemssincethe system
changedrom sampleto sample.Section5.4.1discussesliscretisatiorof LPV systems
ontheLFT form. If themodelis discretiseda discretetime versionof thetheoryin Sec-
tions5.2-5.3is needed Section5.4.2givesthe discretetime versionof robustquadratic
performanceSection5.4.3described PV synthesidor discretetime synthesisFinally,
Section5.4.4discusses few issuesof discretetime controllerdesignandimplementa-
tion.

5.4.1 Discretisation

In [Apkarian,1997 somesuggestion®n discretisationof LPV controllersare given.
One of the main problemsis that the controller hasto be discretisedat eachsample,
whichis not necessarilfeasiblein real-time.If discretisingthe modelinsteadthis will
not be a problem. On the otherhand, it is unclearhow to containthe infinitely mary
modelsobtainedat differentparametewraluesin asimpleLPV representation.

Fortunately the LFT representatiomllows for a simpleralternatve dueto associatiity
of the starproduct.Define

oo _[ 1 VLI
bl — \/TSI %I )

whereT is the samplingperiod. A trapezoidabpproximation(or bilinear transforma-
tion) of the continuougime system

-t 38

'Tk+l _ A B Tk
[ Y ] _Dbl*[c D] [Uk]

is thengivenby
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Now considetthe LPV system(5.11)with w, (t) = A(t)z,(¢) andwrite thisas

&

A|B, B B,
E

Zz
CP DPP p DP‘U
= A . 5.48
“p c|lr o F |7 o (5-48)
Y Cu|Dup Eu Du
Fromtheassociatiity of the starproductwe have
A| B, B B,
C, | D E, D
D P pp P pu Al =
"Nl e|lr o F |*
Ou Dup Eu Duu
A| B, B B,
CP DPP EP DPU«
Dy * ¢ | F, 0 P, * A.
Cu Dup Eu Duu

Sincetheinsideof the bracleton the right handsideis constantjt needsonly be com-
putedonce,andthe LFT structureis maintained.

A(t) isreplacedoy Ay, = A(kT;,). Noticethatanunderlyingassumptioris
A(t) = A(kT,), forkT, <t < (k+1)Ts.

5.4.2 Discrete time analysis
Considerthe discretetime versionof the LPV system(5.3):

£k+1 = A(Ak)fk + B(Ak)wpvk
Zpk = C(Ag)& + D(Ag)wp,k-

Notice thatit is an underlyingassumptiorthat the parametersre constantduring the
entiresamplingperiodfrom time k7 to (k + 1)Ts, whereTy is the samplingperiod.

(5.49)

We will alsodefinerobustquadraticperformancdor discretetime systems:
Definition 5.13 (Rolustquadmatic performanceRQP)

We saythat the system(5.49) achievesrobust quadraticperformancewith performance
index

. S
P,=P; £ [g" Rﬂ , R,>0 (5.50)
p
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e PositiveconstantsK anda exist sud that

1€k2 11 < [1€Ro || K e=*1=0) for ky > ko andall A € A if wy,; = 0.

e Thequadratic performancespecification

k:l kl
w
de>0: E [w;k z;,k] P, [zp’k] < —¢ E W, W, ks (5.51)
k=ko Pk k=ko

holdsfor all k; > ko andall Ay, € Aif &, = 0.

We cannow formulatethe discretetime equivalentto Theoremb.4. A similar resultfor
thels-inducednormwasgivenin [Doyle etal., 1991].

Theoremb5.14 (Rolustquadratic performanceanalysis)

Supposehere existsan X' > 0 satisfyingthe LMI

sy sis)
AlA) B4 J <0 (5.52)

I 0 ~X 0] 0 0
A(A)  B(A) 0 X‘ 00
0 T 00 |Q S, 0 T
[C(A) D(A)J 00 ‘s* R, [C(A) D(A)

for all A € A andwith P, satisfying(5.4). Thenthe system(5.49) achievesrobust
quadratic performancewith performancendex P,,.

Proof: Letwy, , = 0in (5.49)andchoose
Vi = §, X

asalLyapunw candidatdor theunforcedsystem.Thedifferencefrom sampleto sample
is

Vi1 — Vi = GA(A) " XA(A)Er — EXEr,

whichimpliesthatthe systemis uniformly exponentiallystableif 4(A)*X A(A) < X.
But thisisimmediatelydeducedrom theupperleft blockin (5.52),which canbewritten
as

A(A)* X A(A) — X + D(A)*R,D(A) < 0.

SinceR, > 0it isseerthatif X renderg5.52)satisfiedtheunforcedsystenis uniformly
exponentiallystable.
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Furthermoredueto the strictnesf (5.52),we canadda smallperturbationG = [§ 9
to theleft-handsideof theinequalitywithout renderingt unsatisfied Multiplying from

k

theleft andright by [w ] thengives

.k
) P samalle)s

] Loy o] Plecsy o] o] o] @luin] <0
whichreducego

* w w *
(1 — &)X (Eppr — &)+ | 28| P | 20 + ewy, pWpk < 0.
Zp,k 2p,k

Summingfrom k = ko to k = k; with &, = 0, X > 0 thenimplies(5.51). <

Notice thatthe only differencebetweenTheorems.4 and5.14is the block containing
X. It turnsoutthatthis changecanbecarriedthroughall theway to the synthesid_Mils.

Considetthe discretetime versionof the closed-loof PV system(5.6) on LFT form

Ek: A | Bu Bc Bp Ek:
Zu,k Cu Duu Duc Dup Wy, k
’ = ’ 5.53
Ze,k Cc Dcu Dcc Dcp We,k ( )
Zp,k Co | Dpu Dpc Dpp Wp,k
with a parametedependenggivenby
. . Sal (Ak})
€ S,(Ar) =im S, (Ag) = im , 5.54
(Ag) (Ag) S (D) (5.54)

where¢ € C+ne 2, € C=v 2, € Cke 2, € C*»,w, € C' w, € C™, and
wy € Cur.

Thetrajectoriesof (5.53)arethenthe sameasfor (5.49)with (5.8). Furthermorehefull
block S-procedurgroviding anRQPtestfor the LFT form is exactly asin Theoren.6
exceptfor thechangeof the block containingX'.

5.4.3 Discrete time synthesis

As discussedn the previous section,the only differencebetweenthe continuousand

discretetime versionsof RQP analysisof LPV systemss the block which is [/,(:, ;(;)]
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in continuoustime and _OX ; in discretetime. Sincethesetwo blocks have the

sameinertia,we canstill applythe EliminationLemmafor quadrationatrix inequalities
(Lemma2.9). Furthermoretheannihilatorsstill cancelthe samerows andcolumnsasin
the continuougime case.This meanghatit is againthe upperleft blocksof X and X —!
whicharepresered.

Considetthe discretetime system

Tr41 A B, Bp B Ty
Zu,k — Cu Duu Dup Eu Wy, k (5 55)
Zp,k Cp | Dpu Dy Ep Wp,k

with parametedependencgivenby

W,k . . Sl(Ak)
{m} € S(Ag) =imS(A) = 1m{m}. (5.56)

Thecontrollerwill beontheform

Te,k+1 Ac | Bcl BcZ Te,k
Uk =| Ca | Da1 Do Uk | (5.57)
Ze,k Cc2 Dch Dc22 We, k

with the controller schedulingsubspace

We, k . . Scl(Ak)-_
{E} € S:(Ag) =im S.(Ay) = im 5B (5.58)

Theoremb5.15 (Discretetime LPV contmoller synthesis)

Thefollowing two statementsre equivalent

1. Acontwoller ontheform (5.57)-(5.58)existsfor the LPV systen(5.55)-(5.54)sud
that the closedloop systemachievesrobust quadmatic performancewith perfor
manceindex P, satisfying(5.50).

2. Thee exist Hermitian X,Y and Hermitian multipliers
P>00nS(A)andP <0onS(A)t, VYAeA (5.59)

satisfyingthelinear matrix inequalities

[JI( 1{] >0 (5.60)



5.4 Discretetime controllersynthesis 85

- -k - -

«1°[-Xx 0loo| 00 I 0 0
sl | o x[oo0] 00 A B, B,
» 00 |Q S| 00 0 I 0
v 7 61
ko 00 |$ R| 00O C. Du D, |7 <0 G
" 00 |00]Q SI,,J 0 0 I
«] L 00 008 R ||l C Dp Dy |
'*'*(—YO 00| 00 1] -4 -c; -C:
x| | 0o v|loo] 0o I 0 0
; 00 |G 5] 00 ~B, -Di, -D;
q)* - ~ u uY pU q)
x| | o0 |5 R| 0o Y S >0
; 00 001G 3 || -8B -Di, -Di
[ «] L oo oo |8 BRIl o o 1 |
(5.62)
whee

®=[B E; E:]" ¥=[C F, F)]

Proof: Theprooffollowsthesamdinesastheproofof Theoremb.10. X is constructed
in exactly thesameway from X andY. <

As indicatedthe controllerconstructionfollows the exact samelines asin the proof of
Theorem5.10.

5.4.4 Discrete time controller design and implementation

This sectiondiscusses few issueson designingandimplementingdiscretetime LPV
controllers.

Restrictions on pole placement

The LMI approactto controlallows for simplewaysto restrictthe closed-looppolesto
certainareasf the s- or z-plane seefor instancdChilali etal., 1999. Notethatit does
not really make senseo take aboutpolesfor a time-varying system but restrictingthe
eigervaluesof 4(A) hasa similar meaning. For example, it is very easyto ensurea
certaindecayratein discretetime by restrictingthe eigervaluesto be within a mamgin
B of theunit circle, i.e. p(A(A)) < 1 -3, VYA € A, wherep denoteghe spectral

,2'] -block in Theorem5.52 by

radius. This canbe enforcedby replacingthe [ 0
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-X 0 - . .
[ 0 (1- B)‘ZX]' In the synthesisn Theoremb5.15this correspondso changing
-X 0 -X 0 . -Y 0 -Y 0 .
[ 0 X] to[ 0 —5)—2X] in (5.61)and[ 0 Y] to[ 0 @ _5)2y] in
(5.62).

Implementation

A controlleron the form (5.57)-(5.58)canbe be implementedhrougha reformulation
alongthelinesof Lemma5.5. The controller(5.57)-(5.58)canbe written as

Tept1 = Ac(Dr)zer + Bo(Ar)yr

5.63
Uk = Cc(Ak)xc,k + DC(Ak)yk ( )

where

Erreiow B

[DBC2] Se1(Ayg) [Sc2(Ak) - Dczzscl(Ak)]f [002 Dch] . (5.64)
cl2

Somecomputatiorpower may be saved be working with the schedulingvectorsw, and
z. ratherthancomputingthe entirematrixin (5.64)alongthefollowing lines

Zew = Ceozer + De21ys,
Wer = Ser(Ar)[Se2(Ar) — De22Ser (Ap)] Zek,
uy = Ceazer+ Dei1yr + Derowei,
Teht1 = Acer + Bayr + Beowe,

but unlessD > happengo bezero,thereis in generaho way to avoid theinversion.

5.5 Complex LPV systems

Certainsystemsawith a particularstructurecanbetransformednto anequialentsystem
with half the numberof statesjnputs,andoutputs,assuminghatthe outputcanbe de-
composedn ameaningfulway. We shallreferto this type of systemascomple-formed
sincethetransformatiowill typically befrom areal-valuedsystenmto acomplex-valued
one.

The currentpartof theinductionmotormodelin Section3.3.2is comple-formedif we
view w, asaparameteratherthanastate.
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Onewould expectthat if a systemis complex-formed, then the optimal controlleris
complex-formedaswell. This sectionestablishesheoreticalevidenceof this. Section
5.5.1shawvsthataddition,multiplication,andinversionof comple-formedmatricespre-
senesthe structure.Section5.5.2considerssomple-formedlinear systemsandshowvs
thatfor a specialcase restrictingthe controllerto be complex-formedaswell doesnot
limit the achievable performance.Section5.5.3 considerd_MIs with comple-formed
matricesandshows thatfor a simpletype,restrictingthe solutionto be complex-formed
aswell will notaffectthefeasibility. Finally Section5.5.4considerd. PV controllersyn-
thesis.It is shawvn thatfor a complex-formedLPV systemthe optimal controlleris also
comple-formed.

5.5.1 Complex-formed matrices

Definethefollowing corvex set:
Definition 5.16 (Complex-formedmatrix, C3,*)

M, —M,

C & {M: M= [M. Iy

] ,M,, M; € C"*"}.
If a matrixisin C3;** wewill call it complex-formed.

It is obviousthatif My, M, € C2*2" M € Cay **” we alsohave
M + My € C3m<2™ and My M3 € Cap .
If My € C37*®™ is non-singulamwe alsohave M; ' € Caf ™™
Lemma5.17 Let M € C37***™ benonsingular ThenM ! € C57*™ aswell.
Proof: A proofis givenin theappendixon pagel75. <
Definethefollowing transformatiorfrom C37***" to C™ ™

Definition 5.18 (T¢ (-)-transformation)

M, —M]\ a .
([ ) 2t 4o 5o

Remark5.19 Thistransformatiorhasno unigueinverseunlesssomespecificconstraints
on M, andM; aregiven,for instancethatthey shouldbereal.

We cannow give thefollowing extensionto Lemma5.17:
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Lemmab5.20 Let M € C37**™ benonsingular Then

Te (M™Y) =Te (M), (5.66)

Proof:

A proofis givenin theappendixon pagel76. <

5.5.2 Complex-formed linear systems

By Lemmab.17it followsthatif all matricesof astatespacesystemareof this particular
form, thenthetransferfunctionis too.

Definethefollowing setof matrix transferfunctions:
Definition5.21 (Comple-formedsystem(s)
C2m*2n = {T(s) : T(s) € Ca*™?",  Vs}.
Corollary5.22 Considerthe statespacesystem
z = Az + Bu, y = Cz + Du,

andassumed € Cip**™ B € Car*®™ C € C3**", and D € C32**™. Thenthe
transferfunctionG(s) = C(sI,, — A)~*B + Disin Cs:

G(s) e C2P*™.
Furthermoe
Te (G(s)) = Te (C) (sI3 — Te (A)) ™ Te (B) + Tc (D).

Remark5.23 The eigervaluesof a squarecomplex-formedreal matrix, A, consistof
complex conjugatedand doublereal pairs. The eigervaluesof T¢ (A) consistof one
from eachpair.

Remark5.24 The transferfunction, G(s) of a statespacesystemwith real matricesis
symmetricaroundthe real axis. This is not necessarilyrue for 7¢ (G(s)). Oneconse-
guencss thatbodeplots needto be shovn for both positive andnegative frequencies.

The following theoremshaws that for a specialsystemwith complex-formedtransfer
functionsthereis no lossin achievable performanceby restrictingthe controllerto be
comple-formedaswell.
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Definethe matrix

02 [2 é] (5.67)

wherethe dimensiorwill beapparenfrom the context.

Lemma5.25 LetG,H,F = F* € Cs and
QG+G*Q+QHH'Q+F <0 Vs (5.68)
Then
F<0 Vs (5.69)

Proof: Obviously (5.68)impliesN £ QG + G*Q + F < 0. Thenalso
0 —I 0 I
[I 0 ]N[_I 0]+N_2F<O (5.70)
<

Theoremb.26 Let

Mll M12
M2 [
M21 M22

whee M1, M12, M2; € Cg. If acontoller K existsyielding closed-loopH ., perfor-
mance||M x K[| < 7 thena contoller K; € Cg existswith equalor betterclosed
loop performancei. e. || M x Ki||oo < 7.

] . My =0, (5.71)

Proof: Theclosedlooptransferfunctionis C; = My; + M2 K Ms;. ||C]| < 7 if @and
only if CyC; < v2I. DecomposeK asK = K; + K»Q, whereK;, Ko € Cs. When
calculatingC;C; — 421 it canbe put on the form in (5.68), whereG and H arezero
whenK3; is zeroandwhereF doesnotdependn K,. By Lemma5.25theperformance
will thenatleastbe maintainedoy settingKs = 0. <

Remark5.27 Note that sincethe performancenolds at all frequencies,Theorem5.26
holdsequallywell for H2 performance.

Remark5.28 Thesystemin (5.71)is somavhatspecialisediueto thecondition M2y =
0. Givenanon-zero(but stable)M»,, we candesigna K for M with M,; = 0 andthen
implementthe controller

0o I
[I —Mzz]*K' (5.72)

If Mss € Cg thensois (5.72)assuminghat (—Maz) x K is well-posed.Otherwisethe
controllerhasto beimplementedasthetwo separatdlocksin (5.72).

Thespecialsystem(5.71)with M2 = 0 canbe seenasanobsenrer problem.
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5.5.3 Complex-formed LMIs

We will now turn our attentionto LMIs wherethe known matricesarecomplex-formed.
We will show thatfor abasictypeof LMI, thereis nolossof feasibility by restrictingthe
solutionto be complex-formedaswell.

Lemmab.29 Define

A 0 —Ik
Jk - [Ik 0 ] y
andassumed € C37***". Then
JnA = Ad,.

Proof: By trivial calculation. <

NoticethatTe (Jy) = jI.

Theoren5.30 Let A € C277*™ B € C3X*" (' = C* € C37*2™. If theLMI
L(X)=AXB+B*X*A*+C>0 (5.73)

hasa solutionX € C2™*2, thenit alsohasa solutionX,. € C37**?.

Proof: DefineJ, asin Lemmab.29. Let

beasolutionto (5.73). DecomposeX as

0 I

X:XC+[I 0

] Xz, X. €Ch %", Xz € C3 %"

X, is uniqueandgivenby

1 . _1 X+ X —(X5 - X))
Xe=g(X + 35X 0) = 3 [X3 . xiax, (5.74)
L(X) > 0implies
JEL(X)J, >0, (5.75)
andthus
1 1
2 (LX) + X L(X)J,) = 3 (L(X+J:, X)) = LX) > o
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<

In thistheorem X is assumedo be unstructuredbut the statemenholdswhenever the
projectionin (5.74) preseresthe structure for instancef X;, X2, X3, and X4 all have
the sameblock-diagonaktructure.

SinceJ,, is realtheabove theoremalsoholdsin therealdomain:

Corollary5.31 LetA € Ca"*™NR2*2m B € CPmNR2X2n O = C* € C377°"n
R2n>2n_|f the LMI

AXB+BTXTAT +C >0 (5.76)

hasa solutionX € R>™*2! thenit alsohasa solution X, € C2m*2 0 R2mx2!,

5.5.4 Complex-formed LPV synthesis

Considerthe system(5.11) and assumeall matricesto be complex-formed. Assume
furthermorethat the parametedependeng is given by (5.12) with S;(A) and S>(A)
comple-formedfor all A € A.

Now consider controller synthesisto obtain RQP with a performanceindex with
complex-formedsub-matricesSincetheannihilatorscanbe choserascomplex-formed,
all sub-matricesn the LMIs in statemeng®. of Theoremb5.10are comple-formed. By
suitablepermutationsall the synthesid_MIs canbe broughtonto the form (5.73). To
illustratethis, considerthefollowing simpleexample.

Example5.32 ConsidettheLMI in @, .S, andR

_[DIT[Q@ S1[D
=[] [5 3 [2]e
whereD € ¢2m>2(nte) g ¢ ¢2x2(ntp) ¢ gpenx2n andR € HRPX2P. Partitionthe

decisionvariablesas

Q11 le] Rz[Rll R12] S:[Sn 512]
QIz Q22’ sz Ros ’ Sa1 Saz

Definethe permutatiommatrix

o-|

oo o
ot o o
cofo
o oo
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SincePP* = Iy, 4p) Wethenhave

*

e[ (2 o

E S* R E
—_————— —— —
Dy Xp D,

whereD,, € Cﬁ}mﬂ)”("ﬂ’). Theimportantpointnow is thatperformingthe projection
in (5.74)on X, andthenswappingthe rows and columnsbackpreseresall structural
requirement®n @, S, and R, for instancethe projectionsof @ and R will still be Her-
mitian. In conclusionjf we have Qq, So, and Ry solving M > 0, thensowill

Q S 1 " X *
[S* 2| =5 (PXoP" + PJ3 XoJuipP ),

where

_ p* QO SO
X, =P [56‘ | P

This methodcanbe appliedto all the LMIs in statemen®. of Theorem5.10. We can
thereforealways restrict oursehesto a solutionwhere X, Y, Q, R, S, Q, S, and R are
all complex-formed.Theextendedmultiplier P, theschedulindunction S.(A) andthe
Lyapuna matrix X will thenhave complex-formedsubmatricesWhenpermuting(5.10)
in orderto makeit correspondo thequadrationatrixinequalityin (2.11),it canbedone
in suchawaythat4, B, C, andP in (2.11)areall complex-formed.It is thenpossibleto
solve thequadratiomatrixinequalityalongthelinesof the proofin theappendixn such
away thatall controllermatricesarealsocomplex-formed.

Corollary5.33 Considersystem(5.11) and assumeall matricesto be complex-formed.
Assumdurthermoke that the parameterdependencis givenby (5.12) with S; (A) and
S2(A) comple-formedfor all A € A. In addition, let the performancendex P, have
comple-formedsub-matrices.

If a controller existsachieving RQPwith performancendex P, thenthere existsa con-
troller with comple-formedmatricesand schedulingfunctionalsoachieving this.

In practical situationswe will typically be dealing with an LPV systemwith real
comple-formedmatrices.The bestway to designa controllerwould thenseento be

¢ Solvethesynthesid Mls in Theorem5.10restrictingX,Y, Q, R, S, Q, S, andR
to be have complex-formed submatrices.This approximatelyhalvesthe number
of decisionvariables.

o Performthe T¢ (-)-transformatioron all submatricestherebyobtainingcomple
matricesof half the original size.
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¢ Extendthe multiplier andthe Lyapuna matrix.
¢ Solve the quadraticmatrix inequality Doing theselasttwo stepsin the complex
domainmalkesthe problemsslightly soundemumerically

How to implementthe controllerdepend®nwhethercomplex arithmeticis availableon
the particularplatformfor implementationlf so,thencorvertthemeasurement

[yl] = Y1+ Jjye
Y2

R{u}
S{u}
If no complex arithmeticis available,thenthe controllermatricesmustbe transformed
back,for instance

andcomputethe controlsignalu. Outputthesignal [ ] to the system.

1= 50T g

Careshouldbetakento exploit the complex-formedstructurein orderto reducecompu-
tationalcompleity, for instanceén computingtheinversein (5.36).

5.6 LPV flux observer

An essentialpart of the rotor flux orientedcontrol schemediscussedn Chapter4 is
therotor flux obsener. If a goodestimateof therotor flux (or equivalentmagnetising
current)is not available,the partial decouplingof the statorcurrentinto torqueandrotor
flux controlling parts,asdescribedn Section4.1,will notbeachieved,andthe closed-
loop performancevill bedegraded.

As discussedn Section3.3 the induction motor model canbe considerecas an LPV

systemby consideringthe rotor speedas a time-varying parameter In this sectiona

discretetime flux obseneris designedisingthe synthesisnethoddescribedn Sections
5.2-5.4. The aim is to designan obsenrer with theoreticallyguaranteeatorvergence,
whichworkswell over awide rangeof speedsis simpleto implementin real-time,and
furthermorerequiresvery little tuning.

In Section5.6.1,theinductionmotor modelis put onthe LFT form neededor the syn-
thesisandit is discussedhow it is discretisedln Section5.6.2theactualsynthesiof the
obsenreris discussedFinally, experimentsareperformedon the laboratorysetup. This
is donebothwith andwithout a speedsensor The experimentsaredescribedn Section
5.6.3.
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First, someotherflux obsenersfoundin the literatureare briefly discussed.The flux
obsener presentedn [JanserandLorenz,1997 (the JL-obserer) hasalreadybeende-
scribedin Section4.3.1. Basedon physicalinsight a simple combinationof two basic
modelswere combined. The JL-obserer canbe tunedto have fastcorvergenceandis
relatively simpleto implement.Themain complicationis the tuning of thetwo complex
constantdo ensuresatishctorybehaiour over a wide speedrange. Thefollowing is a
non-exhaustye review of otherexisting rotor flux obsener designs.Commonto all of
thefollowing (aswell asthe JL-obserer)is thatthey arebasedon measurementsf the
rotor speedthe statorcurrent,andthe statorvoltage.ln someof thefollowing paperghe
voltagecommandis usedinsteadof statorvoltagemeasurementdyut in generalsome
representatiof the statorvoltageis needed.In several of the papersadaptionof the
rotor time constantandotherparameterss alsodiscussedWe will, however, not focus
on parameteadaption.

In [Nilsen andKazmierkowski, 1997 the statorcurrentis consideredistheinputto the

inductionmotor, andthestatorvoltagepredictionerroris usedio updatetheflux estimate.
The obsener gainis chosenfrom physicalconsiderationsThe obsener would appear
to work well in practice but thetheoreticajustificationis somavhatunclear The paper
alsosuggestfiow to obsene parametewariationsin the rotor time constantT,. andthe

mutualinductanceL,, .

In [Manesetal., 1999 it is suggestedo usean extendedLuenbegerobsener with the
loadtorquem, to beslowly varying. Eventhoughthe designrequiresthe inversionof

a(sparsep x 6 matrix at eachtime step,the obsener performanceds demonstratedn

areal-timesystemandperformswell. Themainproblemis thatit requirestuning of six

parametersEventhoughthesesix parametersanbedirectly interpretedasclosed-loop
eigervalues this tuningmaybetricky.

In [Martin andRouchon200q two simple flux obsenersare discussed. The first is
basicallyanopen-loopsimulationof the motor. It is shovn thatif the correctparameters
areusedtheestimatewill corvergeto thetruevalue.The corvergencerateis, however,
veryslow. Thesecondbsenreris somavhatsimilarto theJL-obsereralthoughit is less
obvious how to interpretit from a physicalpoint of view. It is provedthatthe estimate
convergesto thetruevalue. Thecorvergencaatecanbe madearbitrarily fast. Justasthe
JL-obsererit requireshetuningof two complex parametersyhich maybedifficult. In
additionit is unclearhow well the obsenerworksin practice.

In [BenchaibandEdwards,200q a sliding modeobsener is designedaspartof a slid-
ing modecontrol. The overall control systemsdisplayssomechattering,but the flux
estimatesaresatishctory It would, however, betricky to implementthe schemen real-
time.

In [Marino etal., 1996 a controller is designedusing a backsteppingnmethod. The
schemdncludesan obsener which also estimateghe rotor time constantandthe load
torquem,, assuminghelatterto be constantSimulationresultsindicatea goodperfor-
mance put no real-timeexperimentsarepresented.
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In [PeterserandPulle, 1999 it is suggestetb usea Kalmanfilter with thegaindesigned
from a deterministicviewpoint. In [PeterserandPulle,1997 it is describechow to ex-
tendthemethodto berobustto parameteuncertainty Thebasicideaof thedeterministic
viewpointis notto computeheKalmangainfrom anestimateof thenoisevariancesince
it canbedifficult to obtaina reasonablenodelof the noise. Instead the noisevariance
is usedasa tuning parameterAt eachtime stepan ellipsoid containingall the possible
systemstatesthat are consistentwith the measurementare found. The centreof this
ellipsoidis thenusedasthe currentestimate This methodis somavhatadhoc,butis on
theotherhandeasyto tune. The main problemis thatit is computationallyheavy.

In [Trangbaek200qQ anLPV obsenerwasdesignedisingthe structuredsingularvalue
approachwith block-diagonamultipliers. The performancavasgood, but the conser
vatismdueto restrictionson the multipliers madeit necessaryo restrictoperationto a
smallrangeof speeds.

Thefollowing describeanovel approachtheuseof full blockmultipliers,to flux obsener
design.Theperformancés theoreticallyjjustifiedin awiderangeof speedsTheresulting
obsenrer is easyto implementand mostimportantly requirespractically no tuning in

orderto performwell.

Simultaneouslywith this work, a similar LPV obsener designhasbeendevelopedin
[Darengossetal., 200J. As themaindifferencet is designedn continuougime anda
someavhatunorthodoxonline discretisatiorhasto be performed.

5.6.1 Induction motor model
From Section3.3.1we have thefollowing modelof theinductionmotor:
Tse = Ascxsc + Bscasa

is
Tsc = | = )
tm

LE"R’V‘+RSL$‘ Lgn(erwr*Rr) ‘| (5 77)

T,(L2,—L,L,) L.(L2,—L,L,)
Ry

Age = . -~
L. JUr =L,

L,
3
B, = LeLo—=Ly, )
0

Z,L2 = =
me = > oz S{isin

(5.78)
%(me —mr).

Wr = ZpWmech

We assumethat we can measurethe statorvoltage z, the statorcurr_entfs, and the
rotational speedw,.. The aim is to estimatethe magnetisingcurrenti,, usingthese



96 LinearParameteNarying Flux Obsenrer

measurementsWe will assumethat the rotational speedbelongsto a finite interval,

wr(t) € [~Wrmaz; Wrmaz]- We shall make no assumption®n the load torquem ..

Consequentlyvery little informationabouti,,, canberecoveredby consideringhe me-

chanicalequationg5.78). We will thereforeconsiderw, asa time-varying parameter
andbasethe obsenrer on the currentequationg5.77). The statorvoltageis considered
asameasurabléisturbance.

The modelcannow be written directly on the basicLPV form (5.1), with 6(t) = w,.,
A(0(t)) = Ase, B(6(t)) = Bse, andu = 4.

LFT form

Themodelcaneasilybe putontheLFT form by the standardpulling outtheuncertain-
ties” procedurgsee[Zhou etal., 1996). Firstwrite A, as

Ase = Ao + erwr,
andfactorA4,,, as
Ayr = AlA;7

where A; and A, areof full columnrank. The modelcannow be put on the form in
(5.11)with

A= A07 B, = Vv wr,mamAla Bp = Bsca (579)
Cy = /WrmazAs, Dyy =0, Dy,=0, (5.80)

anda parametedependenggivenby thestandardFT representation

{f—:} €8(A) =imS(A),  S(A) = [ﬂ . A= w:::az'

Noticethatthesynthesisnethodin Section5.3doesnotrequireA to bescaledo [—1; 1].
A largerinterval would simply limit the rangeof multipliers allowed by (5.20). The
scalingis performedherefor numericalreasons.

Therestof the systemmatricesaredesignedn orderto posethe obsener problemasa
controlproblem:

B =0,
E, =0,
Cpo=[0 -1], Dpu=0, Dyp=[0 0 0],
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This setupis alsoillustratedin Figure5.4 asthe partwithin the dashedox.

- Im induction _

|

:

|

< gP < S |
! motor model ‘

|

|

|

|

observer

Figure5.4: Model setupfor the formulation of the flux obsener as a genericcontrol
problem.

Ug
Theperformancénputw, = | w; | consist®of thestatorvoltageactingasadisturbance,
wu
andscaledmeasuremermtoise. The measurementector

| s+ osw;
Ug + Oy Wy

consistsof statorcurrentand voltage corruptedby noise. The performanceoutputis
Zp = U —1,,. Theobsererwill bedesignedo minimisethels-inducednormof thegain

from w,, to z,, andthusthe controlleroutputu will beanestimateof i,,, i.. u = 7,,.

The measurementoiseis addedto avoid the obsenrer having very high gain at low
frequenciesThenormboundss; ando,, canbeseenastuningparameters.

Discretisation

Sincetheinductionmotormodelwasobtainedn continuougime andtheobsener must

beimplementedn discretetime, achoicemustbe made.Eithertheobsereris designed
in continuougime andthendiscretisedpr themodelis discretisedirst, andanobsener

is designedy thediscretetime versionof the synthesislescribedn Section5.4.3.

Basedon practicalexperienceit is chosento discretisethe modelandthendesignthe
obsenrerin discretdime. Thediscretisatiorwasperformedoy thebilineartransformation
methoddescribedn Section5.4.1. In practicethediscretisatiorwasonly performedon
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thepartof themodelspecifiedoy thematricedn (5.79). After thistherestof thematrices
werechoserasabove.

5.6.2 Observer synthesis

An obsener for the examplemotor with the parametersn (3.57) and a samplingfre-
queng of 3k H z wassynthesisedising Theorem5.15. The noiseboundswerechosen
ratherarbitrarily aso; = 10~* ando,, = 1074,

As seenin Section5.5, nothingwill begainedfrom transformingthe secondrdercom-
plex modelinto afourth orderrealmodelandallowing for solutionthatarenotcomplex-
formed. By restrictingthe solutionto be complex-formedwe have the following advan-
tages

¢ Fewerdecisionvariables.Sincetheproblemis fairly small,thisis notsoimportant
here.

e Betternumericsfor the quadratiomatrix inequalitysolution.

¢ A complex-formedschedulingfunction. This is a greatadvantage sinceinstead
of invertinga 2 x 2 realmatrix, we only have to performacomple division.

Beforesolvingthe LMI, themodelwasbalancedo betterthe numerics.The balancing
wasperformedonthemodelincludingparametedependencandperformancehannels.

Theperformancendex P, waschoserasthel,-inducednormspecification

2
—v*I 0
e[

and a bisectionalsearchwas performedto determinethe lowestvalue of v for which
the LMIs werefeasible. Figure 5.5 shavs the achievable, denotedy,, asa function
of wyr maz. Eachobsener computationwasdonein a few secondsusing the MatLab
LMI toolbox [Gahinetetal.,1995. Thesmallincreasen ~, for small speedrangess
dueto the combinedeffect of the balancingand boundson the Frobeniusnorm of the
multipliers,i.e. anumericaleffect.
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Figure5.5: The achievablel,-inducednorm, v,, asa function of rangeof rotational
speedswr,maz-

An obsererwith w, ,q, = 200rad/s waschoserfor furtherexperimentsThe obsener
wascomputedvith asuboptimaly = 1.1+, = 0.0003 in orderto improvethe numerics.

The obsenrer will be comparedio a JL-obserer, which hasbeenhand-tunedo yield

reasonabléehaiour over the speedrange. The constantare K; = 32(1 + 0.15) and
K> = 2(1 + 0.15). In Figure5.6 bodeplots of the two obserersaregivenfor w, =

10rad/s. For comparatve purposesaJL-obsererwith K; = 10000 andK, = 0 isalso
given. Thisis practicallyanopen-loopsimulationof thecurrentmodel,whichis probably
the mostcommonlyusedobsener in inductionmotor control dueto its simplicity. We
will referto theobsenerdesignedabore asthe LPV obsenrer.

Thebodeplotsareshawn for positive frequenciesrom 10~ rad/s to 10%rad/s. Notice
thatsincethe obseneris comple, thereis no symmetrybetweerpositive andnegative
frequencies. However, the positive frequenciesare the mostimportantfor a positive
wy, SO only theseare shovn. The left column shavs the gain from statorcurrentto
magnetisingcurrentestimate. The right columnshaws the gain from statorvoltageto
magnetisingurrentestimate.
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Figure5.6: Bodeplots of threeobsenersoperatingatw, = 10rad/s, the LPV obserer
(solid), the JL-obserer (dashed)andthe currentmodel(dotted).

As seenthe gainsaresimilar in amplitudefor the LPV andthe JL-obsererin the fre-
queng areaaroundtherotationalspeed A majordifferenceis atlow frequencieswhere
the JL-obserer will alwaysbe basedon the currentmodelandthusonly currentmea-
surementsTheLPV obsenerin contrastusesacombinationof bothcurrentandvoltage
measurementdt doeshowever, not have thevery high gainsthatanobsener basedn
thevoltagemodelhasat low frequencies.

5.6.3 Experiments

Experimentgo confirmtheperformancef theLPV obsenerareperformedonthelabo-
ratorysetup.Sincetheflux cannotbe measuredthe only wayto testthe obseners,is to
examinethe closed-loohehaiour of therotor flux orientedcontrol, whenthe obsener
is inserted. All the otherpartsof the control schemeareimplementedasdescribedn
Section4.2.

Figure5.7 shavs an experiment,wherethe speedreferences wy .y = 10rad/s. The
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motor is disturbedby the load torquem,, which switchesbetween0Nm and3Nm
every 1/3 secondsTheloadis plottedby the dashedines. The plot on the left shawvs
the closed-loopbehaiour with the LPV flux obsener. The plot on theright shows the
samefor theJL-obserer.
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Figure5.7: Closed-loopoperationat w, ..y = 10rad/s. The left plot shavs the be-
haviour with the LPV obsener. Theright plot shavs the samefor the JL-obserer.

Figure5.8 shawvs a similar experiment,but now the speedreferencas changedn steps
of 15rad/s every0.6s from —150rad/s to 150rad/s andthenbackto —150rad/s. The
loadtorquechangedetweer0 Nm and3signw, ) Nm every 0.1 seconds.
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Figure5.8: Stepwisesweepthroughthe speedange. Theleft plot shavs the behaiiour
with the LPV obsenrer. Theright plot shavs the samefor the JL-obserer. The dashed
linesshaw thereferencespeedwy. .

The main conclusionfrom thesetwo testsis thatthe behaiour of the two obsenrersis
very similar.

Speed sensor-less control

Very oftenit is desirableto avoid the useof a speedor positionsensar The speed(or

position)thenhasto be estimatecby a speedobsener suchasKubotas speedobsener

describedn Sectiond.4.2. Thefollowing testsaresimilar to thoseabove, but the speed
measurementgerereplacedy thespeedestimatesrom Kubotasspeedbsenerwith a
speecestimateupdategainof A, = 1000 andthecurrentobserergainG chosersothat
theobsererclosed-looeigervalues(eigervaluesof A, + GC) wereequalto 1.1 times
theeigervaluesof A,.. Sincethe speedbsenerreactssloverthanthespeedsensoythe
speeccontrollerwasretunedo presere stability.

In additionto the LPV obsener and the JL-obserer, testsare also performedusing
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the magnetisingcurrentestimateprovided by Kubotas speedobsener assuggestedn
[Kubotaetal., 1993.

It shouldbe notedthatboththe LPV obsenerandthe JL-obsererweredesignedinder
the assumptiorof exact knowledgeof w,. Thereis thereforeno theoreticalguarantee
thateitherwill work.

Figures5.9 and5.10shawv the sameexperimentsasabove but now usingthe obsened
speedinsteadof the measured. The left columnsshav the behaiour with the LPV
obsener. The middle and the right columnsshav the samefor the JL-obserer and
the Kubotaobsener, respectiely. Thetop rows show the estimatedspeedwhereashe
bottomrows show theactual(measured$peed.
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Figure5.9: Speedsensotlessoperatioratw, ..y = 10rad/s. Theleft columnshavsthe
behaiour with the LPV obsenrer. The middle andthe right columnshaw the samefor
the JL-obsererandthe Kubotaobsener, respectiely. Thetop row shavs the estimated
speed.The bottomrow shavs the measuredpeed.
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Figure5.10: Speedsensoilessstepwisesweegthroughthe speedange.Theleft column
shaws the behaviour with the LPV obsener. The middle andthe right columnshaw the
samefor the JL-obserer andthe Kubotaobsener, respectiely. The top row shavs the
estimatedpeed.The bottomrow shavs the measuredpeed.

The behaviour of the closed-loopsystemwith the three different obseners are quite
similar. If anything, the LPV obsenrer is slightly better especiallyin the large speed
reversalstep,but not enoughto claimthatit is superiorto the otherobsenrers.

A difficult taskin speedsensotlesscontrolis to operatearoundzerospeed Figure5.11
shaws the resultsof atestwherethe speedreferenceslowly sweepdrom —10rad/s to
10rad/s andthenbackagain. On the upward slopethe load torqueis givenby my =
6sign(w,) Nm. On the downward slopethe load torqueis zero. The large spikesare
causedy thesudderchangen load.
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Figure5.11: Speedsensoriessslow sweepthroughzerospeed.The left columnshavs
thebehaviour with theLPV obsener. Themiddleandtheright columnshav thesameor
the JL-obsererandthe Kubotaobsener, respectiely. Thetop row shaws the estimated
speed.Thebottomrow shavs the measuredpeed.

As expectedthereis somedegradationof performancesloseto zerospeed.The perfor
mancewith thethreedifferentobsenersis very similar. Againthe LPV obsener might
beslightly betterthanthe others.

5.7 Summary

In this chaptera controllersynthesisnethodfor LPV systemsvasdescribedandapplied
to thedesignof arotor flux obsener.

First, the controller synthesianethodof [Scherey2001 wasdescribed.By usingfull

block scalingsthe methodprovidesthe leastconsenrative way of designingcontrollers
yieldingrobustquadratigperformancdor anLPV systenmwith rationalparametedepen-
dence.A new resulton how to improve the numericsof a partof the synthesianethod
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wasgiven.

Secondlyit wasdiscussedow to changethe theoryto the discretetime domain. This
canbedoneby a simplesubstitutionof someof the matrix blocksin the LMIs.

Inspiredby the specialstructureof the currentpartof theinductionmotor model,which
allows it to be written eitherasa fourth orderreal modelor asa secondordercomplex
model,sometheoreticakesultson thistype of structurewerethengiven. Themainresult
wasthatfor an LPV systemwith this particulartype of structure the controllercanbe
restrictedto have the samestructurewithout lossof achievableperformanceThis have
se/eraladvantagesespeciallyin implementatiorof thecontrollet

Finally the theorywasappliedto the designof a discretetime LPV flux obsener. The

obsener wasthentestedon a laboratorysetup. It wasusedas part of a speedcontrol

schemepothwith andwithout speedsensor The resultingperformancevascompared
to theperformancavhenusingthe JL-obsereror theflux estimate$rom Kubotasspeed
obsenrer, both describedn Chapterd. Althoughthe performancevasnot significantly
better it is worth noting that practically no tuning hadto be performedfor the LPV

obsenrer.



Chapter 6

QUASI-LPV
CURRENT AND
SPEED
CONTROLLERS

The quasi-LPVapproachallows the useof LPV theoryfor a very generalclassof non-
linear systems.In Section6.1 a discussionof the quasi-LPVstructureis given. The
approachs thenappliedto the designof a statorcurrentcontrollerin Section6.2.

In Section6.3anovel methodis presentedor transforminga multi-layerperceptrorstate
spacamodelinto aquasi-LPVmodelsuitablefor controldesign.

This methodis thenappliedto the designof a speeccontrollerin Section6.4.
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6.1 Quasi-LPV systems

The following is a shortintroductionto the conceptof using quasi-LPVmodelsas a
basisfor control of nonlinearsystem. For a more thoroughdiscussionseethe suney
paperfRughandShamma200d.

Beforethe 1990'%, theoreticatreatment®f gainschedulingn nonlinearcontrolsystems
wasveryrare[RughandShamma200(d. A theoreticaldiscussiorof potentialproblems
of traditionallinearisationschedulingwasgivenin [ShammaandAthans,199(.

Linearisationschedulingthe traditionalapproacho gain schedulingasa meansof de-
signingcontrollersfor nonlinearsystemsis basedon Jacobiarinearisationf the sys-
tem modelin a finite numberof equilibria. For eachof theselinearisedmodelsa con-
troller is designedy lineardesignmethods As the systemmovesbetweerthesepoints,
the control systemthenswitchesbetweerthesecontrollers. This providesa theoretical
guarantesf local stability and performancearoundthe equilibria, but thereis no guar

anteein betweenthesepoints. Furthermorethe methodalso assumeshat the system
dynamicschangds slow.

An early suggestionshat a quasi-linearapproachcould overcometheseproblemswas
givenin [ShammaandAthans,1993. Theideais to view someof the systemstate
variablesasboth statevariablesandtime-varyingparametes.

Considetthe nonlinearsystem

i o= fauw), z=[$]

i (6.1)
z = p(-'.U,U,’LU,’U),
y = h(x’w’v)’

wherez is the systemstate,u is the control input, y is the measurementector, z is
the performanceoutput, w are measurablénputs,andv is noise. Assumethat these
nonlinearfunctionscanbe written as

f@uw) = Al +B)uy(ou)  +Byo),

p(z,u,w,v) = Cplo)z  +Ep(o)up(o,u) +Dpp(o)v, (6.2)

h(z,u,w,v) = Clo)z +Fy(o)v, '
o = s(zp,w),

whereu, is invertiblewith respecto u, i.e. thereexistsafunctionw;,* suchthat
u;l(up(a, u),0) = u.

Noticethatthis representatiors valid anywhereandnotjustin equilibria. We thenhave
thefollowing quasi-LPVsystem

z A(e) B(o) Bp(o) z
z| = |Cp(o) Dpp(o) Ey(o) v , o = s(zp,w). (6.3)
y Clo) Fplo) 0 up(0; u)
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Assumethat s is known to belongto someboundedset.S at all times. The nonlinear
system(6.1)is thencontainedn therelaxedquasi-LPVmodel

|'a‘c A@@) B(#) By x

z| = |Cp(8) Dpp(8) Ep(9) v , 0es. (6.4)

Ly co) F@0) 0 up(0,u)
We cannow apply LPV control designtechniquessuchasthosediscussedn Chapter
5, to this system.Oncean LPV controllerhasbeenobtainedwe simply implementthe
controllerandinputu = u,* (up(0, u), o) to thesystem Theadvantageof this approach
overthetraditionallinearisatiorschedulings thatstability andperformancés consered
in all of S andnotjustlocally atafinite numberof equilibria. Furthermorethereis no
restrictionon how fastthe parametersireallowedto vary. A few pointsmustbe made
aboutthis approach:

e Consenratismis introducedsincethemodel(6.4) allows for ary parametetrajec-
tory within .S, whereadhepossibletrajectoriesof o maybefar morerestricted.

¢ Therepresentatioin (6.2) is not unigue. Somerepresentationmay yield better
resultsthanothers.

¢ The statevariablesz, andthe inputsw mustbe known in real-timein orderto
allow gainschedulingcontrol.

¢ A necessargonditionfor writing (6.1) as(6.2) is that(6.1) hasanequilibriumat
the origin (aftera possibletransformatiorof u). Otherwisea coordinatetransfor
mationmustbe performedfirst, see[PackardandKantner 1994.

Example6.1 Considerthenonlinearsystem
1 = sinzy + 2o, Ty = ($1 + 1)$2 + ud. (65)

This systemcanbewritten asthe quasi-LPVsystem

[i:] - l? (xllﬂ) [i:] + [(1)] Up (6.6)

R E SR o

1 . .
whereu = uj . If only 2; is measuredthenonly therepresentatio(6.6) canbeusedfor
LPV control,sincethe systemmatrixin (6.7) containse..

or alternatvely



110 Quasi-LPVCurrentandSpeedControllers

6.1.1 LFT representation

Obtaininga relaxed quasi-LPVmodelin LFT form follows the samelinesasabove, as
illustratedby the following example.

Example6.2 Consideragainthe system(6.5). This canbewritten on the LFT form by
"pulling outthenonlinearities”(see[Zhou etal., 1994):

=0 Al flee e [

Wy = (24), Zy = [z”1] =z,
Zu2

Qzw) = [sinzul] .

Zulfu2

A possiblequasi-LPVrepresentatiois thenobtainedby rewriting the nonlinearitiesas

sin(zy1) 0
Wy = A(24) 24, Azy) = zal e

A relaxedquasi-LPVmodelis thenobtainedby viewing A asatime-varyinggainrather
thana nonlinearity Notice thatin orderto apply LPV control designtechniqueswe
againneedto have accesgo z; in orderto know this gainin real-time.

Definition 6.3 (Residualgains)

We will referto thefunctionA whenusedasaboveasresidualgains

6.2 Quasi-LPV stator current controller

In this sectionwe will usethe quasi-LPV approachto designa novel type of stator
currentcontroller Recallthe configurationof the control schemeas shown in Figure
4.1. The speedand magnetisingcurrentcontroller providesa statorcurrentreference
for the statorcurrentcontroller, which controlsthe statorcurrentby sendinga reference
for the statorvoltageto the power device. A wide variety of schemedor statorcurrent
control exists, both in hardware and software. For surweys on currentcontrollerssee
[Kazmierkowski andDzienialowski, 1994 and [Kazmierkowski andMalesani,1999.
Herewe will focus on the situationwherethe hardware is alreadygiven asa PWM
voltagesourcednverter. We will furthermoreassumehat the switchingfrequeny of
theinverteris fixed andfurthermoreis so muchhigherthanthe samplingfrequeng of
the control systemthat we canconsiderthe inverterasbeingableto produceary com-
plex statorvoltagewithin agivenlimit of magnitude Somecurrentcontrolschemesfor
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instanceLiu etal., 1998, do not considertherotor dynamics.It is expectedthatbetter
performance&anbeachiezedby consideringhesedynamicswhichis alsoindicatedby
experimentsn [Rasmusser999.

Severalcontinuous-timeontrollershave beenpresentedfor instancausingasimpleLya-
punov approachShyuandShieh,1995, minimum-timecontrol [Choi andSul, 1999,
sliding modecontrol[ShiauandLin, 2001}, aswell asa specialtypeof decouplingwith
specialregardto robustnesgJungetal., 1997.

A generaproblemwith theseschemess thatit is uncleaiif they will work well whenim-
plementedn discretetime ata samplingfrequeng whichis notconsiderablyfasterthan
the motordynamics.Herewe will designa novel type of controllerbasedon adiscrete-
time model,thusincorporatinghelimitationsin thesamplingfrequeng. Otherexamples
of discrete-timedesignscanbefoundin [Blaabjelg etal., 1994, whereRSTFcontrollers
aredesignedandin [YangandLee, 1999 wherea simple decouplingis designedun-
der the assumptiorthat the changein speedand rotor flux from sampleto sampleis
negligible.

Section6.2.1 describeshe quasi-LPV model usedfor the controller design. Section
6.2.2describeghe controllerdesign.The samplingfrequeng is choseras600Hz, both

dueto the computationacompleity andin orderto demonstratehatit is possibleto

achiese goodresultsat a low samplingfrequeng. In Section6.2.3the closed-loopis

simulatedn orderto verify the stability beforeimplementationFinally, in Section6.2.4
the controlleris testedon the laboratorysetup. The resultsare satisctory considering
thelow samplingfrequeng.

6.2.1 Quasi-LPV model

In Section3.3.1we foundthefollowing modelof theinductionmotor:

Tse = Ascmsc + Bscas’

ls
Tsc = | = )
tm

L2 R,+R,L2 L2 (jL,w.—R,) ]
b

L2 L.,L.) Lo(IZ_L.L,) (6.8)

™

I Jwr —

Asc =

B =

R

L,
T.L,—L2,

2 - —
me = 22 g (3,ir},
(6.9)
o _ Z,
Wy = ZpWmech = F(me —mp).

is and a, arethe statorcurrentand voltage, respectiely, and i, is the magnetising
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current.w, istherotationalspeedf theshaft.m, isthetorqueproducedy theinduction
motor. m, is theloadtorqueon the shaftactingasadisturbanceL,,, L, L., R, R,
Z,, andJ arerealparameters.

With the definitionsof thereferredparameterén Section4.1andwith atransformation
to arotatingcoordinatesystemasdiscussedn Section3.3.3we canwrite thesubsystem
(6.8)as

g : ' B / L' - Us,cc
tsicc _ (m +jwcc) is.cc + <& _j—mwT) tm,cc + Us, (6.10)

dt L 77 L.’
di R - R, .
:jnt,cc = L_,Zs,cc - (L, +.7(wcc - wr)) Ym,ces (611)
m m

whereall signalsaregivenin areferencdrame with theanglep,,, i.e.

Pccs Ys,cc
ime Pee, Us,ce

Wee e dPee,

1> 1>
(1> 11>

Tm,ce Tge JPec,
We wish to designa controllerfor the complex statorcurrentis .. usingthe comple
statorvoltageu; .. asthe controlinput.

Thereferencdrameis choserasthesameastheoneusecdby the outercontrolloop, since
thereferencesignalfor thestatorcurrentwill beconstantn steadystatein thisframe.We
assumehatthe flux obsener is the simpleobsener (4.15) basedon the currentmodel,
andthatthereferencdrameis theangleof therotor flux estimateasdiscussedh Chapter
4. In estimatedotor flux coordinateghis obsenreris

% 1

imR = E(isd_;ij)a (6.12)

Wee = wy 424 (6.13)

With 45q £ R{7s cc} andisg = F{is,cc}-

(6.10)-(6.11)anbeviewedasan LPV systemwith w,. andw,. astime-varyingparam-
eters,but we wish to exploit the knowledgethatthe slip frequeny wsiip = wee — wy is
usuallysmallcomparedo the maximalvalueof w,. This canof coursebe exploited by
restrictingthe parameters,, andw,, to the polygon

w w
[ le € {|: T:| : |wr| S Wr maz |wcc - wr| S wslip,maw}' (614)
Wee Wee

We will insteadexploit this knowledgeby inserting(6.13)in (6.10)-(6.11)esultingin

dis,ce (Rs +R, . ) : (R; L, ( isq )) . T e
— = — + JWee 1s,cc + | = — )5 |Wee — = im,cc + —,
t L, "’ L, ’1L, Tyimn L,
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R

= ls.cc — r +3 sq I
lt [, s,cc [, TT’; m,cc
The subsysten(6.8) cannow bewritten as

113

in which

i‘cc = (AO + 51A1 + 52A2) Zec + Bscus,007 Tec é I:ZS’CC:I 9 (615)

R
I
R Lél anstc =
LIT - L:T O
m

1
Ly
representhenominalmodel,whichis alineartime invariantsystemand

. Ly,
—-J —JTr
0

A =

andA, =

. L'
0 Jrir
_]'TLT
representhenonlinearitiesenteringthroughtheresidualgains

51(t) 2 wee(t) andss () 2 :‘Id ((tt)).

To putthesystemonanLFT form we write (6.15)as

mCC -

Aozce + Buowy + Bscﬁs,cc;
Wy = Azy, 2y

6.16
CuoZee- ( )
Firstwe obsene that A; and A, arebothof rank1. Consequentlyve canparametrise
theseas
N (o1 0] [vf,]
A =UL S, Vi = '
1 1241 Vg [U1,1 U1,2] 0 o _Uf,z_
and
Ay = UsSaVy = [usy wsa] |22 O] [%21]
2 222 Vo 2,1 2,2 0 o _03,2_
andlet
o
BuO = [ul’lal UQ,lo'g] andC’uo = i’ljl .
V2,1
BuO [61

The parameter variation can then be written as 61412, + 02422
0

wcc(t) 0
wy(t) = At)zu(t) = [ ] zu(t)

502] CuoZcc. Theparametewariationchannelz,, — w,, is hencedefinedas

= isq(t)
0 tma(t)

(6.17)
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The mainadvantageof this representatioover the oneobtaineddirectly from the poly-
gon(6.14)is the simplicity of A. With the methodsn mostof thereferencesn Section
5.1,using(6.14)directly, we would have to usethe parametewariation

w 0
A=|"T"
[0 wchZ:| ’

since the dependeng on w.. hasrank 2. With the full block S-procedurein
[Scherer2001 (describedn Sectionss.2-5.3)we cansimply use

W, i(JJ
A = cc Lr“r
l 0 (wee— wr)]
with z, = —jz... Therepresentatioin (6.17)is slightly simpler Ontheotherhandwe

do introducea singularityfor smallz,,q. In normaloperationthis is not a problem,but
duringstartupthe performancenaybedegraded.

6.2.2 Controller synthesis

A statorcurrentcontrollerwasdesignedor the examplemotor with the parametersn
(3.57). Thefirst stepof the controllersynthesisvasto augmenthe LPV systendefined
by (6.16)and(6.17)with performancendcontrolchannelgo getthe system

z cc AO | B u0 0 B sc Tee
Zu | Cw| O 0 0 Wy
Zp a Cp 0 Dy E Wp
y C 0 F, 0 Ug,cc

s,cc,ref

Thenoisesignalw, = F ] consistsof thereferencesignalfor the statorcurrent

m

and measurementoise. The performanceoutputz, = FS’CC ~ tsceref
OyUs,cc

the statorcurrenterrorandthe statorvoltagescaledby the weighteo,, in orderto punish

largecontrolsignals.Themeasuremenyf = ¢ cc — ¢s,cc,ref + Onfim IS thestatorcurrent

error corruptedby the measurementoisescaledby the weighto,,. This wasachieved

with the matricesC,, = [(1) g] D,y = [_01 g] yEp = [c?u] C=1[1 0],and

F, = [—1 an]. Thefirst elementin the performanceoutput,the statorcurrenterror,
wasthenaugmentedy a first-orderlow-passfilter with a polein s = py in orderto
put more emphasison the low frequeny error The constantyy, o, ando,, canbe
consideredas tuning parameters.py is usedto obtaina low steadystateerror. o, is
mainly includedto compensatdor the fact that saturationof the statorvoltageis not
includedin themodel.

] consistsof
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The LPV systemwasthendiscretisedoy the bilinear transformatiordescribedn Sec-
tion 5.4 underthe assumptionthat A is approximatelyconstanfrom sampleto sample.
The samplingfrequeny waschosenas600Hz. The mainreasorfor this choiceis the
computationatomplexity of the LPV controllet

A discretetime statorcurrentcontrollerwassynthesisedby the LPV methoddescribed
in Section5.4.3with the parametergp; = —100, o, = 1075, ando,, = 1078, The
time-varyingparametersvereallowedto varyin theintenalsd; = w.. € [—800 ; 800]

andé, = ;n—‘; € [-10; 10]. Theperformanceéndex P, waschoserasthel,-induced
normspecification

2
—v*I 0
P”:[ 0 I]’

andabisectionakearchwasperformedo determinghe lowestvalueof « for whichthe
LMIs werefeasible. With the above parameter& y = 0.0011 wasachieved. The left
handside of (5.60) becamecloseto singularmakingit possibleto reducethe controller
orderto 2.

6.2.3 Simulation results

Beforeimplementationthe closed-loopbehaiour wassimulatedin orderto verify the
stability and performance.In the simulationsthe referencesequencavas chosenasa
seriesof stepsof a durationof 250 samples. For eachstep, the referencefor ¢,, was
allowedto take randomvaluesin theinterval [—-10 ; 10], while thereferencdor i,4 was
choserfrom theinterval [1 ; 3]. Thesystemwasdisturbedby aloadtorquemr,, which
wasa sequencef uniformly distributed white noisefiltered througha first-orderfilter
with atime constanbf 1/2 second Subjecto theseexternalsignals thenonlineamodel
generatedhe §; andd, sequencedasedon which the controller schedulingfunction
was calculated. Motivatedby limitations of the hardware of the experimentalsetup,a
saturatioron thecontrolvoltaged; .. at600V wasimposed.
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Time [sec]

Figure6.1: LPV currentcontrol,simulation. Thetop figureshavstherealandimaginary
component®f the controlvoltagegeneratedy the controller The middlefiguresshav

therealandimaginarycomponentsi,q andi,, of the controlledcurrents plottedwith

full lines (—) alongwith their referencesignals,plottedwith dash-dottedines (— - —).

The bottomplot shavs §; (—) andd, (— - —) scaledto theinterval[-1 ; 1]. As canbe
seenthe trackingof the currentreferencesatisfieshe performanceequiremenexcept
whenthe controlvoltagesaturategat around4 sec).

Figure6.1 shavs a simulationof the closedloop system.lt is seernthatthe controlloop
achiezesgoodtracking,in accordancevith the performanceralueachievedfor all values
of the parametewariations,exceptwhen the control signal saturates. The parameter
variationsare showvn in the bottomplot in Figure6.1, scaledto the interval [-1 ; 1].
It is notedthat the generatedstatorvoltage compensatefor the parametewariations
throughoutheallowedrange.
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6.2.4 Experimental results

100 T T T 100
ot o, iy
", r‘w‘ ; ¢ mw“u
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Figure 6.2: LPV currentcontrol, experimentalresults. The top figuresshawv the real
andimaginarycomponentof the control voltagegeneratedy the implemented.PV
controller The lower figuresshaw the controlledcurrenti,,. Thereferencesignalsare
shavn with dash-dottedines (— - —), while the measuremen@reshaovn with full lines
(—). Theleft figuresarewith no load, while the right figuresarerecordedwith aload
torqueofmrp = ANm.

Thecontrollerwasimplementedn thelaboratorysetupdescribedn AppendixA using
thealgorithmdiscussedn Section5.4.4.

In thefirst two experimentsthe statorcurrentreferenceavasgeneratedn open-loopj.e.
therewas no speedcontroller The aim wasto keepthe magnetisingcurrentconstant
and malke the imaginary part of the statorcurrentfollow a seriesof steps. The first
experimentwasconductedvithoutload, while in the secondexperimentthe motor shaft
wassubjectedo aloadtorqueof 4 Nm. Theresultsareshovn in Figure6.2, whereit is
obseredthatthecurrenttracksthereferencestepsadequatelyvell. Looking atthestator
voltage,it is notedthattheimaginarypartof thevoltageis significantlydifferentbetween
the two experiments. This is dueto the two differentdisturbancdoad torques,which
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causethe schedulingcontrollerto yield significantly different control signals. Some
variationcanbenotedin therealpartof thevoltageaswell, causedy thecrosscouplings.

r

w [rad/sec]
o

|
al
(=]

0 0.2 0.4 0.6 0.8

Time [sec]

Figure6.3: LPV currentcontrolin cascadevith rotationalspeedtontroller experimental

results. The top figure shaws the real andimaginarycomponent®f the controlvoltage

generatedy the implemented_PV controller The middle andlower figuresshav the

controlledcurrenti,, andthe rotationalspeedespectiely. The referencesignalsare

shavn with dash-dottedines(— - —), while the measuremen@reshavn with full lines
(—). Thecurrentreferencesignalwasgeneratedyy anouterloop speectontroller

12 14 16 18

[

In the third experimentthe speedoop was closedusingan outer Pl-controller In this
casethe statorcurrentreferencesignalswere thus generatedy the Pl-controller and
the LPV controllerhadto trackthesesignals.Theresultsof this experimentis shavn in
Figure6.3. As canbe seenthe controlloop performssatisfctorily.
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6.3 Quasi-LPV control based on neural network mod-
elling

Sofarwe have only dealtwith controlbasedon grey-boxidentificationof physicalmod-
els.In somecasest mayhoweverbedesirableo work with nonlinearblack-boxmodels
suchasthemulti-layerperceptro{MLP) discussedn Section2.5, especiallyif a physi-
cal modelis hardto obtain. This mayfor instancebe the casef theloadtorqueis some
unknown nonlinearfunction of the rotationalspeed.In thatcasea neuralnetwork such
asanMLP couldbeusedto obtaina nonlineamodelof the system.

The problemis now how to designa controllerfor a systemmodelledin thisway. The
classicabpproachasbeento linearisethe systenmodelin somesetof operatingpoints
anddesignoneor morelinear controllersfor the systemin saidpoints. As discussedn
Section6.1this approachasseveralhazards.

Otherapplicationsof neuralnetwork modelsin controltheoryarefor instancefor feed-
back linearisation[ChenandKhalil, 1995 Heetal.,1998 Levin andNarendra,1993
and sliding mode control laws [MearsandPolycarpoul1999. They have also
been proven useful as obserers [Kim etal.,,1997, in direct adaptve control
[FrenchandRogers, 1998 SuandAnnasvamy, 199§, andin otherroles. However, not
muchwork hasbeendoneon achieving gainschedulingcontrolbasedn artificial neural
networks. In [Leeetal., 1999 a previously tunedgain schedulingcontrollerwas ap-
proximatedby a neuralnetwork which thenreplacedthe gain schedulingcontrollerin
theloop. Otherapproachege.g.[Chaietal., 1996) useaneuralnetwork to schedulée-
tweena finite setof previously designedtlassicalcontrollers,andhave beensomavhat
adhoc.

[Suykensetal., 1999 (with thecorrectionsn [BendtserandTrangbaek20014) presents
ananalysismethodof stability andperformancef a closed-loognterconnectiorof two
MLPs. In otherwords, the suggestions to let the systemmodelledby an MLP be
controlledby a controlleralsocontainingan MLP. The methodis essentiallybasedon
diagonalmultipliers. The problemwith this analysismethodis thatit is unclearhow to
extendit to synthesisjn particularhow to choosethe MLP part of the controller The
problemis thatany couplingbetweerthenonlinearitiesn thesystemandin thecontroller
arenot exploited.

With the emegenceof LPV control theorybasedon LMIs, asdiscussedn Chapters,
a door hasbeenopenedfor an efficient approachto gain schedulingcontrol basedon
neuralstatespacemodels. Suchan extensionof controllersynthesisdeasfrom linear
theoryto the nonlinearframawvork of neuralnetworksis a fundamentallysoundidea, of
course,but requiresa methodfor reformulatingthe neuralnetwork modelasan LPV
modelsuitablefor controllersynthesisMore specifically we would lik e to transforman
MLP modelinto aquasi-LPVmodelonthe LFT form asdiscussedn Section6.1.1.

Somework alongtheselines hasalreadybeenpresentedn [Suykensetal., 19954 and
[Suykensetal., 1995H with robust#, controlin mind. Theideawasto split the MLP
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modelinto alinearpartanda nonlinearpartandthendesignarobust#., controllerfor
thelinearsystemtreatingthe nonlinearpartasanuncertainty

However, the factthat the nonlinearitiesare actuallyknown at the designstagemeans
thatthe controllercanbe designedoy LPV methodstaking advantageof this informa-

tion aswell, achievzing a nonlinearandlessconserative controller In additionto this

ideathe methoddescribedn this sectionextendsthe resultsin [Suykensetal., 19953

Suykensetal., 19951 by achieving lessconserative boundson the nonlinearpart. This

improvementwaspresentedn [BendtserandTrangbaek20004.

6.3.1 From neural state space model to an LFT framework

We considera systemof theform
i=f(z4a), §=C% (6.18)

wherez € R” is the statevector & € R™ is a controlsignalandy € RP is the output
vectorfor thesystem.f(-,-) : R* x R™ — R™ is anunknavn continuousfunctionof
the statesandinputsdescribingthe systemdynamics.

As discussedh Section2.5we canapproximatehis functionto adesiredaccurag with
asinglehiddenlayer MLP with [ neurongassuming is choserargeenough):

1(8,) = ©00 (0,7 + 0,0+ 0y ) +e4

where®, € R**! and®, € R**", 0, € R*™ containthe outputand hiddenlayer
weights,respectiely. o(-) : R — R is a continuousdiagonal,static nonlinearity
0, € R containsa setof biaseswhich will allow us to modelnon-oddfunctionswith
odd neuronfunctionso(-) suchasthe hyperbolictangent. We assumait is possibleto
achiereasmallermodellingerrorthanthemeasurememoiseby choosinghe MLP large
enoughandtrain it long enoughon a sufiiciently rich trainingset.

Considerasystenfor which aneuralstatespacamodelhasbeentrainedaccordingo the
guidelinesgivenabove, until £, is smallenoughto beignored:

i =0,0 (@zaz + 0,0+ (:),,) . §=Ci. (6.19)
We wish to rewrite theneuralmodel(6.19)asthelinearfractionaltransformation
& = Az+ Bu+ B,Q(f)
= 0Oz + 0O,u (6.20)
= Cz
where the residual function Q(-) : R — R is a static diagonal nonlinear
ity, and where the coordinates(z,«) only differ from (Z,4) by the possiblesub-

traction of an equilibrium point. The presentedmethod was first discussedin
[Bendtserand Trangbask20004.
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We assumehatthereexistsanequilibrium, (z, @) = (z°,4°), i.e.
0 = 0,0(0,2° + 0,a° + Oy).

We canthenchangehe network coordinatesn suchaway thatinsteadof the arbitrary
equilibrium point (z°, 4°) we have 0 = ©,0'(0) (¢’ is a new neuronfunctionmapping
which will be definedshortly). Let the new coordinatede givenasz = £ — z°,u =

4 — u°. Then(6.19)canbewrittenas

= 0.0 (@w(x +2°) 4+ O4(u+a°) + (:)b) .

Herewe will definea new biasvector®, = ©,%° + 0,i° + ©, andthe new neuron
functiong’ (§), where¢ is definedasin (6.20):

(€)= o(E+0.5°+0, +6,) —0 ()
= 0 (ez(x +3°) + Ou(u+@°) + (3),,) CHY
Adding andsubtracting®,o(0;) in (6.19)thengives
i = 0.0 (@Z@ +Oua+ (:)b) + 0,0 (0y) — 0,0 ()
- o, (a (G)zﬁ + 0.0+ é,,) —0 (@b)) + 0,0 (0y)
= 0,0'(0,z + Ouu) = O,0'(£).
0,0(0;) = 0, becausehisis in facttheequilibriumpoint.

Remark6.4 Note that, apartfrom providing a way to shift the operatingpoint to
the origin, the main purposeof the stepsgiven above is to remove the bias from
o insteadof having to considerit as a constantdisturbanceinput, as suggestedn
[Suykensetal., 19954.

Remark6.5 It shouldfurthermorebe notedthatthe methodgivenabove appliesequally
well to sampled-dataystemsty 1 = f(Z,4r). In thiscasethe MLP equilibriumpoint
isoftheformy  ; = f(&3,4y), Vk, butthedefinitionof o' (-) turnsoutto bethesame.

Now we canfind theeffective rangeof theinputargumentdo the neuronfunctions.This
is simply doneby calculating

gj,maz = sup {@il‘(t)-}-@iu(t)},
0>t>T

o i i

Ejmin = OZIgT{%w(tH@uu(t)}

for 1 < j <1, wheret € [0;T] is thetime interval in which thetraining datahave been
acquiredand®?, ©4 denotethe j’th rowsin the hiddenlayerweightmatrices Thenwe
have the following boundson the active input rangeof the j'th neuron:

& = 0Lz + ©lu € [, min; &j.mas) -
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Hencethe neuronfunctionresponséo the active input rangebelongsto the sectorcr;- €
[kj,min » kjmaz) Where

0‘(51)}
kjmin = inf J 6.21
nm £j€[£j,mm;£j,maz]\{0}{ 3 ©.2)
and
o (&;
kjmaz = sup {ﬁ} . (6.22)
€5 €Esmini€smaa\0} U &)

In otherwords,the sectorboundsaredeterminedsuchthat

kjmin€; < 0'(£;)€; < kjmasé;- (6.23)

The actualexpressiondor thesesectorboundsmustbe found for eachneuronfunction
individually andwill in generaldependon the bias, but the boundsobviously exist and
arethe leastconsenative easily achiezable bounds. A procedureor finding thesefor
tanh(-) neuronfunctionsis givenbelow in Section6.3.2.
Oncethe sectorboundsarefound, we returnto vectornotationanddefinethe nonlinear
functionw(-) : R**™ — R™ as
1

w(g) = 0_1(5) - 5 (szn + Kmaz)§ (624)
where Kp,in, = diag{kjmin — €} aNd K pqp = diag{kjmaez +€},1 < j <. €eisa
smallpositive quantityincludedto make the sectorboundsstrict. It is obsenedthatw(:)
belonggto thesector

1
-5 Kmam_Kmin )
(5 )

We cannow write theequationfor z as
& = 0,0'(0,z+ O4u)
0, ((©) + 5 (Koin + )€
= Az + Bu+ B,Q(§),
in which A4, B, B,, and{) aregivenby

1
a Kmaz _Kmin .
5 )

A = 20, (Knin + Knas) O (6.25)
B = 50, (Knin+ Knas) O (6.26)
B, = %Go(Km,w—Kmm) (6.27)
Q) = 2(Kmas — Kmin) ' w(€)- (6.28)

Note that the diagonalscalingby %(Km,m — Kpin) is includedin orderto make the
diagonalstaticnonlinearityQ2 belongto the sector(—1 , 1).
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Remark6.6 When designingLPV or quasi-LPV controllers,we are interestedin the
tightestpossibleboundsK,,, .., — K..in in orderto avoid conseratism. Although the
LPV synthesisnethoddescribedn Section5.3is essentialljnon-conserative, it is usu-
ally necessaryo usesimplified multipliers, for instanceby disregardingknowledgeon
the rate of changeof the gainsof the residualfunction, to make the synthesismple-
mentableandto avoid controllerswitching. A quasi-LPVrepresentatiopotentiallyin-
troducedurtherconseratismdueto non-uniquenessf thenonlinearfunctionrepresen-
tation. For the sale of the controller synthesiswe are thereforeinterestedn keeping
thesegainsfrom varyingtoo much.

6.3.2 Sector bounds for tangent hyperbolic neuron functions

Neuron response
o

Neuron response
o

Neuron response
o

0
Neuron input{j

Figure6.4: Extractionof linearcontentfrom a hyperbolictangenneuron.

In orderto illustrate the procedureabove we will provide an expressionfor the sector
bounds(6.21) and (6.22) for the tanh(-) neuronfunction, which is probablythe most
populameurornfunctionemployedin MLPs. Considetheneurons;(§;) = tanh(&;+65)
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whereg,, is thescalarbiasontheinputé;. Referto Figure6.4, wherethetop plot shavs
theparalleltranslationof the original neuronfunctionwith biasé, to the origin. We will
without lossof generalityassumehat6, > 0. Only the sectionof the neuronfunction,
which correspondso theinputinterval [, min; &j,maz), IS CONsidered.

On the middle plot the straightlines k; min€; andk; mq-€; have beenadded. Since

% < 0for s > 0 it isimmediatelyconcludedhatk; . is givenby

J;' (gj,mam) )

gj,maz

kj,min =

7 (€,min)
j,min

k;maz, ONtheotherhand,caneitherbe given by ; if the endpointof theinput
rangeis sufficiently closeto zero,or by the slopeof the tangentto the neuronfunction
whichintersect$). Therelationshipbetweerthebiasandtheargument, for which said
tangentcoincideswith the neuronfunctionhasbeenfound numericallyas

& = —0.003796; + 0.0727467 — 1.51466).

A closedform mostlik ely doesnot exist. The polynomialgivenhereprovidesvaluesof
kjmaz With errorsof the orderof magnitudel0—5.

Hencewe have

(
k. I Rt for & > & min
e ajg( ) for fb S fj,mzn

Note that thereis no loss of generalityin the assumptiorf, > 0 sincethe fact that
the (original) neuronfunctionis odd ensureghat the expressiongjiven above hold for
negative biasesaswell, with a few simplesign changesaindswappingof minimumand
maximumvalues.

To summarisethis sectionhaspresentea systematianethodfor transformingan MLP
statespacemodelof a nonlinearinto a quasi-LPVmodelon the LFT form with a static
anddiagonalresidualgainfunction. The transformatioris performedin a way making
themodelsuitablefor LPV controllersynthesis.

6.3.3 Uncertainty on the residual gains

Oncethe sectorboundsfor the nonlinearityhave beendeterminedve alsohave an ex-

plicit, smoothexpressiorfor the new setof neuronfunctions(givenby eqns.(6.24)and
(6.28)).If thereis any uncertaintyin theknowledgeof z andu, thenthiswill of coursere-
sultin anuncertaintyontheknowledgeof Q(-). However, if we assumehatsomebound
on the uncertaintyof the inputsto the nonlinearityis known, thenthe above expression
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canbe exploitedto provide a boundon the uncertaintyof the gain of the nonlinearity:

QJ(&J) — Q](&J) +EQj, |EQJ’| < ng
& &
where(; is the j'th diagonalelementof 2. Sucha boundcanfor instancebe found
by conductinga numericalsearchover the rangeof all permissiblevaluesof £&. The
boundon the measurememoisecanbe usedtogethemwith ©, and®,, to estimatethe
uncertaintyon £; thenthis uncertaintycanbe usedto calculateanupperboundon eg,.

6.4 Quasi-LPV speed controller

In Section6.2 a statorcurrentcontrollerwasdesignecasedon a physicalmodelof the
inductionmotor. It is not alwayspossibleto constructa goodmodelof a systembased
on physicalconsiderationsln that casea nonlinearblack-boxmodelapproachcanbe
used for instanceusingan MLP asa model. As discussedn Section2.5, undercertain
assumptiong is possibleto trainanMLP asanonlinearstatespacemodelwith thesame
behaiour asthe systemusingonly inputandoutputmeasurements.

Whendesigningaspeeccontrollerthedynamicsareheavily affectedby the profile of the
load torque. Thusa controllerdesignedy linear methodsin one operatingpoint may
notwork in anothemperatingpoint. Thiskind of problemcanbe overcomeby obtaining
anonlinearmodelcapturingthe behaviour in the entirerangeof operationandthenuse
anonlinearcontroldesignmethod.

In this sectionwe will designa speedcontrollerby thefollowing steps:

e Thesystemto be controlledis modelledby anMLP statespacemodel.

e The obtainedmodelis transformednto a quasi-LPVmodelon the LFT form by
themethodpresentedn Section6.3.

¢ A controlleris designedyy the methoddescribedn Section5.4.3.

6.4.1 Strategy

Theoverallaimin thissectionis to designa controllerfor therotationalspeedy, andthe

magnetisingcurrents,,,. The controllershouldwork in the cascadeouplingdiscussed
in Section4.2. Thisis illustratedin Figure6.5. The entireblock on theright containing

thestatorcurrentcontroller, the power device, theinductionmotorsystemaswell asthe

speedandflux obsenersis consideredsthe systemto be controlled.
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Figure6.5: Speecandmagnetisingurrentcontrolscheme.

Ideally, by usinga black-boxmodellingstrateyy of the entireblock, the speedandmag-
netising currentcontroller shouldbe able to compensatdor errorsintroducedby the
modelusedfor the statorcurrentcontrolandto someextentfor thoseintroducedby the
obseners. This of courserequiresthat the systembehaiour can be modelledby the
black-boxmodel,andthatanaccuratenodelis indeedobtained.

Theaimis to modelthe systemby anMLP, andtransformthisinto a quasi-LPVmodel
ontheLFT form asdiscussedn Section6.3. Thismodelwill thenby usedfor designing
anLPV controllet

In orderto simplify the controller, it is decidedto assumehatonly the estimate®f the
rotor speedw, andthe magnitudei,,,r of the magnetisingcurrentare neededn order
to obtaina good modelof the system. An estimateof the angularvelocity of the flux
wmr couldfor instancehave beenusedasaninputto the model. In thefinal controller
designthis would thenhave enterecasa parametewhencalculatingthe residualgains.
Similarly, measurementsf the statorvoltagecould have beenused.

A mainfactorin choosinghe samplingfrequeng is the computationatomplexity of an
LPV controller The statorcurrentcontrolleraswell asthe obsenersareimplemented
at a samplingfrequeng of 3kH z, but the compleity of the LPV controllerand the
limitations of the available hardware makesit necessaryo implementthe controllerat
a samplingfrequeng of just 600Hz. Sincethe magnetisingcurrentis governedby
relatively slow dynamicsthis is no problemfor this partof the controller Onthe other
handit maylimit theachievableperformancdor the speedcontrollerslightly.

Two differenttypesof modelstructuresfor MLPs were discussedn Section2.5. The
NARX modelstructureassumeshatthe outputcanbe accuratelypredictedbasedonly
on old outputsandinputs. This limits the typesof noisethancanbe modelled.On the
otherhand,the NARMAX allows for a very generalmodelstructure. However dueto
the possibility of corvergenceproblemswith the NARMAX modelstructureit is chosen
to work with aNARX modelhere.For this problem,this meanghattheloadtorquem,
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mustbe choserasa function of the speedwy, only. Providing measurementsf the shaft
positionto the modelwould allow for a positiondependencaswell, but it would still
notbe possibleo let theloadtorquedependlynamicallyon someunknavn disturbance.

It is choserto let theloadtorquebe a nonlinearfunctionof the speed:

2

mL = 8(1 - 1 + 0.01lws

)

wherew, is in radiansper secondandm, is in Newton meter Notice thatthis infor-
mationis only usedto controlthe DC motor simulatingthe load torqueandis assumed
unknown in themodelling.

It is furthermorechoserto let the flux obsener bethe simpleobsener (4.15) basedon
the currentmodel. In rotor flux coordinateghe part concerninghe magnitudes,,, g of
themagnetisingurrenti,,, is simply

(isd - ZmR)- (629)

imR =

B

If we assumehati,q is equalto i,4,.¢ thenthis estimateis a known function of the
input, andthereis no needto attemptto modelit with the MLP. This is a reasonable
assumptionsince the magnetisingcurrentdynamicsare much slower than the stator
currentdynamics.Thusthe MLP is to predictw, basedon old measurementsf w,. and
estimate®f i, 5.

6.4.2 MLP model

Thefirst stepin the control designprocedurds to obtainan MLP modelof the system.
This consistsof thefollowing steps:

Createdatasetsfor trainingandvalidation.

Choosehemodeltypeandparameterdpr instancethe modelordet

Trainthe MLP.

Validatethe achievedmodel.

Thereasorthatwe needbothatraining setanda validationsetis theinherentdangerin
training neuralnetworks of overtraining. If the MLP hasa large numberof neuronsand
thereforea large numberof adjustableparametersit may happerthatthe MLP learns
thebehaviour of thetrainingsetincluding noiseratherthanthatof the actualunderlying
system.lt is thereforenecessaryo testthe behaiour of the MLP onavalidationset.
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Training set

Whenblack-boxmodellinga nonlinearsystemit is not sufficientfor the datato contain
alarge numberof frequenciesn therangeof interest.Sincethe dynamicbehaviour can
vary betweeroperatingpointsandevenwith the magnitudeof thesignalsiit is necessary
for thetraining setto cover alarge numberof operatingpointsandsignalamplitudesas
well. This canbe achieszed by letting the input signalsbe pseudo-randormsignals,for
instancestepsof varyingamplitudeandlengthat variousoperatingpoints.

It is chosento createthe datain partial closed-loopoperationwith a looselytunedPI-

controllerfor thefollowing reasonsFirstly, thesignalsobtainedrom closed-loopexper

imentswill mimic anervironmentwhichis closerto theone,in whichthefinal controller
will operate.Secondlytherangeof operationwill typically be specifiedn termsof the

outputsratherthanthe inputs. Closed-loopoperationallows usto make surethat data
from the entirerangeareobtained.Finally, it maynot be desirableo imposeopen-loop
input signalswhich could causehe systento leave someallowedregion of operation.

Therearetwo problemswith the closed-loopapproachFirstly, it is necessaryo already
have afunctioningcontrolleravailable. On the otherhand,this controllerdoesnot have
to achieve a goodperformancesoary looselytunedcontrollerwhich just stabiliseshe
systemin the entire operatingrangeis all thatis needed.The secondproblemis that
themeasuredehaiour will bethatof the closed-loopsystenmratherthanthe open-loop
systemto becontrolled.This problemcanbealleviatedby addingsmallpseudo-random
signalsto the outputof the controller[Billings etal., 1993.

A sectionof the training setis shavn in Figure 6.6. The referencefor the speedwas
variedin stepsof randomlength and amplitudein the rangefrom -250 rad/sto 250
rad/s.The speedvascontrolledby alooselytunedPI-controllerof thetypediscussedn

Section4.2.1generatinga referenceor i,,. Thereferenceor the magnetisingcurrent
wasgeneratedn a similar mannerin therrangefrom 0.8 A to 2.8 A. The magnetising
currentwas controlledby a P-controllergeneratinga referencefor i, asdiscussedn

Section4.2.2. Randomsignalswith an amplitudeof 0.8 A were addedto the stator
currentreferencegieneratedy thesecontrollers.
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Figure6.6: 6000samplesf thetraining set. First (top) figure: measure@gpeed.Second

figure: estimatednagnitudeof magnetisingurrent. Third andfourth figures:references

for the statorcurrentcontroller

Thecontrolloop generatinghe datasetoperatedat a samplingfrequeny of 3 kHz. The
datawassampledat 600 Hz after beingfiltered by first orderfilters with bandwidthsof
100Hz.

A validationsetwasgeneratedn exactly the sameway. Both the trainingandthe vali-
dationsetconsistof 22000samplesThe datawasscalecbeforethetraining:

- A _1
Wpr - Oy (wr - wr,O)’
= A 1.4 4
"mR = 0; (sz - 'LmR,O),
= A 1. .
tsdref = Oy (st,ref - st,'ref,O)a
= a _1y- .
isqref = Oy (isqref —%sqref,0)s

wherethes’s denotestandaraleviancesof therespectie signals andthezerosubscripts
denotea known operatingpoint.
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Model type

Ratherthanusingi g, ..y asaninputto themodel,we will attemptto precompensat®r
theknown nonlinearityin (4.6) by insteadusingtheinput

. A . 2

tr = lsq,ref'mR-
As mentionedabore we will attemptto modelthesystemby aNARX MLP modelasthe
onediscussedh Section2.5.2,i.e.,we wishto predictthe next valueof w,. basednold

valuesof wy., iR, isd,ref, aNdigzg rep. More specificallywe wish to find weights©;,
05, and®; suchthat

O 2 My (2k, 01,02, 04), ~ Ok
whereM,, is definedasin (2.21),and

(Dr,k—l

d)r,kfn
TmR,k—1

Z'mR,szni-
Lsd,ref,k—1

(>

isd,ref,k—nu
i‘r,k—l

i'r,k—nu
With i, 2 021 (i; — isqref0imR.0), Whereo, is thestandardleviation of i, .

We choosethe neuronfunctionsto be tangenthyperbolic. Alternatively we could have
chosera combinationof tangenthyperbolicandlinearneuronfunctions,but thetangent
hyperbolicneuroncanyield almostlinearbehaiour simply by makingtheinputweights
small and the outputweightslarge. The only thing remainingis now to specify the
numberof neurons,the order of the modeln, and the numberof delayedinputs n,,
andn;. Thesechoicesareleft for the training, sincesomeexperimentations usually
necessary

Training

Sincethetrainingof anMLP is noncorvex problem,theinitial valuesof the parameters
areimportant. This wasfoundto be evenmoreimportant,whenthe modelis to be used
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for designinga quasi-LPVcontroller It wasfoundthatmary differentmodelsgave the
sameperformancedn termsof summedsquaredpredictionerrors, but thatin orderto
constructa controlleryielding a goodclosed-loogperformancet wasnecessaryor the
sectorbounds(asdiscussedn Section6.3.1)to be small. This is partially dueto some
conseratismdiscussedbelown in Section6.4.3.

Definetheinput matrix

(1>

M; [zs Zg—1 .- zn+1]
andthe target matrix
Mo & [Brs @rs—1 --r @rnti)
wheres is thenumberof samplesn thetrainingset.
Thelinear(ARX) modelminimisingtheleast-squaregredictionerrorperformancéndex
J & ! i GZT,iEl,i,

s§—n .
i=n+1

wherethe predictionerrore; is definedas
A~ 2
€Lk = Wrk — Wrlk,
is givenby
‘f’r,l,k:—',-l = Mz,
with thelineargain M; definedas[Elbert, 1984
M; 2 M,M].

One could train the MLP to only learnthe nonlinearpart,i.e. definingthe targetsfor
the MLP asthe predictionerrorsof the ARX model. This could potentiallyreducethe
numberof neuronsneededaswell asimproving the chancef corverging to a global
minimum, but it wasfoundthatthis leadto unpleasantlyarge sectorbounds.

Insteadhe ARX modelis usedo generateheinitial weightsfor theMLP training. Welet
theinitial MLP modelapproximatehe ARX modelby letting ®, = 0 and©,0,; = M;.
We performthefactorisatiorof M; suchthat®. is verylargeand®, is verysmall. Then
M, (2) = M;z.

A numberof MLPs were trainedwith variousnumbersof neuronsand model orders
usingthe Levenbeg-Marquadttrainingalgorithmto minimisethe predictionerror

1 s

A § T .

Im = s—n. €m,i€m,is
i=n+1
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wherethe predictionerrore,, is definedas
A~ 2
€m,k = Wr g — Wrk-

A reasonabl@redictionerrorfor boththetrainingandvalidationsetswasobtainedwith
4 neuronsafourthordermodel(n = 4), n; = 1, andn,, = 2.

Model validation

Figure6.7 shavs the predictionerrorfor 500 samplesf thetraining set. Thetop figure
shaws the predictionerror for the MLP model, the bottomfigure shavs the prediction
error for the ARX model. Figure 6.8 showvs the samefor the validationset. It may be
difficult to seeary significantdifferencein the plots but the unscaledpredictionerror
performanceshav that the MLP predictsthe systembehaiour betterthanthe ARX

model:

Model Trainingset | Validationset
MLP, o, Jmm = 1.04 1.02
ARX, o,J; = 1.71 1.82

The performancedndicatethat the MLP modelhascapturedat leastsomeof the non-
linear behaviour of the system,andthat, sincethe validationsetpredictionerroris not
largerthanfor thetrainingset,it hasnot beenovertrained.
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Figure6.7: Predictionerrorfor 500samplesf thetrainingset. Thetop figure shavs the

predictionerrorfor the MLP model,the bottomfigure shavs the predictionerrorfor the

ARX model.
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Figure6.8: Predictionerrorfor 500 samplesf the validationset. Thetop figure shavs

the predictionerrorfor the MLP model,the bottomfigure shavs the predictionerrorfor
the ARX model.

An alternatve way of validatingthe modelis to testtheauto-correlatiorof the prediction
error. ldeally thereshouldbe no correlationbetweenthe predictionerrors. Figure 6.9
shaws the scaledauto-correlatiorof the predictionerrorfor the validationset. The plot
indicatesthatthe predictionerror of the MLP modelis not entirely uncorrelatedbut on
the otherhandit is muchbetterthanfor thelinearmodel.
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Figure6.9: Scaledauto-correlatiorof the predictionerrorfor the validationset. The top
figure shawvs the auto-correlatiorof the predictionerror for the MLP model,the bottom
figure shawvs the samefor the ARX model.

Anotherway of testingthe obtainedmodelis to useit asan open-loopsimulator i.e.
replacingthe delayedmeasurementsf w, with thevaluespredictedby the model. This
is shavn in Figure 6.10 for the training setandin Figure 6.11 for the validation set.
Thetopfiguresshav the simulationusingthe MLP model. Themiddle figuresshaw the
simulationusingthe ARX model. The bottomfiguresshow the simulationerror for the
MLP model.
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Figure6.10: Open-loosimulationof thespeedisingthe MLP model(topfigure)andthe
ARX model(middlefigure)for 6000samplef thetrainingset. Thesolidlinesshav the
simulatedspeedthe dottedlines shav the actual(measuredspeed.The bottomfigure
shaws the simulationerrorfor the MLP model.
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Figure6.11: Open-loopsimulationof the speedusingthe MLP model(top figure) and
the ARX model(middle figure) for 6000samplesof the validationset. The solid lines
shav thesimulatedspeedthedottedinesshav theactual(measuredspeed.Thebottom
figure shaws the simulationerrorfor the MLP model.

Thesimulationsshowv thatthe MLP modelis amuchbetteropen-loopsimulatorthanthe
ARX model.Ontheotherhand,it doesstill shov somesystematierrors.

The overall conclusionof the validationprocedurds thatan MLP modelof the system
hasbeenobtainedwhich yields satisactory performanceboth asa predictorandasan
open-loopsimulator

6.4.3 Controller design

Theaim is now to transformthe MLP modelinto a quasi-LPVmodelonthe LFT form
suitablefor LPV controldesign.Thefirst stepis to performthetransformatiordiscussed
in Section6.3.1. Thesectorboundsverefoundby themethodpresentedh Section6.3.2
as
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j kj,maz - kj,min
1 0.0114
2 0.0092
3 0.0062
4 0.0035

Thetransformatiorprovideda modelon theform

G
Wy, k
Cet1| _[4o Bu Bi Bi Ba| |z
- (3
Zuk Cu 0 Dz Dul Du2 mRk|
Uk
Uk—1
where
a)r,k
Wr k— 1
Ck N ~r,k 1 anduk A I:sti,ref,kjl,
Wr k—2 irk
‘Zj'r,k—S

pSf Qf zu,k), WhereQ(+) is astaticnonlinearity Thisis alsoillustratedin Figure
ragrepz éjﬁﬁ ﬁereq—1 denoteghedelayoperator

2 Woy

isd,ref

q

Figure6.12: MLP modelon LFT form.

In orderto designthe controllerthis systemwas expandednto the onein Figure6.13.
Thei,,r obsenerblock containsthe discretetime versionof equation(6.29) replacing
isq With isq rc¢. A referencesignal @, .y for the speeds subtractedrom the actual
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speedyielding a control error e.  This control error is low-passfiltered by the filter
fp yielding part of the performanceoutput. The performancsdilter f, is a first order
filter with a bandwidthof 5 Hz. Beforefeedingthe control error to the controller K,
measurementoisew,, with varianced.5o,, ! is added.The controlleroutputsthe control
signalsisg,rey andi, .

2y f Wy,
~ 'sz imR
w.
riref observef
Zp1 e V Wy
Ir
M -1
q
PSfragreplacements
sz
-
- W, q_l
K -
lsd,ref
We Zc
Qe

Figure6.13: Setupfor LPV speectontrollersynthesis.

Thefinal thing to noticeaboutthe setupis thatthereis no referencesignalto or perfor
mancesignalfrom the magnetisingurrent.Insteada penaltyhasbeenputonisg, .5 by
outputtingit asthe performancesignal z,s. Thisis dueto thefactthatanearly attempt

to designa controllerfor both @, andi,,r resultedin a controllerrelying heavily on
st,m ¢ for speedcontrol. From our knowledgeof the nonlinearitieswe know thatthis
is not desirable put this informationis hiddenin the residualgains(2, andthe control
designprocedureonly employs knowledgeof theboundson thegains thusignoringthis
knowledgeof the nonlinearities.The setupin Figure6.13resultsin a controllersetting
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st,ref ~ 0. This controlsignalis thenreplacedy the controlsignalfrom atraditional
magnetisingcurrentcontroller This methodis anad hoc approachandmostlikely not
thebestapproachOneproblemis thatthespeectontrollerassume%sd,ref =~ 0, where
it would probablybe a betterideato includeisd,ref asa measurabl@listurbance This
shouldcertainlybe attemptedn future versions.

Theoverallresultis aneighthordermodel: four ordersfrom the MLP model,two from

theinputdelays,onefrom theobsenrer, andonefrom theperformancdilter. A controller
K andaschedulingunctionQ), weredesignedisingthemethoddescribedn Sections.4
attemptingto minimisethel,-gainfrom @&, .y andwy, to 2,1 andzp,. In orderto obtain
a controllerwhich could be implementedn real-timeit wasnecessaryo disregardthe
two residualgainswith thesmallessectorbounds.It waspossibleto solve the LMI with

anls-gainlessthan0.016. However, dueto numericalproblemsn solvingthe quadratic
matrix inequalityit wasnecessaryo increaseheboundto v, = 0.018 in orderto obtain
acontroller For comparisondesigninga controllerdisregardingthe residualgains,an

l>-gainlessthan+y; = 0.011 couldbeachiered.

Therearetwo sourcef conseratismto the methodemployed here. First we consider
the residualgainsasa diagonalgain with no correlationbetweenthe individual gains.
Finding a way to first obtaininformation of the correlationand secondlyusingthis in
a finite-dimensionalkchemewould be a lot more troublesome. Secondly the rate of
variationin the residualgainsare not taken into account. It would seema relatively
straight-forvardtaskto expandthe procedurediscussedh Section6.3in orderto obtain
boundsontherateof variation. However, thisis a matterfor furtherresearch.

The obtainedcontrolleris on the form (5.57)-(5.58) wherethe schedulingsubspaces,
depend®n A, whichis adiagonalgainmatrix suchthat

Akzu,k = Q(zu,k).

This posesan algebraicloop problem, since z,, , dependson u. Thus, in orderto
computeS, at samplek it is necessaryo know ug, andin orderto computeuy, it is
necessaryo know S... If the samplingfrequeng is sufiiciently high, andthe controller
hasa reasonablyow high-frequenyg gain, thenthe control signal can be expectedto
changeonly slightly from sampleto sampleanduy_; canbeusedasan estimateof uy,
in computingA . Alternatively, aniteratve schemeouldbeusedto alternatelycompute
uy, andA,, in analgebraidoop until theresults(hopefully) corverge. Sincethe sample
rateis mainly limited by the computationapower of the PC, this latter approachdoes
notseemnviable.

Thecontrollerwasimplementedisingthefirst of theseapproaches,e.assumingiy 1 ~
uy, whencomputingthe schedulingsubspace.
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6.4.4 Closed-loop experiments

A closed-loopexperimentwas performedusing the LPV speedcontroller The result
is shawvn in Figure 6.14,wherethe measuredpeeds shavn by the solid line andthe
speedreferencas shavn by the dottedline. The referencemovesin small stepsfrom
—250rad/s to 200rad/s andthenbackto —250rad/ s in onelargestep.

0 0.5 1 15 2 25 3 35 4 4.5 5
Time [s]
Figure 6.14: Closed-loopexperimentusing the LPV speedcontroller The speed
referenceis shavn by the dotted line. The three figures shav the behaiour with
threedifferent settingsfor the magnetisingcurrent. Top: img.rey = 2.8A. Middle:
ImR,ref = 2.2A4. Bottom:ipyg,ref = 1.0A4.

The experimentis performedfor threedifferentdegreesof magnetisationi,, g rer =
2.84, imRref = 2.24, andinrrey = 1.0A respectiely. The behaiour is satistc-
tory for all threesituations althoughfor ¢,,r .y = 1.0A4 the performances somavhat
degradedor large (positive andnegative) speedsThisis to beexpectedsincetheachies-
abletorqueis limited by the allowablestatorcurrent.

For comparisonsin experimentis performedwith a Pl-controllertunedby the Ziegler-
Nicholls relay methodaroundw, = 0rad/s. Theresultsareshowvn in Figure6.15.
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Figure6.15: Closed-loopexperimentusinga Pl speedcontroller The speedreference
is shavn by the dottedline. The threefiguresshav the behaiour with threedifferent
settingsfor the magnetisingurrent. Top: img, rer = 2.8A. Middle: ipr rer = 2.2A.
Bottom: iy, g,res = 1.0A.

As seenthe performanceof the Pl-controlleris someavhat betterthanthat of the LPV

controller Thisis partially dueto the Pl-controllerbeingimplementecat a samplerate
of 3kHz, whereasthe LPV controller was implementedat a samplerate of 600H z,

althoughthis cannotexplain the entire difference. However, the main purposeof this

sectionwasto demonstratdow a controllercould be designedor a nonlinearsystem
usinga systemati@approactrom MLP modellingto LPV controllerdesign.

6.5 Summary

In this chapterthe quasi-LPVapproachwasusedto constructboth a statorcurrentcon-
troller anda speedcontroller The quasi-LPVapproachmakesit possibleto useLPV
controlmethodson very generahonlinearsystems.
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A statorcurrentcontrollerwasdesignedasedn themodelobtainedn Chapter3 anda
satishctoryperformancevasachieved.

The speedcontrollerwasbasedon an MLP model. The MLP wasusedto form a non-
linear statespacemodel of a systemincluding the induction motor, the statorcurrent
controller, andthe flux obsener. It wasshown thatthe MLP model had capturedthe
behaiour of the system.The MLP modelwastransformednto a quasi-LPVmodelon
theLFT form, anda speectontrollerwasdesignedsielding areasonabl@erformance.
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Chapter 7

RoBUST LPV
SPEED
CONTROLLER

TheLPV controllerdesignmethodslescribedn Chaptets assumedhatthetime-varying
parametersverefully known. However, very oftenthe parametersireonly known with

somesmalluncertainty This would for instancebe the caseif the parameteraremea-
suredunderthe influenceof measurementoise. In the caseof quasi-LPVcontrol the
parametergandependon the systemstatesandthenary uncertaintyin the knowledge
of the stategyivesriseto anuncertaintyon the parameters.

Very little researcthasbeendoneon the subjectof synthesisingcontrollersfor LPV
systemawvith smalluncertaintie®n thetime-varyingparametersin [Helmersson1999
a methodis given for the situationwheresomeparametersare fully known and oth-
ersare completelyunknonvn exceptfor somebounds. The unknovn parameterdead
to non-corvex rank constraintson the multipliers, i.e. we have to enforcefor instance
P = P-'. Suchconstraintscanin lucky casesbe solved, for instance,using al-
ternatingprojections,as discussedn for instance[GrigoriadisandSkelton,1994 and
[BeranandGrigoriadis,1996. Thisapproactwasusedfor arobustflux obsenerdesign
in [Trangbaek200Q. This approacttanalsobe usedfor the situation,wherethetime-
varyingparameterareknown exceptfor somesmalluncertaintysimply by splitting the
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time-varying parameteinto a known partanda smallunknawn part. It is however be-
lieved thatthe methodpresentedelow is simplerandwill yield betterresult,possibly
afterfurtherdevelopments.

In the approachdescribedn Chapter5 we canachiese robustnessy ensuringthatthe
schedulingfunctionis void. Considerthe schedulingfunctionin (5.36). If N_ hasno
rowsor if V. hasno columnsthentheschedulingunction A, is void, andthecontroller
is actuallyrobustto the parametevariations.Theseconstraintsorrespondo m,. = 0 or
k. = 0, respectiely. Theseareagainequialentto P > P~ or P < P!, respeciiely.
Unfortunatelythis will rarely bethe casewhenjust solvingthe synthesidMls. Again
somenon-corvex approachwould have to be applied.

In Section7.1 we will give an alternatve approachfor the casewhenthe parameters
areknown exceptfor someuncertaintywhichis smallcomparedo theactualparameter
variations.We will endupwith constraint®nthemultipliers,whicharealsonon-corvex,
but are,however somevhateasierto satisfythanthe rankconstraints.

In orderto simplify matters,we shall restrictoursehesto diagonalresidualgainsand
diagonalmultipliers. Diagonalresidualgainsarise,for instance whenusingthe trans-
formationmethodfor MLPs presentedn Section6.3. Restrictingoursehesto diagonal
multipliers restoresthe conseratism, which was removed by using the full block S-
proceduregatherthanmoretraditionalLPV controlmethodsasdiscussedh Section5.1.
It is hawever hopedthatthis cansene asafirst steptowardsalessconserative method.

In Section7.2the methodis appliedto the samespeedcontrollerproblemasin Section
6.4 but thistime takinguncertaintyon theresidualgainsinto account.

7.1 Robust LPV control of systems with diagonal vari-
ation

In this Sectionwe will considerthe problemof designing_PV controllersfor thesystem
(5.11),with

Wy (t) = A(t)zu (t) ,

whereA isadiagonamatrix,whichis knownin real-timeexceptfor somesmalldiagonal
uncertainty We shallassumehatall matricesarereal.

If for instanceA(t) dependson parametersvhich canbe measuredn real-time,then
noiseon thesemeasurementeesultin uncertaintyon A(t), i.e. insteadof using A to
form theschedulingunction,we have to useanestimateA.

Dueto the LFT representatiomchieved throughthe full block S-procedurethe uncer
tainty only affects(5.9) in theanalysisLMls.
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Hence,assumingboth the systemand the controllerto be on the standard_FT form,
insteadof ensuring(5.9), we needto fulfill

A T

0
AC((] )| p, > 0. (7.1)
I

O N|IO

If this canbe fulfilled for all (A, A), thenthe quasi-LPVcontrollerwill stabilisethe
systemandachieve therequiredrobustquadratigperformance.

The problemthatwill be addressedh this sectionis thusto find additionalconstraints
on the multipliers P and P suchthatwe cansatisfy (7.1) evenin the presencenf un-
certaintyon A(t). To simplify thederivations,we will only considerconstantdiagonal
multipliers.

Theorem7.1 (Rolustdiagonal LPV control)
Considerthe LPV systent(5.11)with

Wy = A(t)zy, A(t) €A,
whee

Assumehat A(t) is knownin real-timeexceptfor somesmall diagonal uncertaintyE,
ie

~

A(t) = A(t) + E(t), E = diagy ;< ,,, {ei}, |ei] < &

If ther exist X,Y and

Q = diagi<;<,, {0} <0 (7.2)
R = diagici<y,, {ri} >0 (7.3)
Q = diag; <;<,, {qi} <0 (7.4)
R = diagycicp,, {7i} >0 (7.5)

satisfyingtheinequalities(5.21)—(5.23)with

S=0, S§=0 (7.6)
g(1+&)°+7r;>0,1<i<n, (7.7)
g (1+&)?+7 1 >0,1<i<n, (7.8)

andfor eath i = 1..n,, oneof thefollowing threeconditionsholds
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1.
(@ =@ ")(ri—7") >0 (7.9)
2.
(¢; >q ') and (r; <7;%) (7.10)
and
(L+&)q + 712G + 7 ) g +ri) >
(1+e)g -7 ) —ri)(@— g ) (7.12)
3.
(; <G') and (r; >77") (7.12)
and

(L+&)%G " +ra)(q + )@ +77") >

(L +&)g " —r)?e(ri — 7 )G — @) (7.13)

thenthere existsa contoller K(A) on the form (5.13)with we = A (A(t))z(t) that
yieldsrobustquadratic performancewith performancendex P,.

Proof: It is first of all notedthatthe inequalitiesin (5.20) areimplied by (7.2)—(7.8),
and that the estimatedresidualgains A only appearin the inequalitiesinvolving the
extendedmultiplier P,. In orderto prove theresult,we henceneedto show that with
the extra requirementgyiven above, (7.1) canbe fulfilled. If that canbe shown, then
Theorenb.10ensuresheexistenceof the desiredcontroller K (A). We constructy, P,
andA,(A) asin theproofof Theorenb.10,thoughU mustbeconstructedn aparticular

way, whichwill beaddressetielon. Then(5.9)is satisfiedwhichis equivalentto

T
A A
[I] P[I] V-Ae+ Ve o,
ATVT +vE ATNZ'A.+ N7
By a Schuragumentthisis equivalentto

T

B e8] vacem o
> 0.

ATvT +vE Nt AT

0 A, -N_
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Via a congruenceransformationthis expressiorcanberewritten as

T

[ﬂ P [ﬂ -V_.N_VT VvV, V_N_
T 4 r | >0 (7.14)
Vi NY Ay
N_VT A, —-N_
FurthermoresinceP fulfills (5.20)or equivalently
T - T
A Al A A T T
B P[4 =[] 7 [ - vevorr v o
we have by Schurcomplementhat
[ T
A A T
4] e [4] - vevovr v ],
N_VT -N_

Thisimpliesthatwe canapplythe Schurcomplemento (7.14)andobtaintheequivalent
inequality

T

5] n(B o) e o

wherell = [V V,N,]T. With thediagonalstructureof themultiplier, we candefine
the matrix

DA2AQA+R-V_N_VT
andwrite (7.15)as

[NJ AT

—nup—tu”
N _N_] >0,

and(5.36)as A.(A) = N_VTD~'V,, respectiely. We will now chooselU in the
followingway. LetU = [T1 T»] suchthatV_ = [A I|TiandVy =[A I]Ts.If
necessarye canperturbP suchthatit is nonsingular Sincethe columnsof U form an
orthogonabasisof theimageof P — P~ (if this matrix happenso besingulay we can
againperturb P suchthatit is nonsingulamaswell), it is possibleto partitionit suchthat

Tiu 0 |Toy O
0 T1l| 0 Ty

U=[T|T]=

in which the numberof rows of U is 2] andthe upperandlower partseachhave [ rows,
andwhereeachcolumncontainsexactly onel and2! — 1 zeros.If L, is some2l x 2]
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diagonalmatrix thenthe productT L, T; is a diagonalmatrix with the elementsof L

correspondingo thenegative entriesin P — P~ in its maindiagonal.Similarly, if L, is

somediagonalmatrix of appropriatedimensionghenthe productTy LT is adiagonal
2l x 2I matrix with zeroentrieseverywhereexceptfor the entriescorrespondingo the
negatie entriesin P — P~1. T, hasthe correspondingffect for the positive entriesin

p_p1

Tediouscalculationsdbasedn equationg5.27)and(5.29)show that D is of theform
D = diag; <;; {67 max{q;,q; '} + max{r;,7; '}} (7.16)

sincel/ rearrangethe negative andpositive diagonalelementof P — P~ into N_ and
N, respectiely, whichmeanghat N_ containsexactlythoseelementsvhereg; —g; <
0,7; —7; ' < 0. With perfectknowledgeaboutA it is theneasyto chooseA.(A) such
that(7.15)is fulfilled, for instanceasin (5.36) wherethe off-diagonalblocksaremade

to vanish leaving a positive definiteblock diagonalmatrix on theleft handside.

However, as statedabove we are not schedulingthe controller basedon the exact A,
but ratheron the estimateA. This promptsus to definethe diagonalmatricesD, V-
andV. analogouslywith (7.16)and(5.29)(replacingd; with §;) andrewrite (7.15)with
A (A) = N_V_(A)TD(A)~'V,(A) insteadof N_V_(A)TD(A) 1V, (A):

Nt yTD-'V_N_
N_VTD-'V, —N_

[ ViD=V,  VID 'V.N_

N_VIDV, NV_TDlVN] > 0. (7.17)

Let D denotethe matrix

Thisallows usto rewrite (7.17)as

T

TT(N- — [ﬂ D! [ﬂ )T TIDT,TINT,

TINT\TT DT, ~N_(N-'+VTD-'V_)N_

> 0.

Somestraightfornardcomputationsevealthat D consistof diagonalsubmatrices

= Dll D12:|
D=1 2
[D12 Dy,
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givenby
- 52 _ 52 ,
Dy = diagici< | 7= (6 = & )rmi
= (02gmi + i) (62 Gmi + Tmi)
5:52 — 5260 + (8 — 8:)r.
D12 = dia,g1<z.<l (6’§1 51 6l)qmz + (61 5z)rmz :
T (02qmi + Tmi) (02qmi + Tmi)
5 . (67 = 67)gmi
Dy, = diag,; . R ’
e { (5?Qmi + Tmi)(5z'2sz' + T'mi)
where
gmi = max{g;,§; '} andrm; £ max{r;,7; '}, 1<i <1 (7.18)

Applying the Schurcomplementemmato the inequality above and simplifying gives
thefollowing equivalentmatrix inequality:

(v [ ] )

+TEDT, (NP +VID ') TIDT, > 0. (7.19)

Let
T T
A A A A
A Ar—1 -1 A ar—1 -1
o2 - [4 0 [8] a2t [3] 0 3]
suchthat(7.19)canbewrittenas
TIG Ty + TIDT(TTGLT) ' T DT, > 0 (7.20)

in which, using(7.16),it is seenthatG_ andG ;. mustbeof theform

G_ 11 G12:| [G+11 G+12:|
G_ = andG, = )
[G—lz G_2 TGz G
where
G = dia { ! + % } (7.21)
+11 B1<i<i % — ‘fz'_l ami + Tmi ) .
di
— di D S 7.22
G112 diag; ;< { Zami + Tmi } ’ ( )
Gim = g {—r L} (7.29
+22 = B1<i<i = Fi_l i+ mi ) .
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Now LemmaB.4 (in the Appendix)impliesthat
TIDT (TIG Ty) *TI DTy = T AT,

where

which meanghat(7.20)is equivalentto

TE (G + A)Ty > 0. (7.24)

A is diagonaland\; ; = \s; = 0 for thes's for whichg; > ;' andr; > #;'. We

alsoknow from LemmaB.4 thatA,; = sz’i/ng,i for thei’s for which ¢; > ;'

andr; < 7' andA i = dip ;/g411,i for thed'sfor whichg; > ¢; " andr; < 777"

(lower-casdetterswith subscript referto thes:’ th diagonaklemenbf thematrixdenoted
by the correspondingippercasdetter). Furthermorethe pre-andpostmultiplicationby

T andT>, respectiely, eliminateshe elementdor whichg; < cj{l andr; < F;l.

By a permutation(7.24) canthenbe seento be equivalentto the fulfilment of a number
of 1 x 1 or2 x 2 matrixinequalitiesof theform

114 0—192.i A
G >q i >Et [9 114 9 12,1] " [ 1,; O ] S0 (7.25)
k3

9-12,i g-22,i 0 Ay
> i <l gt AL >0 (7.26)
G <@ i >T t goami+ e > 0. (7.27)

As mentionedabore we have A, ; = A2 ; = 0 for thei’sfor whichg; > cj{l,ri > F;l.

Furthermore the submatrixof G_ canbe seento be positive definite by combining
equationg7.21)—(7.23with the basicassumption$7.8), which imply that§2q; + r; >
0,52@.‘1 + Fi_l < 0. Hence(7.25)is automaticallysatisfied.

This leavesus with (7.26) and (7.27), which represent setof simple scalarinequali-
ties. By combining(7.21) and (7.23) with the definition of D1, we canrewrite these
inequalitiesas

! o ( L1 >_1 >0
py —— H1 p— p—
gi—§q " Sqi+T ri— 7t Oiqi 4T

forg; > g ',r; < 7;', and

! A + ( + . >1 >0
—1 — 2 — —
ri—7 b 862G + H a—a " 8§+

(3
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forg; < @ ',r > 7', in which

o 06— )Qz + (6 = 6; )fz_l
B 79 + )(52% h

s 0:0;(6; — 5i) + (8 — 51)7‘1
o = 82 + 1) (826 + 1)

M1

Finally, applyingLemmaB.5 to eachof thesenequalitiesshavs thatthey aresatisfiedf

(L+&)q + 7, )@ + 7 N +mi) —
(1+e)g—7 )& —r)a—g ') >0

if g; > g; ' andr; < 7; ' or

(+&)2q " +r) (@ +r)@t+7Y) >
(L +e&)g ' —ro)?e (ri =77 (@ " — @)

if g; < @ * andr; > #; 1. Hence(7.24)will befulfilled if for eachi = 1..n,, oneof the
threeconditionsin equationg7.9)-(7.13)is satisfied which is whatwe wantedto shaw.
<

Remark7.2 Normally, if P — P~! losesrank,i.e. (g; — g; *)(r; — 7; *) = 0 for some
1, it would be more efficient to constructan extendedmultiplier of lower dimension.
However, to keepthe proof simple,it waschosento ignorethis possibility, sincethere
is no lossof generalityin assuminghat P — P~! is indeedinvertible. If necessarylt
is alwayspossible(dueto the strictnesf the matrix inequalities)to perturbP — P~1
in theright direction,suchthatthereis no needto scheduleaccordingto the particular
diagonalelementswhich arethe causeof lossof rank,i.e. A, will be independenbf
theseelements.

The conditionswill usuallynot hold automaticallywhenjust solving the LMI (5.21)—
(5.23)soit is necessaryo find someadditionalconvex constraintsvhich will guarantee
thefulfilment of oneof thethreeconditions.

Of coursethe corvex constraints

R I -
[I R]>0 Q+0Q>—2I (7.28)

would guarante€7.9),but would alsobefartoo consenrative.

Thethreeconditionsin (7.9),(7.10),and(7.12)discriminatebetweerthesignsof q,-—f]'i_l
andri—Fi_l. If thesehavethesamesignfor all 7, thentherewill benoschedulindunction
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andthe controllerwill berobust. To assurg(7.11)or (7.13)in the othercasesgcorvex
constraintof theform

R+(I+&)Q >0 (7.29)
Q+(I+&R<0 (7.30)
£ =diagicicpn, €, € > 28+ (7.31)

canbeused.

Thebestway to synthesisehe robustcontrolleris probablyto keepincreasingherele-
vantelementsf £ until the solutionof the LMI leadsto a solutionfulfilling the condi-
tions(7.11)or (7.13). At eachiteration,themultipliersshouldbekeptsmall,for instance
by minimising the traceof R — @. This is a linear objective minimisationproblemas
discussedn Section2.3.1. Alternatively the following lemmascanbe usedto provide
sufficient conditionbeforehandtherebyonly requiringonesolutionof the LMI.

Lemma7.3 Assumghatar > 71 > r > 0and§—! < ¢ < 0, andlet € belarger than
thelargestreal root of the polynomial

Pa(ep) = a’es + (€*(a® —a® —a) + a® —a —2a8) €, +
28%(a —a®)e, + & (a—a® —a® +1) (7.32)
in e, andassumelsol + € > (1 + &)2.
Then
r+(14+€g>0, F1+(1+ef >0 (7.33)
implies
(L+&)q+7 )@ +7 ) (g+r) >
(L+e)g— )& —r)(g—q ") (7.34)
Proof: Givenin theappendixon pagel77. <

Lemma7.3 canbe usedto assure(7.11). The convex constrainta;r; > F;l canbe
implementedas

R G
[G R] >0, (7.35)
where
G = diag; ;<. {a; 7). (7.36)

Lemma7.3 can of coursealso be usedfor guaranteeing7.13) with the substitution
g §Ghat e g,r e 7717 & . Unfortunatelythe constrainta 7' >

is notjointly corvex in » and7. However, thereseemdo be no way aroundthis kind of

constraint A corvex conserative constrainis givenby thefollowing proposition
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Proposition7.4 Assumes, > 0,b > 0,d > 0, anda > 0. Then
o?a+db<2ad=ab<d (7.37)

By this propositionaif;1 > r; isimpliedby a?r; + a;7; < a;a;.

Corollary7.5 Consider the system (5.11) with w, = A(t)z, Whee A =
diag; <;<,,, {0}, |d:] < 1. Assumehat A(t) is knownexceptfor somesmalluncertainty

e,ie. A(t) = A(t) + E(t), E = diag) <;<,,, {€i} lei| < é&.

ChoosesomeA; = diag;<;<,, {ai} > 0,a = diag;;<, {a;} > 0and€& =
diag; <;<,,, {€:} > 0 sud thatfor each i = 1..n,, ¢; is larger than the largestreal
root of the polynomial

P, (ep) = afez + (€*(a? — af — a;) + a? — a; — 2a;e) 612, +

28%(a; —ad)e, + & (a; —ad —al +1) (7.38)
andlarger thané? + 2g;.

If ther exist X,Y and

S* R
satisfyingtheinequalities(5.21)—(5.23with

Q = diag;<;<p,, {gi} <0
R = diag;<;<,, {ri} > 0,5 =0

CR+{I+86)Q>0
. Q=diagy;cpn, {6} <0
R iag <i<n,, {F"l >0,5=0 (7.40)
1+ {I+8)Q >0

R A71/2

A7 R
o’R + AfR < 20£Af.

PZ[Q S] p:[g* 15;] (7.39)

=d
R

>0

Thenthere existsa contoller K (A) on the form (5.13)with w, = A (A(t))z.(t) that
yieldsrobustquadratic performancewith performancendex P,.

If Ay anda arechosere priori thenwe areleft with conditionsthatcaneasilybeimple-
mentedn anLMI solver. If thee;’s aresmallthenary large choiceof Ay shouldwork.
Noticethatif a; is largeande; is smallthentherootsof (7.38)areapproximatelyequal
to therootsof

613J +(1- ea)efJ — 2eq€p — €4 (7.41)

wheree, = a;&2. Thiswould suggesthoosinga; proportionalto é;z.
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Example7.6 With &; = 0.01 anda; = 100, ¢; > 0.11 will suffice.

Remark7.7 In LMI problems,slackingon oneconditionwill oftenincreaseherange
of the feasibility setdrastically So for instanceby allowing a small degradationof
performanceit will oftenby possibleto greatlyincreaseherobustness.

In [Bendtserand Tranghaek20004 anexampleis givenof a controldesignfor asimple
systemwherethe above methodsignificantlyimprovesthe performance.

Remark7.8 Sincethe requirementdor robustnesgyiven above are only relatedto the
multipliers,the theoryworksequallywell for continuousanddiscretetime.

7.2 Robust speed controller

In this sectionwe will usetherobustLPV synthesigpresentedn Section7.1to designa
robustversionof the speedcontrollerpresentedn Section6.4.

Usingthe MLP modelobtainedin Section6.4, the first stepis to obtainan estimateof
the uncertaintyon the residualgains. As discussedn Section6.4.3we considertwo
residualgainswith sectorbounds0.0114 and0.0092 respectiely. We will assumehat
wy is known exceptfor a measurementoiseboundedby 0.5 rad/s Using the method
describedn Section6.3.3wefind thatthis resultsin uncertaintie®nthesegainsof 3.1%
and2.5% respectiely.

The samesynthesisas in Section6.4.3 was performedbut now the multipliers were
choseras

-1+ 61)717'1 0 0 0
p_ 0 —(14+e) s 0 0
B 0 0 rgy 0
0 0 0 T2
—(1 + 61)7‘:1 0 0 0
]5 _ 0 —(1 + 62)1"2 E) 0
0 0 r1 0
0 0 0 7

By iteratively performingthe synthesischeckingfor robustnesaising(7.9)-(7.13),and
increasingthe corresponding if robustnessvasnot achiesed, a robust controllerwas
designed.It wasnecessaryo increasethe boundthe l2-gain, «y, from 0.018 to 0.034.
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The resultingmultipliers were givenby »; = 3.8, ro = 3.0, 71 = 4.0, 72 = 10.7,
€1 = 0.15, andes = 0.16.

The sameexperimentasin Section6.4.4 was performednow using the robust speed
controller Theresultis shavnin Figure7.1.

0 0.5 1 15 2 25 3 35 4 4.5 5
Time [s]
Figure7.1: Closed-loopexperimentusingthe robust LPV speedcontroller The speed
referencas shawvn by the dottedline. The threefiguresshav the behaiour with three
differentsettingsfor themagnetisingurrent. Top: img,rey = 2.8A. Middle: ipg rer =
2.2A. Bottom:img,rer = 1.0A.

Comparingwith Figure6.14it is seerthatthereareonly smalldifferencesn the perfor
mance.If anything, therobustLPV controlleris slightly hardertunedthanthe nominal
LPV controller Thisis dueto thefactthattheboundonthel,-gainfor thenominalLPV
controllerhadto beincreasedlueto numericalproblemsn solvingthe quadratiamatrix
inequality. Thiswasnot necessarjor therobustLPV controller, sinceincreasinghee’s
improvedthe numerics.
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7.3 Summary

In this chaptera novel methodwaspresentedor robustLPV designfor systemswvhere
thetime-varyingparameterareuncertain.lt wasassumedhatthetime-varyinggainwas
diagonalandthatthe diagonalelementsvereknown exceptfor somesmalluncertainty
A theoremwaspresenteduaranteeintheexistenceof anLPV controlleryieldingrobust
quadratigerformanceindertheconditionof anew typeof constraint®nthemultipliers.
Even thoughtheseconstraintsvere noncorvey, it wasdemonstratediow the theorem
couldbeusedasa basisfor controllersynthesis.

Themethodwasappliedto thedesignof aspeedontroller whichwasrobustto measure-
menterrorsof the speed.Therewasno significantdifferencecomparedo thecontroller
designedn Chapter6.



Chapter 8

CONCLUSIONS

This thesisdemonstratedhow the theory of linear parametewarying (LPV) systems
could be appliedto several subproblemsn inductionmotor control resultingin a novel
flux obsenrerandnovel currentandspeedcontrollers.Variouscontributionsto the field
of LPV controltheorywerealsopresentedThis chaptersummarisesindconcludeson
the work presentedn this thesisand givesrecommendation®r furtherwork. Section
8.1givesasummaryof thethesis.Section8.2 concludeonthework in general Finally,
Section8.3 givessuggestionsor furtherwork.

8.1 Summary of the thesis

Chapter3 describedthe dynamic modelthe induction motor. The part of the model
describingthe currentswaswritten asa comple« secondorder statespacemodelwith
theshaftspeedasatime-varyingparameterThelaboratorysetupon which experiments
wereperformedwasalsodiscussed.

In Chapte# therotorflux orientedcontrolscheméor theinductionmotorwasdescribed.
First it was discussechow the dynamicalequationsof the motor could be simplified

by writing themin a referencesystemfollowing the angleof therotor flux. Thenthe

rotor flux orientedcontrolmethodwasdescribed.A shortdiscussiorof flux andspeed
obsenrerswasalsogiven.

Chaptel5 reviewedarecentlydeveloped PV synthesisnethodfoundin [Scherey2001],
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the so-calledfull block S-procedure An equivalentdiscrete-timeversionof the theory
was developed. Thenthe specialsymmetryof the currentequationsof the induction

motor wasinvestigated.It was showvn that controllersand obsenrersfor LPV systems
with this type of symmetrycanbe assumedo have the sametype of symmetrywithout

lossof performanceFinally adiscrete-timdlux obsenerwasdesignedndtestedonthe

laboratorysetup.A goodperformancevasachiezedwith verylittle needfor tuning.

In Chapte6 it wasdescribedhow the quasi-LPVapproactallowstheuseof LPV theory
for a very generalclassof nonlinearsystems. The approachwasthen appliedto the
designof a statorcurrentcontroller Again,agoodperformancavasachiezedwith very
little needfor tuning. A new methodfor transforminganeuralnetwork statespacemodel
into aquasi-LPVmodelsuitablefor controldesignwasthenpresentedThis methodwas
thenappliedto the designof a speedcontrollerbasedon a neuralnetwork model. The
main purposeof the speedcontrollerdesignwasto demonstratéiow a controllercould
be designedor a nonlinearsystemusing a systematicapproachfrom neural network
modellingto LPV controllerdesign.

In Chapter7 anovel methodwaspresentedor robustLPV designfor systemavherethe
time-varyingparametergreuncertain.The methodwasappliedto the designof aspeed
controller, which wasrobustto measuremergrrorsof the speed.

8.2 Conclusions

Thefollowing generakonclusion®nLPV controllerdesigncanbedrawn from thework
in thisthesis:

e TheLPV controltheoryprovidesa systematiovay to approactcontrollerdesign
for nonlinearsystemsOnceanLPV modelof thesystento becontrolledhasbeen
obtained|t is straightforvardtaskto designthe controller

¢ Goodresultscouldbeachievzedwithoutaddinga largenumberof filters asis often
necessarywith robust 4., techniguessuchas u-synthesis. Consequentlythe
resultingcontrollerswereof low orderandverylittle tuningwasneeded.

With respecto the applicationof LPV controlto inductionmotor control thefollowing
conclusiongcanbedrawvn:

e LPV controllersarecomputationaliyheavy consideringhefastdynamicsof small
andmediumsizedinductionmotors. Thusactualindustrialimplementatiormay
still be prematureexceptfor largemotors.However, it is expectedhatthe coming
decadewill bring fasterand cheapeiprocessorsnakingimplementatiorof LPV
controllersaviable option.



8.3Recommendationf®r furtherwork 161

e Thedescribedsynthesisnethodprovidesnumericalsolutionsto thecontroldesign
ratherthan solutionsgiven directly in termsof the motor parameters.This is a
disadantageof LPV methodscomparedo for instancefeedbacHKinearisationas
in [Rasmussertal., 1997 or backsteppinglesignasin [Rasmusseetal., 1999.

e Goodresultscould be obtainedfor the flux obsener andthe statorcurrentcon-
troller usingonly a minimumamountof trial anderror.

8.3 Recommendations for further work

Thefollowing topicswould benefitfrom furtherexaminations:

Robustness The robustnesof the proposedlux obsener andstatorcurrentcontroller
to parametevariationsshouldbefurtherinvestigatedfor instancehroughsimula-
tion studies.Sincethe LPV methodsdo notrely oninversionor exactcancellation
of thenonlinearitiesgoodrobustnespropertiesshouldbe expected.

Numerics Constructingthe LPV controllersinvolved solving the quadraticmatrix in-
equalityin Lemma2.9. This canbe numericallyproblematicevenfor smallprob-
lems. A suggestiorfor improving the numericswas givenin Lemmab.12, but
evenbetterresultscould probablybeachiesedby finding analternatve to the con-
structiongivenin the proof of Lemmaz2.9.

Saturation The statorvoltagesaturatesconstitutingan input saturationfor the stator
currentcontroller In additionthe statorcurrenthasto be limited to protectthe
motor. This constitutesaninput saturatiorfor the speedcontroller Thesesatura-
tionswerenotincludedin theLPV modelsmainly becausét is difficult to do this
in a meaningfulway. In [ScorlettiandGhaoui,199§ it is suggestedo male the
controllerrobustto the differencebetweenthe commandednput andthe actual
input. However, thiswill probablyyield very conserative solutions.

In additionthework couldbe extendedn thefollowing directions:

Ratesof change If boundson theratesof variationof the time-varying parametersre
known, then this can be exploited by making the Lyapunw matrix parameter
dependentsee[RughandShamma200(q andthereferencesherein.This canbe
usedto reduceconseratismandthus obtaina betterperformance.For the pre-
sentedlux obsenerandstatorcurrentcontroller, a boundon therateof variation
of the shaftspeedcould be achiezed throughassumptionsn the load torqueand
by consideringthe boundon the statorcurrent. It would probablyalsobe fairly
simpleto obtainboundontherateof variationsfor thequasi-LPVmodelobtained
from a neuralnetwork model,asdescribedn Section6.3, througha gridding of
the parametespace.
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Multipliers for robust LPV It would probablybea straightforvardthoughtedioustask
to replacethe requirementg7.6) with requirementsimilar to (7.2)-(7.5),i.e. al-
lowing S to bediagonal.Thiswould in somecaseseduceconseratismgreatly

Oneunified controller It maybe possibleto avoid the cascadedontrollersandinstead
attemptto designonelarge LPV controllerfor the entiresystem.The succes®f
thisattemptwould probablydependnthechoiceof quasi-LPVrepresentatiofor
thesystem.

Neural network implementation Themainsourceof computationatomplexity of the
implemented_PV controllerswasthe computatiorof theschedulingunctionand
the subsequeninversiondueto D o5 beingnon-zero(seeSection5.4.4). As an
alternatve a neuralnetwork could be trainedto mimic thesefunctions. If a suffi-
ciently small network yielding a goodapproximationin the entirerangeof oper
ation could be obtained thenit would only be necessaryo implementthe multi-
plicationsandtangenthyperbolicfunctionsof the neuralnetwork, which in mary
casegouldreducethe computationatomplexity.



Appendix A

EXPERIMENTAL
SETUP

In thisthesissereralexperimentswill beperformedon alaboratoryinductionmotorsys-
temillustratedin FigureA.1. The systemwasdesignedn the studentprojectdescribed
in detailin [SkougaardandWenzel,1997.

power induction |_Shaft brushless
device \ motor % DC motor
trans-

ducers | | encoder —‘—

power

T 4‘ device

s's
O
M_ ref
PC

FigureA.1: Laboratoryinductionmotorsystem.
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The PCrunsthe control programto be testedproviding a referencevoltagefor thein-
ductionmotor power device anda torquereferenceo the DC motor power device. The
brushles®©C motorcanbe usedto simulatea loadtorqueon the shaft. Sincethe PCre-
ceivesmeasurementsf therotor angularpositionfrom the encodetthis canfor instance
beapositionor speeddependenioad.

A.1 Induction motor

Theinductionmotoris a BauknechitATB drive with two pole pairs(Z, = 2), asquirrel-
cagerotor, andthreestarconnectedtatorwindings. Its nominaldataare

Nominalpower 1.5kw
Nominalspeed 1420rpm
Nominaltorque 10Nm

Nominalcurrentat380V 3.6 A

In [Rasmussern 999 the parametersf theinductionmotorwereidentifiedat standstill
at20°C undertheassumption.;, = L, as

L,=1L,=0.352H, L, =0.341H, R,=50Q, R,=3.3Q. (A1)

A.2 Power device

The power device is of the VSI-type describedn Section3.5. It is a VLT5003 from
DanfossA/S. It hasbeencustomisedso thatthe voltagereferencesan be setvia the
ISA busof the PC.Thevoltagesaregeneratedy pulse-widthmodulation(PWM) with
aswitchingfrequeng of 15kHz.

A.3 Current transducers

The three statorcurrentsare measuredy LEM-modules,which are essentiallytrans-
formers. A currenttransduceis illustratedin Figure A.2. The statorcurrentinducesa
smallercurrentin the LEM-module,whichis corvertedto anequivalentvoltagethrough
aresistor Thisvoltagecanthenbe measuredby the AD-cornverterin the PC.
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stator
curren/

LEM module

-

voltage

FigureA.2: LEM modulefor statorcurrentmeasurement.

A.4 \oltage transducers

The statorvoltagesare measuredhrougha starconnectedesistorbridge as shovn in
FigureA.3. Eachleg of the bridgeconsistsof two resistorgroviding a voltagedivision.
The resistorsare chosenso large that no significantcurrentis dravn. The neutralis
isolatedandis thereforeequivalentto the statorneutral. Sincethe statorvoltagesare
generatedy PWM, it is necessaryo filter the measurementseforefeedingthemto the

AD-corverterin the PC. A second-ordeanaloghardwarefilter with a cut-off frequeny
of 1 kHz waschosen.
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FigureA.3: Resistomridgefor statorvoltagemeasurement.

A.5 Encoder

An encodefrom Heidenhahris connectedo the shaftmakingit possibleto measurehe
positionor speed.Theencodeiessentiallyconsistof a discwith alternatelyopaqueand
transparensectorsandtwo pairsof light transmittersandrecevers. As thediscrotates,
the light from the transmitterswill eitherbe interruptedbe the disc or allowedto pass
thoughto thereceier dependingn the position. By measuringhelight at two slightly
offsetpositionsit is possiblenot only to know the numberof sectorsvhich have passed
but alsothe direction. Countingthe numberof sectorsthat have passedn a sampling
period gives an estimateof the speed. This particularencoderhas 1024 transparent
sectors At asamplingfrequeng of 3kHz this givesaresolutionof themechanicaspeed

of approximatelyd.6rad/sateachsample.By low pasdiltering amoreaccurateestimate
canbe obtained.

A.6 DC motor

The DC motor usedto simulatea load torqueis an Indramatpermanentnagnetmotor
from Mannesmann/Reoth. It is drivenby apower device containingacurrentcontroller
receving its referencesrom a torquecontroller Thereferencdoadtorqueis supplied
asananalogsignalfrom the DA-cornverterin the PC.
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A7 PC

The PC controlling the entire systemis a Siemens-Nixdofff ScenicPro M6 with a 200
MHz PentiumProprocessoand32 MB of RAM. To allow measurementsf statorcur-

rentsandvoltagesa DataTranslationDT28291/O-cardhasbeeninserted. The sampling
frequeng of the controlsystemhasbeenchoseras3 kHz.

The control systemis designedn MatLab Simulink [MathWorks,Inc., 1993 with Real
Time Workshop[MathWorks,Inc., 1994 (RTW). The RTW corwvertsthe Simulink pro-

gramto a C-programwhichis thencompiledto work with aVxWorkskernelanddown-

loadedover the internetto the PC using a Tornado/VxWorks software packagefrom

WindRiver [WindRiver Systems1995. Whenthe programis runningon the PC, data
canbe collectedover the internetusingthe Stethoscop@ackagerom Real-Time Inno-

vations[Real-Time Innovations,]. Thesystemallows selecteparametersf thecontrol
systemto bechangedn real-timefrom within the Simulink ernvironment.
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Appendix B

LEMMAS AND
PROOFS

This appendixcontainslemmaswith no appropriateplacein the mainthesisaswell as
proofswhichweredeemedoo long andtediousfor the mainthesis.

B.1 Lemmas

B.1.1 Lemma B.1: Matrix Inversion Lemma
LemmaB.1 (Matrix InversionLemma)e.g. [Helmersson, 1995

Let A and D benon-singular Then

(D+CAB) '=D'-D'C(BD'C+A ') 'BD (B.1)



170 LemmasandProofs

B.1.2 Lemma B.2: Partitioned matrix inversion
LemmaB.2 (Partitionedmatrix inversion)[Horn and Johnson, 1985

Let A bea squae matrix partitionedas

Ay A12]
A= ,
[A21 Az

whee A;; and Ax, aresquae. If A;; is nonsingularthenA is nonsingulaif andonlyif
the SchurcomplemeniA £ A,y — Ax; A7 As5 is nonsingular Furthermoe theinverse
is then

A1 = [Anl AL ARAT Ao Ay —AlllA”A_l]

—A_1A21A;11 A1

Dually, if A2, is nonsingularthenA is nonsingularif andonly if the Schurcomplement
A2 A, - A12A521A21 is nonsingular Furthermoe theinverseis then

A_l —A_lAlez_zl

Al = N "
—A2_21A21A_1 A2_21 + A2_21A21A_1A12A2_21

B.1.3 Lemma B.3: Full rank multiplier extension

LemmaB.3 LetX,Y, Z € H**" andassumehatY, Z, and X —Y ~! arenon-singular

andchoose
X A
1] . (B.2)

ThenX is non-singularand

Xl = [Y :] (B.3)

Proof: It is seenthatY is the Schurcomplementof [Z~1(X — Y—l)Z—*]_1 in X.
Thusthe nonsingularityof X is implied, and the upperleft partof X! is Y asseen
from the Partitionedmatrix inversionlemma(B.2). <

B.1.4 LemmaB.4

LemmaB.4 ConsidertheindexsetsZ_, 7, J_ andJ, with cardinalitiesny,l—nr,ns
and! — ny, respectivelydefinedsuth thatZ_uZ, = J- U Jy = {1,...,l} C N
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. . Tio
Lete;, 1 < i < [, denotethes’th unit coordinatevectorof R . Let T = [ 8 1? ] €
1l

Ty, O
0 Ty
are unit coodinatevectoss of R?, be definedby

R2Xnr+ns gnd Ty = [ ] € R2x2=(nr+ns) \whege the columnsof 7; and T

Trei=0&ic€T,, Trei=0&icJ,,
Trei=0cicT_, Thei=0sicJ_.

Furthermoe, let D andG beanytwo matricessuc that

D— [Dn Dlz] c g2ixal

DIZ D22
and
Gu Glz] 20%21
G = e R*X
|:G12 Gaa
where ead of thesubmatricesD:1, D1, ... , G2 € R** arediagonal.

Then,assuminghat TT GT; is invertible, we have
T DT(TFGT) ' TI DTy = TTAT;
whee

A= diag; <;<;{\1i} 0 -
0 diag1§z’§l{>‘2i}

Furthermoe, thoseelementf A that do not vanishby the pre- and postmultiplication
by T, are givenby
’i€1-+ﬂj+ = )\li:)\Zizoa
i€ NJ- = di=d2/go, (B.4)
i€ NJy = dai=d2/ g,

in which d;, g1; andg; arethei’thdiagonalelementsf D5, G1; andGa2, respectively

0 D

Proof: Firstof all it is noticedthat T DTy = T [ D 0
12

o pal (5 Rl

0 T|[Di2 Dy [0 Ty
[Tzq;DllTlu Tzz;DmTll] _ [ 0 TE D12Ty
THD12Tiy Ts DTy TED12Thy 0

] T, since

] (B.5)
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becausd’ andT> do not have non-zeroentrieson the samerows andhencethesepar
ticular productsmustvanish.

Let usdefine

I £ (T GTy) T = [F” F“’] ,
F12 F22

wherel'y;, 19, T € R 1t is deducedhateachof thesubmatrice$'; 1, T’y andla,
arediagonalwith

NI gl_ll’i for ieZ_nJy,
I,=0 for ieZy,

Tasi=gpi fOr i€ nNJ, (B.6)
[;=0 for i€ J,,
;=0 for i€y UJ;.

This is seenby noticing that 7T GT; is equivalent,via a permutation,to a block di-
agonalmatrix where eachsub-blockis either of dimension2 x 2 arising from ele-
mentscorrespondingo: € Z_ N J_, or 1 x 1 arisingfrom elementscorresponding
toi € (Z, NJ_)U(Z_NJ,). Matrix inversionpreseresthis equivalenceandpre-and
postmultiplyingby 73 andT" thenproducesa matrix wherethe newly formedelements
arerearrangedbackto the correspondingositionsin G.

In light of (B.5) it canthenbe seerthat

T7 DTy (TTGTy) " TT DT, = [Tg;D 12022 D1aTy Ty Dial'1zD 12T2l] .

T D12T12D15Toy Ty D12T11D12T
Theoff-diagonalblocksin this matrix canfurthermorebeseerto bezero,sincel'13 ; = 0

fori € 7y U J; andpre-andpostmultiplyingby T andT5,, eliminatesthe elements
correspondingo ¢ € Z_ U J_. Thatleavesuswith

TEL D15T95 D15 T 0
TTDT TTGT —lTTDT — out/12L 22712429 —
> DT(Ty GT1) ™ Ty DT 0 TED12T11D12Ty
D15T'93 D15 0 T
Tr Ty = TLAT.
? [ 0 DanDlz] S

Looking atthe diagonalelementsye seethat pre-andpostmultiplyingby T, and Ty,

eliminatesthe elementscorrespondingo i« € Z_, while pre- and postmultiplyingby

T3} andTy; eliminatesthe elementscorrespondindo 7. Thisimpliesthatonly those
diagonalelementsn D;2I'11 D12 andD;2I'22 D12 correspondingo: € J4 andi € 7,

respectiely, will not vanishby this operation. Sincel’;; andT's2 have the structures
givenin (B.6) we deducethatthenon-vanishingelementsn T3/ AT> mustbe of theform

(B.4), which completeghe proof. <
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B.1.5 Lemma B.5

LemmaB.5 Considertheinequality

1 &2 1 1 -
_ 0, B.7
g-q! 52q+f—1+”(r—i~—1+62q+f—1) > (B.7)

58(6—8)q+(8—0)7" i _4 51
e e Assuminghat|§| < 1,|6 — 0] <e,0>¢ > ¢ ', (1+

e2)g+r>0,and7~! > r > 0, (B.7)is satisfiedf
(L+e)?q+7 2@ +7 ") (g +7) > (L+e)g—r)?(F —r)(g—q )

whee y =

Proof: Rewriting (B.7) asasinglefractiongives
t1+1t2 + 13

= )@a+ i p@a s @a )
where

t1 = (BPq+7 H)2(8%q+7 1) (6%q+T),

ta = —(g—q ") (8% +7")2(8%g + 1)o7,

ts = (66(6—=0)a+@—8r)(r—F")a—q").

It is seenthatthe denominatois positive sinceqg > §~! andg + 7! > g+ > 0 by
assumptionFurthermoreét is obviousthattheinequalityis hardesto satisfyfor § — 1,
sowe will leté = 1. Similarly, the worst casefor Sisforé — & + e, sowe will let
b5=1+e andexaminethe numeratoinequalityt; + to > —t3 oOr:

(1+e?q+7 )2 ((g+7 " Nag+r)—(g—G "Yg+71))
>((1+e)g—r)e®(F ' —r)(g—G"). (B.S)

In otherwords,if (B.8) s satisfiedthen(B.7) will besatisfiedaswell. It is now easyto
seethat(B.8) canbesimplifiedto

(T+e)?q+7 )@ +7 ") (g+r) > (1L +e)g—r)?eF ' —r)(g—q ")

which waswhatwe wantedto showv. <

B.2 Proofs

B.2.1 Proof of Lemma 2.9

Proof: [Scherey2001].
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(=): Firstobsenethat
1

o [A*Xé-l-(]] =i [_(A*Xf +C)*] (B9)

for any X . Usingthiswith Lemma2.7 we seethat(2.11)is equivalentto

[—(A*XB + 0)*] “p [—(A*XB + C)*] > 0.

; ; (B.10)

Pre-andpostmultiplicationby B" in (2.11),andby A" in (B.10)we arriveat (2.12)and
(2.13).

(«): Firstdefinethenonsingulamatricesk and[L sothatAK = [A; 0] andBL =
[B: 0], where4; andB; havefull columnrank. With

Dll D12:| A
D= = K*CL B.11
|:D21 Do ( )
(2.11)canbewrittenas
I 01" I 0
0 I L o1 p[L 0 0 Il _,
AYXB1+ Dy; Dys 0 K—* 0 K *| |AfXBy+Dy; Dio )
Dy Dsy| P g D3y, Dsys
With the definitions
I 0 0 —D3,
A 0 0 A I A |—D3,
= = T:
R 0 I 8 Dis |’ 0 ’
Dy O Do I
Z 2 A;XBy + Dy €727z,
this canbewritten as
I . I
=[] o] n[a[l] s <o 612

SinceA; andB; areof full columnrank,the mappingX — A} X B; + D1, is surjec-
tive, andwe cannow considerZ in (B.12) asthe unrestrictedunknovn. By observing

BLL 'B" = BB" = 0 we concludethat L~!B" = [S] Using this along with

1 [ 7 R A .
C=K *DL *andP = 0 K II 0 K we canrewrite (2.12)as

S*IIS < 0. (B.13)
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Similarly, (2.13)canbewrittenas
T*I7'T > 0. (B.14)

Performingthemultiplicationin (B.12) andusinga Schurcomplemenargumentwe find

thatit is equivalentto

;] (rmr-rms(sms)sem) |

I
Z

] <0. (B.15)
We now only needto show thatthis hasa solutionin Z. Since
imT =im[R S]", (B.16)
Lemma2.7 gives
in ([R S]'I[R §])=
in_(0) —in_(T*I'T) =in_(P) —0=m. (B.17)
Applying Lemmaz2.6thenyields
in_ (R*IIR — R*IIS(S*ILS) 'S*II*R) =
in_([R S]"I[R §])—in(STS) =m—(m—cz) =cz. (B.18)
It is thuspossibleto find anonsingularZ; € C°z*¢z anda Z- fulfilling

A

[Zl] (R*IIR — R*IIS(S*I1S) 1 S*IIR) [Z
2

7 ] <0. (B.19)

A solutionto (B.15)isthenZ = Z,Z; 1. «

B.2.2 Proof of Lemma 5.17
Proof:

DenoteM as

andpartition M ! as
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comformablyto the partitioningof M. FromM M ~! = I we have

MM, — M;M;, = I, (B.20)
MiMrl + MrMi2 = 0, (821)
M, M. — M;My; = I, (B.22)
—M;M,5 — M,M;; = 0. (B.23)
Define
X & M — My, Y £ M,y — M,s.
SubtractingB.22) from (B.20) yields
(M, M) [X] =0. (B.24)
Y
Adding (B.21)and(B.23)yields
Y
(M, M;] [_ X] =0. (B.25)

Now (B.24)and(B.25)imply

M, -M][Y X]_,
M, M ||lx -v|™"

SinceM is nonsingulathisimplies X = 0 andY =0 or equivalently M;, = M;; and

M,1 = M5, whichis exactlywhatwe neededo shov. <

B.2.3 Proof of Lemma 5.20

Proof: Fromthe proofof Lemma5.17we have

M, -M;
M*l — o e .

FromMM~—! =TandM 1M = I wehave

M.M, — M;M; = I, (B.26)
M;M, + M.M; = 0, (B.27)
M.M, — M;M; = I, (B.28)
M;M, + M,M; = 0. (B.29)
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Thenwe immediatelyhave

Te (M) Te (M) = (M, + jM;)(M, + jM;) =
MM, — M;M; + j(M;M, + M,M;) =I1+0 (B.30)

aswell as

Te (M) Te (M) = (M, + jM;) (M, + jM;) =
MM, — M;M; + j(M;M, + M,M;) =I1+0 (B.31)

which areequialentto (5.66). <

B.2.4 Proof of Lemma 7.3

Proof: Dueto (7.33),it is thenseenthat

(L+8g+7 (g +r) 7

1+e€
1
Ny a—1\25272—1 ~—1
> ((1+e)qg—7 )% (r r)<q+1+6r ) (B.32)
implies(7.34).Since
)2 =1 14 8)2 =1
—(1+e)lq—i—r :(1—|—e)—( —}—e)q—}—j‘_l >1+e¢
g+ g7t (1+e€)g+7
we obsene that(B.32)is implied by
(1+e&)2q+7 ) (g+r)fte>((1+&)g—71)2F 1 —7) (B.33)

whichis againimplied by (dueto (7.33))

_\2 2 1 e 2
<(11tree) (—7) +Fl) 1:—67"7”1 > &2 (1 iir +Fl> (F'—r).  (B34)

With b £ #=1 /r thisis equivalentto
b(b(1+e)—(1+8)2) e - (b(1+e)+1)>(b—1)>0. (B.35)

Theleft handsidecanbewritten asathird orderpolynomialin e with the coeficient for
thethird ordertermbeingpositive:

Py(e) = b?e® + [2(b® — b® — b) + b® — b — 2bg) €
+28%(b—b¥)e+&2(b— b —b*> +1). (B.36)
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Then(B.35)is equialentto P,(e) > 0. Now choose largerthanthelargestrealroot of
P,(e). ThenP,(e) is positive for b = a. All we haveto shov now is that P,(e) > 0 for
1 > b > a. With € fixed, P, is athird degreepolynomialin b,, £ b — 1 with a negative
coeficient for the third orderterm anda positive constanterm. The only way that P,
canbenggative for some0 > b,, > a — 1 is thenif all therootsof P, in b,, arerealand
positive. This requiresthe coeficientsfor the secondorderandfirst ordertermsbeing
positive andnegativerespectiely. But thecoeficientof thefirst ordertermcanbeshavn
to bepositive. <«
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