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ABSTRACT

The subjectof this thesisis the developmentof linear parametervarying (LPV) con-
trollers andobserversfor control of inductionmotors. The inductionmotor is oneof
themostcommonmachinesin industrialapplications.Beinga highly nonlinearsystem,
it poseschallengingcontrol problemsfor high performanceapplications. This thesis
demonstrateshow LPV control theoryprovidesa systematicway to achieve goodper-
formancefor theseproblems.Themaincontributionsof this thesisaretheapplicationof
theLPV controltheoryto inductionmotorcontrolaswell asvariouscontributionsto the
field of LPV controltheoryitself.

Within the lastdecadethetheoreticalbackgroundfor controlof LPV systemshasbeen
developed. LPV systemsconstitutea large classof nonlinearsystemswith a special
structureallowing for asystematicapproachto controllerdesign.Basedonawidely used
modelof theinductionmotorandthewell-known rotor flux-orientedcontrolscheme,it
is demonstratedhow LPV methodscanbeappliedto severalsubproblemsin induction
motorcontrol.

The currentequationsof the inductionmotor have a particularstructure,which allows
themto be written on a complex form. It is shown that for an LPV systemwith this
structure,theoptimalcontrollerwill alsopossessthis structure.This knowledgecanbe
employedto improve thenumericsof thecontrollersynthesisandto reducethecompu-
tationalburdenin theimplementation.

Viewing the rotationalspeedasan externalparameter, the currentequationsof the in-
ductionmotorconstituteanLPV system.This is usedto designanLPV flux observer.
Theresultis anobserverwith goodperformanceandvery little tuningneeded.
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At the cost of someconservatism the LPV control theory can be appliedto an even
wider rangeof systemsknown asquasi-LPVsystems.It is demonstratedhow this can
beappliedto thedesignof a statorcurrentcontroller. As in thecaseof theflux observer
design,theresultingcontrollerperformswell andrequiresvery little tuning.

In certaincasesit is difficult to obtainaccuratemodelsusingphysicalprinciples. We
thereforeturn our attentionto nonlinearblack-boxmodellingwith multi-layer percep-
trons(MLPs). A novel methodfor transformingMLP modelsinto quasi-LPVmodelsis
presented.An MLP modelof aninductionmotorsystemis obtained,andtheaforemen-
tionedmodeltransformationis performed.Theresultingquasi-LPVmodelis thenused
in thedesignof a speedcontroller. This demonstrateshow LPV methodscanbeusedin
asystematicapproachall theway from modellingto controllerimplementation.

Finally, robustnessto uncertaintyin the time-varying parametersis considered.More
specifically, weconsiderthecasewheretheparametervariationis representedby adiag-
onalgainmatrix,which is fully known exceptfor somesmallperturbation.A novel type
of sufficient conditionsfor robustnessis presented,andit is illustratedhow this canbe
usedin thespeedcontrollerdesign.

All controllersandobserversaretestedon a laboratorysetup.

Thekey resultshavebeenpresentedat internationalconferencesor havebeensubmitted
for publicationin internationaljournals.



DANSK

SAMMENFATNING

Denneafhandlingomhandlerudviklingenaf lineæreparameter-varierende(LPV) regula-
torerogobserveretil reguleringaf induktionsmotorer. Induktionsmotorenerenaf demest
anvendtemaskineri industrien.Densikke-lineæredynamikgiver anledningtil kompli-
ceredereguleringsproblemeri forbindelsemedkrævendeanvendelser. I denneafhand-
ling demonstreresdet, hvorledesLPV-reguleringsteoriåbnermulighedenfor en syste-
matisk tilgang til disseproblemer. Afhandlingensvæsentligstebidrag er anvendelsen
af LPV-teori til reguleringaf induktionsmotorer, samtdiversebidragtil områdetLPV-
reguleringsteori.

Denteoretiskebaggrundfor reguleringaf LPV-systemererudviklet i løbetaf detseneste
årti. LPV-systemerudgørenomfattendeklasseaf ikke-lineæresystemermedenspeciel
struktur, dermuliggørensystematisktilgangtil regulatordesign.Medudgangspunkti en
ofte anvendtmodelfor induktionsmotorenog detvelkendterotorflux-orienterederegu-
leringsprincipdemonstrererdenneafhandling,hvordanLPV-metoderkan anvendespå
fleredelproblemerindenforreguleringaf induktionsmotorer.

Induktionsmotorensstrømligningerharen specielstruktur, dergørdet muligt at skrive
dem på kompleksform. Det vises,at for et LPV-systemmed dennestruktur, vil den
optimaleregulatorogsåbesiddedennestruktur. Dennevidenkanbenyttestil at forbedre
regulatorsyntesensnumeriske egenskaberog til at opnåenmindreberegningskrævende
implementation.
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Vedatbetragteomdrejningshastighedensomenudefrakommendeparameterkaninduk-
tionsmotorensstrømligningerbetragtessometLPV-system.Detteudnyttestil atudvikle
enflux-observer. Resultateter envelfungerendeobserver medmeget lille behov for tu-
ning.

Påbekostningaf konservatismekanLPV-teorianvendespåenlangtstørreklasseaf ikke-
lineæresystemerkaldetkvasiLPV-systemer. Dettedemonstreresved udviklingenaf en
statorstrømsregulator, der, ligesomførnævnteobserver-design,resultereri envelfunge-
renderegulatormedmegetlille behov for tuning.

I visse tilfælde er det vanskeligt at opnå en tilfredsstillendemodel baseretpå fysi-
ske betragtninger. Derfor rettesopmærksomhedenhereftermod ikke-lineærblack-box-
modelleringvedhjælpaf multi-lagsperceptroner(MLPer).Enny metodetil transforma-
tion af MLP-modellertil kvasiLPV-modellerpræsenteres.En MLP-modelaf et induk-
tionsmotorsystemoptrænes,og dennye tranformationsmetodeanvendes.Den resulte-
rendekvasiLPV-modelanvendessomgrundlagfor synteseaf enhastighedsregulator. På
dennemådedemonstreresdet,hvordanLPV-metoderdannergrundlagfor ensystematisk
tilgangtil heleprocedurenfra modelleringtil regulatorimplementation.

Til sidstbetragtesrobusthedoverfor usikkerhederi de tidsvarierendeparametre.Speci-
fikt betragtesdettilfælde,hvor parametervariationenkanrepræsenteresvedendiagonal
forstærkningsmatrix,somer fuldstændigtkendtbortsetfra enlille afvigelse.En ny type
tilstrækkelige betingelserfor robusthedpræsenteres,og det illustreres,hvorledesdisse
kananvendesi udviklingenaf hastighedsregulatoren.

Alle regulatorerog observereer afprøveteksperimenteltpåenlaboratorieopstilling.

Hovedresultaterneer præsenteretvedinternationalekonferencereller er indsendttil pu-
blikation i internationaletidsskrifter.
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Chapter 1

INTRODUCTION

This Ph.D. thesisconsidersthe applicationof linear parametervarying (LPV) control
theoryto inductionmotorcontrol.Theaim is to developnovel controllersandobservers
for field-orientedcontrolof inductionmotorsandto provide theoreticalcontributionsin
thefield of LPV controltheory.

1.1 Background

The induction motor has a wide rangeof applicationsin industry converting elec-
trical power into mechanicalpower, for instancein pumps and ventilators. In-
deed, in the industrialisedcountries approximately60 % of the entire electrical
power available is consumedby AC motors, whereof most are induction motors
[Kaźmierkowski andTunia,1994]. Recentadvancesin computertechnologyallowsem-
ploying controltechniquesyieldingaperformancefor theinductionmotorsimilar to that
of themoreexpensiveandlessreliableDC motor. Thisdoes,however, posecomplicated
controlproblems.

Several approachesto induction motor control exist, seefor instance[Vas,1998] or
[Kaźmierkowski andTunia,1994]. This thesiswill focus on one particularapproach,
therotor-flux orientedcontrol.

Theinductionmotoris ahighly nonlinearsystemcallingfor advancedcontroltechniques.
Within thelastdecadethetheoreticalbackgroundfor controlof linearparametervarying
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(LPV) systemshasbeendeveloped.LPV systemsconstitutealargeclassof systemswith
aspecialstructureallowing for asystematicapproachto controllerdesign.At thecostof
conservatismtheapproachcanbeappliedto anevenwider rangeof systemsknown as
quasi-LPVsystems.

An LPV systemis essentiallya linear time-varyingsystemwhich canbewritten on the
form �� 
 �"+ � +Z��-�- � \ �¡+ � +P��-�- �¢ 
 £ + � +P��-�- � \¥¤¦+ � +Z��-�- � 3
where

�
is atimevaryingparametervector. As suchit hasastructurewhichis similarto a

lineartime-invariantstatespacesystem,andcontroldesignmethodswith somesimilarity
to linearstatespacemethodscanindeedbeused.

Oneof themainreasonsfor LPV controltheorybeingtheobjectof increasinginterestis
thatperformanceanalysisandcontrollersynthesisfor thesesystemscanbe formulated
aslinearmatrix inequalities(LMIs). LMIs poseconvex problemsandcanbeefficiently
solvedby numericalsoftwaresuchastheMatLabLMI toolbox[Gahinetet al., 1995]. In
this sense,oncea problemhasbeencastasanLMI, it canbeconsideredassolved.

An earlysuggestionthata systemon theLPV form couldbecontrolledby a controller
of thesameform wasgivenin [Beckeretal., 1993]. Themethodgivenheredid however
not lead to a convex problem,but the result was later extendedin several steps. In
[Apkarianet al., 1995] anon-conservativeLMI solutionwasgivenundertheassumption
of affine parameterdependence.In [Scherer, 2001] the result is extendedto the more
generalrationalparameterdependence.This resultseeminglyhasnot beenappliedto
any real-life systemsyet. In this thesisit will beappliedto thecontrolof an induction
motor.

In [ShammaandAthans,1992] it wassuggestedthatan even wider rangeof nonlinear
systemscouldbetreatedasLPV systemat thecostof someconservatism.In this quasi-
LPV approachtheparametersareallowedto dependon thestates.By disregardingthe
explicit dependenceandtreatingthesesystemsasLPV systems,theoreticalguarantees
of stabilityandperformancecanbeobtained.

In this thesistheseideaswill beusedandfurtherdeveloped,aimingfor controlof induc-
tion motorswith a rigoroustheoreticalbasis.

1.2 Objectives

The aim of this thesisis to develop novel controllersandobservers for field-oriented
controlof inductionmotorsandto provide theoreticalcontributionsin thefield of LPV
controltheory.
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In orderto limit thescopewe will focuson a particulartypeof controller, morespecif-
ically therotor-flux orientedcontrollerasdiscussedin for instance[Rasmussen,1995],
[Vas,1998], or [Leonhard,1990]. Thiscontrollerconsistsof subblocksasshown in Fig-
ure1.1.

observers

speed
and 

magnetising
current
control

stator
current
control

i sr,ref
i mR,ref

power
device

sr,refu
induction

motor
shaft
load

ωr,ref

us

measurements

estimates

Figure1.1: Sketchof therotor flux orientedspeedcontrolscheme.

The controller objective is to track referencesfor the magnetisingcurrent,
� k | , and

the speed,� p . The observersprovide estimatesof the statorandmagnetisingcurrents
andof the speed. The speedandmagnetisingcurrentcontrollersprovide a reference
signal,

Q � � p � p ��� , for the statorcurrent. The statorcurrentcontrollertracksthis reference
by providing thepowerdevicewith a statorvoltagecommand,

Q� � p � p ��� .
Themainaim of this thesisis to provide novel methodsfor designingthesesub-blocks
usingLPV control theory. The theoreticalpartswill focuson the methoddescribedin
[Scherer, 2001], which is verygeneralandnon-conservative.

1.3 Contributions

Thecontributionsof this thesisarein boththeinductionmotorapplicationandtheLPV
controltheoryareas.

Themaincontributionsin thetheoreticalareaare:§ A discretetime versionof thecontinuoustime LPV controlmethodpresentedin
[Scherer, 2001] is given.§ The currentequationsof the inductionmotor have a particularstructure,which
allows themto bewritten on a complex form. It is shown thatfor anLPV system
with thisstructure,theoptimalcontrollerwill alsopossessthis structure.§ A systematicapproachfor transformingneuralnetwork statespacemodelsinto
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quasi-LPVmodelssuitablefor controldesignis given. This waspresentedin the
conferencepaper[BendtsenandTrangbæk,2000b].§ A novel approachto robust LPV control for a specialclassof LPV systems
is presented.This haspartially beenpresentedin the submittedjournal paper
[BendtsenandTrangbæk,2000a].

Themaincontributionsin theinductionmotorapplicationareaare:§ It is pointedout thattheproof of convergencefor thespeedobserverpresentedin
[Kubotaet al., 1993] is incorrectandthatdivergenceis possible.§ The discrete time version of the LPV theory is applied to the design of a
flux observer. This has partially been documentedin the conferencepaper
[Trangbæk,2000].§ The discretetime versionof the LPV theory is appliedto the designof a stator
currentcontrollerusingthe quasi-LPVapproach.This hasbeendocumentedin
thesubmittedjournalpaper[BendtsenandTrangbæk,2001b].§ A neuralnetwork is appliedfor black-boxidentificationof themotorsystem.§ Theobtainedneuralnetwork modelis transformedinto a quasi-LPVmodelanda
speedcontrolleris designed.§ TherobustLPV controlmethodis appliedto thesamemodel.

1.4 Outline of the thesis

Thethesisis organisedasfollows:

Nomenclature

Providesa list of symbolsandabbreviationsusedthroughoutthethesis.

Chapter 1 - Introduction

This introduction.
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Chapter 2 - Preliminaries

Introducessomebasicconceptsneededlaterin thethesis.Thetheoreticalpartsof Chap-
ters5-7 rely heavily on matrix inequalitiesandin particularlinear matrix inequalities
(LMIs). Theseconceptswill bebriefly discussed.

Themodelstructureusedin thesamechaptersis linearfractionaltransformations(LFTs).
Thischapteralsodiscussesinterconnectionsof suchsystemsincludingtheRedhefferstar
product.

Finally, theuseof multi-layerperceptrons(MLPs)asstatespacemodelsis discussed.

Chapter 3 - Induction Motor System

Describesthedynamicmodelof asymmetricalthree-phaseinductionmotorwith asquir-
rel cagerotor. The part of the model describingthe currentsis written asa complex
secondorderstatespacemodelwith the shaftspeedasa time-varying parameter. The
conceptof rotatingreferenceframesis thendiscussed.

In order to control the speedof the motor it is necessaryto usea power device. A
commonlyusedtypeof powerdevice, thevoltagesourcedinverter, is described.

Finally, thelaboratorysetupis discussed.Experimentswill beperformedonalaboratory
systemwith a

��¨ª©¬«U­
inductionmotor.

Chapter 4 - Rotor Flux Oriented Control

Therotorflux orientedcontrolschemefor theinductionmotoris described.Thepurpose
of thecontrolleris to tracka referencespeedanda referencemagnetisingcurrentwhile
rejectingdisturbancesfrom theloadtorque.

First it is discussedhow thedynamicalequationsof themotoraresimplifiedby writing
themin a referencesystemfollowing the angleof the rotor flux. Then the rotor flux
orientedcontrol methodis described. The methodis observer-basedand requiresan
estimateof therotor flux. A shortdiscussionof flux andspeedobserversis alsogiven.

Chapter 5 - Linear Parameter Varying Flux Observer

This chapterreviews theLPV synthesismethodin [Scherer, 2001] andappliesit to the
designof a flux observer for theinductionmotor.
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First thehistoricalbackgroundof LPV control is reviewed. Thenrobustquadraticper-
formanceanalysisof LPV systemsis discussedandtheso-calledfull blockS-procedure
controllersynthesisis described.A discrete-timeversionof theseresultsis thengiven.

Consideringthe speedasa time-varyingparameterallows writing the inductionmotor
modelaseitherarealfourthorderLPV modelor asacomplex secondorderLPV model.
This is dueto a specialsymmetryin the transferfunction. Theoreticaljustificationfor
thefactthatcontrollersandobserversfor this typeof systemcanbeassumedto havethe
sametypeof symmetrywithout lossof performanceis presented.

Finally adiscrete-timeflux observer is designedusingtheabovetheory. Theobserver is
testedon thelaboratorysetup.

Chapter 6 - Quasi-LPV Current and Speed Controllers

Thequasi-LPVapproachallows theuseof LPV theoryfor a very generalclassof non-
linearsystems.First a discussionof thequasi-LPVstructureis given. Theapproachis
thenappliedto thedesignof astatorcurrentcontroller.

It is thendiscussedhow to transforma neuralnetwork statespacemodel into a quasi-
LPV modelsuitablefor control design.This methodis thenappliedto the designof a
speedcontroller.

Chapter 7 - Robust LPV Speed Controller

In this chaptera novel approachis given for robustLPV designfor systemswherethe
time-varyingparametersareuncertain.Themethodis appliedto thedesignof a speed
controller.

Chapter 8 - Conclusions

Thischaptercontainsconclusionsandrecommendationsfor furtherwork.

Appendix A - Experimental Setup

In thisappendixtheexperimentalsetupis discussedin detail.
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Appendix B - Lemmas and Proofs

This appendixcontainslemmaswith no appropriateplacein themain thesisaswell as
proofswhichweredeemedtoo long andtediousfor themainthesis.

Bibliography

Index
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Chapter 2

PRELIMINARIES

This chapterintroducessomebasicconceptsneededlater in the thesis.The theoretical
partsof Chapters5-7 rely heavily on matrix inequalitiesandin particularlinearmatrix
inequalities(LMIs). Theseconceptsaredescribedin Sections2.2and2.3.

Themodelstructureusedin thesamechaptersis linearfractionaltransformations(LFTs).
Section2.4discussesinterconnectionsof suchsystemsincludingtheRedhefferstarprod-
uct.

Chapter6 describesthe useof multi-layerperceptrons(MLPs) asa basisfor obtaining
quasi-LPVmodels. Multi-layer perceptronsaredescribedin Section2.5, whereasthe
discussionof thequasi-LPVstructurewill beleft for Chapter6.

2.1 Notation

Mostof thenotationin this thesisis standardwith thefollowing exceptions.

Definition2.1 (Hermitianpart,
SUT$V�W +�®¯- )

Let � bea squarematrix. ThenSUT$V�W +,�°-²± �³ +P�´\¥� # - ¨
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TheHermitianpartis anaturalextensionof therealpartof scalars,sincetheeigenvalues
of aHermitianmatrixarereal.

Thesymbol µ is usedasaright annihilatorin e.g.[Scherer, 2001] andasaleft annihilator
in e.g.[Helmersson,1995]. To avoid confusionwhencomparingwith otherliteraturewe
shallusethesymbols¶ and · respectively.

Definition2.2 (Leftannihilator, · )�>@ denotesanyfull row rankmatrixsuch that
c�T�V �>@ 
 F`W � .�>@ only existsif � haslinearlydependentrowsandthen ��@¸� 
 5 .

Definition2.3 (Rightannihilator, ¶ )�>A denotesanyfull columnrankmatrixsuch that
F`W ��A 
 c¬T�V � .

Notethat
F¹W �># A 
 F`W �>@ # .

Finally, in orderto reducethewidth of certainmatrixequationswewill needthefollow-
ing notation.Givena matrix � anda Hermitianmatrix º thefollowing expressionsare
equivalent » �½¼ # » º>¼ » ��¼g¾ »¹¿ ¼ # » º�¼ » �½¼ ¨
2.2 Matrix inequalities

A squarematrix � is Hermitian if � 
 �°# . Let
^ :O_G:

denotethe linear spaceof
Hermitian � � � matricesandlet ÀÂÁ ^ :Ã_U: . Let Ä½Á�Å : anddefinethequadratic formÆ Ä Æ � Ç ±ÈÄ # ÀYÄ ¨ (2.1)

We saythat À is positivesemidefiniteifÆ Ä Æ � Ç C]5ÊÉxÄ (2.2)

andthat À is positivedefiniteifËGÌ 485ÎÍ Æ Ä Æ � Ç C Ì Æ Ä Æ � ÉxÄ ¨ (2.3)

We simply denotethis ÀÏCÐ5 and ÀÑ4Ð5 , respectively. ÀÏDÐ5 (negativesemidefinite)
and ÀÂ785 (negativedefinite)aredefinedsimilarly. Ò is apositivesubspaceof À ifËGÌ 465"Í Æ Ä Æ � Ç C Ì Æ Ä Æ � ÉxÄ�ÁÓÒ (2.4)
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andwe write this as ÀÂ465 on Ò ¨
A negativesubspaceis definedsimilarly.

A Hermitianmatrix hasrealeigenvaluesandthemaximaldimensionof its positivesub-
spaceis equalto thenumberof positive eigenvalues.Consequentlya Hermitianmatrix
is positivedefiniteif andonly if all of its eigenvaluesarepositive.

Definition2.4 (Inertia,
F`a

)

Theinertia of a Hermitianmatrix Ô is definedasF`a +PÔb-Õ±Ö+ F`a�× +ZÔ¦- 3 F`aUØ +ZÔ¦- 3 F¹aÃÙ +PÔ¦-�- (2.5)

where
F`a × +PÔ¦- 3 F`a Ø +ZÔ¦- 3 F`a Ù +PÔ¦- denotethenumberof negative, zero andpositiveeigen-

valuesof Ô , respectively.

Definition2.5 (Inertia on subspace,
F`a +�® ÆªÚ - )

For anysubspaceÒ�Û8Å : , F`a +PÔ Æ Ü -l± F`a +ZÝ # Ô¦Ýl- (2.6)

for anybasismatrix Ý of Ò .

Thefollowing lemmais a generalisationof thewell-known Schurcomplementlemma.

Lemma2.6 (Schur complement)[Scherer, 2001]

If � is non-singularand � and � areHermitianthenF`a�Þ>ß � ££ #à�uáUâ 
 F`a +P�>-�\ F`a +P� �ã£ # � × K £ - (2.7)

This lemmais veryusefulin many situations.An examplewill begivenin Section2.3.2.
Thefollowing lemmawill beusedin theproofof Lemma2.9.

Lemma2.7 (DualisationLemma)[Scherer, 2001]

Let º be any non-singularHermitian matrix, and let Ò be any subspacesuch thatF`aGØ +Pº Æ Ü - 
 5 . Then F`a +ZºY- 
 F`a +Zº Æ Ü -ä\ F`a +Pº × K Æ Üæå - (2.8)
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Now let ÀçÁ ^ :Ã_G: beamatrix functionof avectorof decisionvariables� . Wewill callÀè+ � -�485 amatrix inequalityin � . Thefeasibilitysetof amatrix inequalityis definedas� �é� � � ± ' � Í¬Àè+ � -�465	) 3 (2.9)

andwesaythatthematrix inequalityis feasibleif � �é� � � is non-empty. Of course4 can
bereplacedby C , D , or 7 in theabove.

Remark2.8 Thedecisionvariablesareusuallyin theform of oneor morematrices,but
theproblemcanalwaysbereformulatedinto thevectorform.

Matrix inequalitiesarisein many controlanalysisandsynthesisproblems.Thereis no
generalway to solve them,exceptwhen À dependsaffinely on � . In thiscase,theaffine
matrix inequalitycanbesolvedwith convex methods.This will bediscussedfurther in
Section2.3. If thematrix is a quadraticfunctionof � thereis generallyno way to solve
theinequalityexceptin specialcasessuchasthefollowing.

Lemma2.9 (Elimination Lemmafor quadratic matrix inequalities) [Scherer, 1999]
[Helmersson,1999]

Assumethat
£

hasdimension� � � andthatF`a +PºY- 
 + � 3 5 3 �ä- (2.10)

Thequadratic matrix inequalityß 9�>#;�¦�ê\ £ á # º ß 9�>#;�¦�ê\ £ á 785 (2.11)

in theunstructuredunknown� hasa solutionif andonly if� A # ß 9£ á # º ß 9£ á � A 765 (2.12)

and � A # ß �=£ #9 á # º × K ß �=£ #9 á � A 4]5 (2.13)

Proof: A constructiveproof is givenin AppendixB on page173. ë
Remark2.10 � beingunstructuredmeansthatthereareno constraintson thestructure,
e.g.thatit mustbeHermitianor block diagonal.

This lemmais thebasisfor thesynthesismethoddescribedin Section5.3.
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2.3 Linear matrix inequalities

As mentionedin theprevioussectionthereis no generalway to solve matrix inequali-
ties.Howeverif thematrixdependsaffinely onthedecisionvariablesit is calledaLinear
Matrix Inequality(LMI) andfastandefficientnumericalsolversareavailable.If aprob-
lemcanbecastasan(finite-dimensional)LMI it canthereforebeconsideredpractically
solved.This sectioncontainsa formal definitionof anLMI, a shortdescriptionof some
of theavailablesoftwarepackagesandthetypesof problemsthey cansolve,andfinally a
few examplesof controlproblemsthatcanbecastasLMIs. A morethoroughdiscussion
canbefoundin [Boyd et al., 1994].

Definition2.11 (Linear matrix inequality, LMI)

A linear matrix inequalityis an inequalityÀè+ � -(485
where À is anaffine(i.e. a constantplusa linear) functionmappinga finitedimensional
vectorspaceto a Hermitian matrix set

^ :Ã_G:
. Theelementsof the vector � are called

thedecisionvariables.

Remark2.12 In theusualdefinitionthemappingis to a setof realsymmetricmatrices,
and � belongsto a realvectorspace.Indeed,mostavailablesolverswork only with this
formulation.Theabovedefinitioncanhoweverbereformulatedasanequivalentproblem
with realmatricesof doubledimensions.Thiswill bediscussedfurtherin Section5.5.

LMIs have severalnice features.For instancethe feasibility setis convex. This means
thatgivenasetof solutionsof anLMI, any convexcombinationof theseis alsoasolution.

Definition2.13 (Convex combination)

Let ì 
 ' � K 3 � � 3$¨í¨¹¨í3 � : ) bea subsetof a linear vectorspace, and let
'.î K 3 î � 3�¨¹¨í¨¹3 î : )

bea seton non-negativerealnumberssuch that ï :NíðñK î N 
�� . Then� ± :ò N¹ð�K î N � N
is calleda convex combinationof ì .

Definition2.14 (Convex hull,
 "!

)

Theconvex hull,
 "! +ZìÑ- of a set ì is theintersectionof all convex setscontainingì .

If ì is a subsetof a linearvectorspace,then
 "! +PìÑ- is thesetof all convex combina-

tionsof elementsin ì . Theconvexity of thefeasibility setcanbeusedto convertsome
infinite-dimensionalproblemsinto finite-dimensionalones.
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Example2.15 Considertheproblemof findingan � suchthat�=�ó\ã� # � # 485 (2.14)

for all �BÁ Q� , where
Q� is convex. If

Q� hasinfinitely many elements,thenthis is an
infinite-dimensionalLMI, since(2.14)putsinfinitely many constraintson � . For afixed� we canalsoview (2.14)asan LMI in � . This meansthat if � fulfills (2.14) for a
numberof � s, thenit is alsoa solutionfor a convex combinationof these.

Now if
Q� is theconvex hull of afinite numberof vertices(or generators) � K 3 � � 3�¨¹¨¹3 � : ,

weonly needto solve(2.14)for theseverticesin orderto obtainasolutionfor all �
Á Q� .
This is a finite-dimensionalproblem.

LMIs rarely have an explicit solutionbut mustbe solved by numericaliteration. One
exceptionis theLMI in � givenbyÀè+,�°- 
 � # �¦�ê\ � # � # � \¥¤Ï485 ¨ (2.15)

This inequalitytypically needsto besolvedasa laststepin acontrollersynthesis,where� , � , and ¤ havebeenfoundassolutionsto otherLMIs. By multiplying from bothsides
by ��A or �"A it is immediatelyobviousthat� A # ¤ô� A 4]5 and � A # ¤ô� A 465 (2.16)

are necessaryconditionsfor the feasibility of (2.15). In fact they are also sufficient.
Thiswasshown in [GahinetandApkarian,1994], whereaconstructiveproofcanalsobe
found.Herewe will giveanalternativeproofbasedon(2.15)beingaspecialcaseof the
quadraticmatrix inequality(2.11).

Lemma2.16 [GahinetandApkarian,1994]

Let ¤õÁ ^ :Ã_G: . TheLMI (2.15)in � is feasibleif andonly if (2.16)is satisfied.

Proof:

(2.15)is a specialcaseof (2.11)with£ \ £ # 
 ¤ , º 
 ß 5 � 9 :� 9 : 5çá ¨
The inertiacondition(2.10) is thenimmediatelyfulfilled andtheconditions(2.12)and
(2.13)caneasilybeseento beexactly (2.16). ë
Remark2.17 Sincetheproof of Lemma2.9 is constructive, this proof canalsobecon-
sideredconstructive.
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Remark2.18 In Lemmas2.9and2.16 7 canof coursebereplacedby 4 andviceversa,
but thesufficiency partsdo not hold for non-strictinequalities( C and D ). Considerfor
instancethenon-strictLMIÀè+ ¢ - 
 ß ¢ �Õ\ ¢�$#Õ\ ¢ �l\ �$#Õ\ ¢ á C]5
in therealscalar¢ . This canbewrittenas(2.15)with�´\¥� # 
 ¢ 3 � 
 � 
 » �ö� ¼ 3 ¤ 
 ß 5 ��$#÷�Õ\¥�é# á ¨Àè+ ¢ - haseigenvalues

K� + ³ ¢ \q��\6�$#(ø
ù + ³ ¢ \ �l\ � # - � \¥ú¬�;� # - which areclearlyof
differentsignsno matterhow ¢ is chosen.In otherwordsthenon-strictLMI Àè+ ¢ -�CÈ5
hasno finite solution,but thenon-strictversionsof theconditions(2.16)bothread» �û� ¼ A # ß 5 �� # �ü\ � # á » �ý� ¼ A 
 ß�þ� þ á # ß 5 �� # �l\ � # á ß�þ� þ á 
 5ÎC85 3
whereþ is anarbitrarynon-zeronumber.

2.3.1 LMI solvers

Several software packagesare available for solving LMIs. The most widely usedis
probablytheLMI toolboxfor MatLab[Gahinetetal., 1995]. FreealternativesareLMI-
TOOL [Nikoukhahet al., 1995] andsdpsol[Wu andBoyd, 1996]. TheMatLabtoolbox
cansolve threedifferenttypesof problemsin additionto anexplicit solutionof (2.15).
Thefirst is thefeasibilityproblem:§ find, if it exists,a solution � to theLMI Àè+ � -�4]5 .
Thesecondproblemis the linear objectiveminimisationproblem:§ WèF`a � ' � � Í¬Àè+ � -�485	) .
This is ageneralisationof theeigenvalueproblem:

WèF`aUÿ � � ' � Í � 9 � Àè+ � -�485 3�� + � -�45	) .
Thethird problemthatcanbesolvedby theMatLabtoolboxis thegeneralisedeigenvalue
problem:§ WèF`aæÿ � � ' � Í � � + � - � Àè+ � -�465 3�� + � -�485 3 Ô¥+ � -�465	) .



16 Preliminaries

Thefirst two problemsareconvex andaresolvedby interiorpointmethods.Thethird is
only quasi-convex but canbesolvedby similar techniques[Gahinetetal., 1995].

It is beyond the scope of this thesis to discuss how these methods work.
For an introduction to interior point algorithms in convex programming see
[Nesterov andNemirovski, 1994] or [Nemirovski andGahinet,1994] describingtheal-
gorithmusedin thetoolbox.

2.3.2 Examples of LMIs in control

Two examplesof LMIs arisingin connectionwith controlproblemswill begivenhere.
For moreexamplessee[Boyd et al., 1994] and[Packardet al., 1991].

Lyapunov stability
Considertheautonomoussystem �� 
 � � 3
where� is a constantsquarematrix. Thissystemis Lyapunov stableif andonly if there
existsa positivedefiniteLyapunov matrix � suchthat� # �ó\ã�b�È765 ¨
A testfor stability canthereforebecastasa feasibility problemin X:ß � �>#;� � �¦� 55 ��á 4]5 ¨
Riccati inequality���

controlproblemsoftenleadto Riccati inequalitiessuchas� # �´\ã�b� \¥�]+P�[� # � ¤ô¤ # -��ó\ £ # £ 785 3 � 485 ¨
Becauseof thequadratictermthis is not anLMI in � . However, if we assume�[�²#"4¤ô¤ # (meaning�[� # � ¤ô¤ # 465 ) thenwe canuseSchurcomplement(Lemma2.6) to
arriveat theequivalentß �>#��ó\ã�b� \ £ # £ �� � +Z�[�²# � ¤ô¤Ó#$- × K á 785 3 � 485 (2.17)

which is indeedanLMI in � . If on theotherhand �"�Î# � ¤ô¤�# is indefinitethenwe
cannotusethis trick. But if

£ # £ is non-singular(andconsequentlypositive definite)
thenwemultiply from bothsidesby � 
 � × K to arriveat�"� # \ ��� \�+Z�[� # � ¤¡¤ # -�\�� £ # £ � 765 3 � 465 ¨



2.4Linearsysteminterconnection 17

This canthenbeconvertedinto anLMI in � . A problemwith this lastapproacharises
if (2.17) is just oneof severalconstraintson � even if the otherconstraintsareLMIs.
Thenwewill haveLMI constraintson � and � but alsotheconstraint� × K 
 � which
is not convex. This problemarisesin mostrobustsynthesisproblems.

2.4 Linear system interconnection

Thissectionis ashortintroductionto theinterconnectionof linearsystems.Theconcepts
of linear fractional transformationsandRedheffer starproductwill be described.For
furtherdetailssee[Doyle et al., 1991], [Zhou et al., 1996], and[Helmersson,1995].

Let 	 
 ß 	 K�K 	 K �	 � K 	 ��� á beacomplex matrix. Thenthe lower linear fractionaltransfor-

mation(LFT) with respectto
R e

is definedas[Doyle etal., 1991]d(e +
	 3 R e -l±�	 K�K \�	 K � R e + 9 � 	 ��� R e - × K 	 � K ¨
Theupperlinear fractionaltransformationwith respectto

R
is definedsimilarly asdgf +�	 3 R f -l±�	 ��� \�	 � K R f + 9 � 	 K�K R f - × K 	 K � ¨

Thetransformationsareonly definedif theinversesexist.

Definition2.19 (well-posed,well defined)

Thelower LFT
d(e +
	 3 R e - is said to be well-posed(or well defined) if

9 � 	 ��� R e is
non-singular. The upper LFT

dgf +
	 3 R f - is said to be well-posedif
9 � 	 K�K R f is

non-singular.

The LFTs areanotherformulationof the interconnectionsin Figure2.1. Often 	 de-
scribesa known and time-invariantsystemand

R
containsunknown or time-varying

gains.

∆ l

∆ uM

M

Figure2.1: Lowerandupperlineartransformations.
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TheRedheffer star product, h , representstheinterconnectionin Figure2.2, i.e.ß � K� � á 
 +Z� h �"- ß�
 K
 � á
Notethat � h � dependson a partitioningof � and � . This partitioningwill alwaysbe
clearfrom thecontext. �

�
�
�
�
�

�
�

� K
� �


 K

 � ¾ � h ��� ��� K� � 
 K
 �

Figure2.2: Redheffer starproduct.

Let the partitioningbe given by � 
 ß � K�K � K �� � K � ��� á and � 
 ß � K�K � K �� � K � ��� á . Thenwe

have[Doyle et al., 1991]� h � 
 ß d(e +P� 3 � K�K - � K � + 9 � � K�K � ��� - × K � K �� � K + 9 � � ��� � K�K - × K � � K dgf +Z� 3 � ��� - á ¨
Againwe needtheinversesto bedefined.

Definition2.20 (well-posed,welldefined)

We saythat theinterconnection� h � is well-posedif
9 � � K�K � ��� and

9 � � ��� � K�K are
non-singular.

Remark2.21 Thestarproductis definedevenif for instance
� K

and 
 K areof zerosize,
i.e. � 
 � ��� . Then � h � 
 d f +P� 3 � ��� - .
Thestarproductis associative [Helmersson,1995] i.e.+Z� h �"- h £

 � h +P� h £ - ¨
Furthermore

ß 5 99 5 á is theunit elementof thestarproductor star productidentity, i.e.

� h ß 5 99 5 á 
 � 
 ß 5 99 5 á h � ¨
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Thesetwo factscanbeusedfor transformingproblemsinto specialforms.Thefollowing
exampledemonstrateshow to do this if a given designmethodrequiresa systemto
be strictly proper. The examplesystemhasmore inputs and outputsthan neededto
demonstratetheidea,but it hasbeenchosenthisway, sothatit canbedirectlyappliedto
thetheorydescribedin Section5.3.

Example2.22 Thesynthesismethoddescribedin Section5.3requiresthesystem�����
��þ fþ �¢
������ 
 ����� � � f � � �£ f ¤ f�f ¤ f����gf£ � ¤ ��f ¤ ��� � �£ À f À � À �

������ ����� �
 f
 ��
������ (2.18)

to bestrictly properin thechannelfrom thecontrolsignals,� , to themeasurements,¢ ,
i.e. À � mustbe 5 . Then(undersomeassumptions)asuboptimalcontrolleron theform��� ��Ã��þ � ���� 
 ��� � � � � K � � �£ � K ¤ � K�K ¤ � K �£ � � ¤ � � K ¤ � ���

���� ��� �Ã�¢
 � ���� (2.19)

canbeconstructed.Themeaningof thesignals
 f 3 
 � 3 
 � 3 þ f 3 þ � , and þ � is unimportant
for now, andwill bediscussedin Chapter5.

In practiceit mayhappenthatthesystemwewishto designacontrollerfor is notstrictly
proper. This problemcanbeovercomeby finding a controller �� for thecorresponding
systemwith À � 
 5 and then transformingthe controller into anothercontroller

�
yielding thesameclosedloopsystemfor theactualsystem.Denotethesystemmatrix in
(2.18)by 	 � anddefine � 
 ß 5 99 � À � á 3

� ×�� 
 ß 5 99 À � á
andobserve that

� h � ×�� 
 � ×�� h � 
 ß 5 99 5.á is the Redheffer starproductidentity,

andthat

	 � ±�	 � h � 
 ����� � � f � � �£ f ¤ f�f ¤ f�� � f£ � ¤ �;f ¤ � � � �£ À f À � 5
� ���� ¨

Now assumethata controller, �� , hasbeenobtainedfor thesystemdefinedby 	 � , and
write this controlleras�� � �� �þ � �� 
 �� � �� ¢� �
 � �� 3 �� � 
 �� ¤ � K £ � K ¤ � K �� � K � � � � �¤ � � K £ � � ¤ � �

�� ¨
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Then,assumingthat
9 \¥À � �� � is non-singular, theclosedloop is givenby�������

��þ fþ ��� �þ �
� ������ 
 	 �

�������
�
 f
 �� �
 �
� ������

in which 	 � ± 	 � h �� � 
 	 � h + � ×�� h � - h �� �
 +
	 � h � ×�� - h + � h �� � - 
 	 � h + � h �� � - ¨
A controllerfor thesystemdefinedby 	 � is thusgivenby�� � �� �þ � �� 
 � � �� ¢� �
 � �� 3 � � 
 + � h �� � - ¨ (2.20)

2.5 Multi-layer perceptron

Thissectionprovidesashortintroductionto aparticulartypeof artificial neuralnetwork,
themulti-layerperceptron(MLP), which canbeusedto modelnonlinearfunctions.It is
beyondthescopeof this thesisto gointo detailwith thissubject.For amorethoroughin-
troductionseefor instance[Suykenset al., 1996] or [Bendtsen,1999] andthereferences
therein.First theMLP structurewill bediscussed.

It is thendiscussedspecificallyhow to obtainnonlinearstatespacemodelsfrom input
andoutputmeasurementsusingtheMLP structure.

Themulti-layerperceptron (MLP) is composedof layersof perceptronscoupledin par-
allel. A perceptronconsistsof amemorylessscalarfunction,theneuron function, acting
on aweightedsumof input signals,asshown in Figure2.3.

Theneuronfunction (or simply neuron) canbeeitherlinearor nonlinear. Someof the
traditionalneuronfunctionsin MLPs aretheunit gain� e N : + � - 
 �
andthehyperbolictangent�! ��: � + � - 
#" H�aUS + � - 
 � � �°� × �� � \ � × � ¨
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Figure2.3: A singleperceptron.

In this thesisonly thesetwo will beused.

A block diagramof an MLP with onehiddenlayer is shown in Figure2.4. The input
vector þ N : is multipliedby the inputweightmatrix 2 K . Thebiasvector 2 ) is thenadded
andthesumis inputto

�
containinganumberof neuronsin parallel.Theresultingoutput

is multipliedby theoutputweightmatrix 2 � producingthefinal output þ43 f  . Noticethat
theweights

� K 3�¨¹¨í¨¹3 � :
in Figure2.3form arow in thematrix 2 K andthattheweight

�*)
is

anelementin 2 ) . Theoutputweightmatrix 2 � canbeseenasstemmingfrom a layer
with linearneuronsandno biases.Theresultingfunctionisþ43 f  
 2 � � +52 K þ N : \#2 ) -Õ±6	 k + þ N : 3 2 K 3 2 � 3 2 ) - ¨ (2.21)

By choosing2 K , 2 � , and 2 ) appropriatelytheMLP canbeusedto approximateagiven
staticnonlinearfunction. It hasbeenshown [Hornik et al., 1989] that with a sufficient
numberof neuronsandundercertaincontinuity conditions,the MLP with onehidden
layercanactasa universalapproximator.( 2 K ( ( � +�®ª- ( 2 � (7þ N : þ43 f  2 )

Figure2.4: Block diagramof anMLP with onehiddenlayer.

2.5.1 Training

Adjusting the weightsof a neuralnetwork is known as training. For an MLP this is
typically doneby trying to approximatea setof outputtargetsin thefollowing manner.
Givena setof targetoutputvectorsþ  � K 3�¨¹¨í¨ þ  � k anda correspondingsetof input vectorsþ N : � K 3�¨¹¨í¨¹3 þ N : � k definetheapproximationerrorÌ + � -Õ± þ  � k � þ43 f  � k 
 þ  � k � 	 k + þ N : � k 3 2 K 3 2 � 3 2 ) -
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andthequadraticperformancefunctionali 
 �«98ò N¹ð�K �³ Ì + � - < Ì + � - ¨
Theaim is now to minimisetheperformancefunctionalover theweightsandbiases,i.e.WèF`a:<; � :>= � :@? i ¨
Remark2.23 Minimising theperformancefunctionalfor anMLP with nonlinearneuron
functionsis anon-convex problemandproblemswith local minimacanarise.

Thesimplestway to attemptto minimise
i

is by theBack PropagationError Algorithm
(BPEA). This is an iterative method,wherethe weightsandbiasesareupdatedby the
following rule � N Ù K 
 � N �BADC iC � N 3
where

A 4q5 is thestepsizeand 2 N is thecollectionof all elementsof 2 K , 2 � , or 2 ) at
thei’ th iteration.Thiscorrespondsto goingin theoppositedirectionof thegradient,i.e.
to move downhill until thebottomis reached.This methodis very stablebut alsovery
slow. Includingthesecondorderderivativeasin theGauss-Newton learningrule� N Ù K 
 � N � Þ C � iC � N C � <N â × K C iC � N
increasestheconvergenceratedrastically. Thiscorrespondsto approximationtheperfor-
mancefunctionby a paraboloidandjumpingdirectly to thebottom. For linear neuron
functionsthis will immediatelyyield the global minimum solution. The Levenberg-
Marquardtalgorithmcombinesthesetwo to obtainthe fastconvergenceof the Gauss-
Newton algorithm with the stability of the BPEA. See[Suykenset al., 1996] and the
referencesthereinfor a morethoroughdescriptionof trainingalgorithms.

2.5.2 MLPs as state space models

Assumethatwewish to obtainamodelof thediscretetimenonlinearstatespacesystem¢ 8 Ù K 
�E + ¢ 8 3�¨¹¨¹¨í3 ¢ 8 × :GF Ù K 3 � 8 3$¨í¨¹¨¹3 � 8 × :*H Ù K - 3 (2.22)

where ¢ is a measuredoutputand � is a known input. This is known asa nonlinear
autoregressivemodelwith exogenousinputs(NARX).
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(( 	 k ( IJ¢ 8 3$¨í¨¹¨¹3 ¢ 8 × :*F Ù K� 8 3�¨¹¨í¨¹3 � 8 × :*H Ù K �¢ 8 Ù K
¢ 8 Ù K

– Ì 8 Ù K
Figure2.5: MLP asstatespacemodel.

((( 	 k ( Ô ( IJ
�K × K

�K × K
�� 8� 8Ì 8 �� 8 Ù K �¢ 8 Ù K

¢ 8 Ù K
– Ì 8 Ù K

Figure2.6: RecurrentMLP asstatespacemodel.

A way to obtaina modelfor this systemis shown in Figure2.5. Old measurementsof
outputsandinputsarefed to the MLP, which providesa predictionof ¢ + « \ � - . The
predictionerror

Ì + « \ � - canthenbeusedto adjusttheparametersin theMLP. Usinga
largenumberof measurementsto train theMLP, theeffectsof whitemeasurementnoise
canberemoved,yielding a modelwith a predictionerrorwith thesamevarianceasthe
noiseassumingthat the MLP hasenoughneuronsto model the system,andthat local
minimaareavoided. A morethoroughdiscussionof this modelstructurecanbefound
in e.g.[LightbodyandIrwin, 1996].

Oncea modelhasbeenobtainedit could for instancebeusedasa predictorasalready
seen.By feedingthepredictedoutputsbackinto theMLP, it canalsobeusedasanopen-
loop simulatorof the system. Thirdly, it canbe usedasa systemmodel for a control
design.

Themodeltype(2.22)is somewhatlimited dueto thefactthatthenoisemustbewhite.
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A moregeneralsystemstructureis� 8 Ù K 
6E + � 8 -ä\MLx+ � 8 - � 8 \ML � + � 8 -NC 8 3 ¢ 8 
 Ô � 8 3 (2.23)

where � is the state,C 8 is white noise,and Ô is a known matrix. This is a specialised
versionof the nonlinearautoregressive moving averagemodelwith exogenousinputs
(NARMAX). An approachto trainingof this typeof modelis illustratedby Figure2.6,
where K × K is the delayoperator. TheMLP providesa stateestimate,which is delayed
andfed back into the MLP. This is known asa recurrent MLP. The outputprediction
erroris againusedto adjusttheMLP parametersbut arealsousedasinputsto theMLP.
In this way it is possibleto includemoregeneralnoisetypes.Thestateestimates,

�� , do
not necessarilycorresponddirectly to theactualstates,� . Notice thatsomeof thestate
estimatescouldfor instancebedelayedversionof thepredictionerror.

If thereis no noise,it hasbeenshown [Siegelmannetal., 1997] that thereis no lossof
generalityin the mappingsthat canbe achievedby assumingthat the stateestimates

��
aredelayedversionsof the output ¢ . But whenthe noiseis not white, then the more
generaltrainingstructurein Figure2.6mustbeused.It is beyondthescopeof this thesis
to go into detailswith how theparametersareadjusted.For a discussionof this model
andits trainingseee.g.[KorbiczandJanczak,1996] or [Bendtsen,1999]. It shouldjust
benotedthat from input andoutputmeasurementsit is possibleto obtaina statespace
modelof very generalnonlinearsystems.Unfortunatelythereareno training rulesfor
theNARMAX modelguaranteeingconvergence.

TheMLP will beusedin Chapter6 to obtaina modelof theinductionmotorto beused
for speedcontrol.

2.6 Summary

This chapterhasgivenanintroductionto someof thebasicconceptsusedin this thesis.
A matrix inequalityis anexpression	 + � -�485 , where	 is aHermitianmatrix function
of the decisionvariables� . 	 4 5 meansthat all the eigenvaluesof 	 arepositive.
Thereis in generalno way to solve matrix inequalities,but if 	 is a quadraticfunction
of � with acertainstructureandcertaininertiapropertiesarefulfilled, thenit is possible
to constructa solution.

Anothercaseis if 	 dependsaffinely on � . Then 	 + � -�4]5 is a linearmatrix inequality
(LMI) andfastandefficientsoftwaresolversexist. If aproblemcanbeformulatedasan
LMI it canthereforebeconsideredsolved.Examplesof LMIs arisingin controlproblems
weregiven.

Thestarproduct, h , is usedto denoteinterconnectionof systems.It wasdemonstrated
how theassociativity of thestarproductcouldbeusedto transformcertainproblemsinto
oneswith a simplerform.
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Finally, themulti-layerperceptronandits applicationasnonlinearstatespacemodelwas
discussed.
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Chapter 3

INDUCTION MOTOR

SYSTEM

Thischapterdescribesthesystemconsideredin this thesis.First, in Section3.1,amodel
for aninductionmotorwith squirrelcagerotor andthreestarconnectedstatorwindings
is derived. A numberof assumptionsaremadein orderto obtaina simplemodel. The
electro-magneticmodelis developedusingcomplex spacevectorrepresentation,where
threereal signalsarecombinedinto onecomplex signal. The result is a complex third
ordernonlinearmodel. In Section3.2 the model is written in a stator-fixed reference
frame.

In Section3.3thepartof themodeldescribingthecurrentsis writtenasacomplex second
orderstatespacemodelwith theshaftspeedasa time-varyingparameter. Theconcept
of rotatingreferenceframesis thendiscussed.Thiswill beusedin Chapter4.

In Section3.4 theuncertaintyon someof themotorparametervaluesis discussed.The
resistancescanchangedue to temperaturevariations,and the shaftspeedcanalsobe
considereda timevaryingparameter.

In orderto controlthespeedof themotorit is necessaryto useapowerdevice. In Section
3.5a commonlyusedtypeof powerdevice, thevoltagesourcedinverter, is described.

Experimentswill be performedon a laboratorysystemwith a
��¨ª©¬«U­

inductionmotor.
This systemis discussedin Section3.7. The laboratorysystemincludesa DC-motor
connectedto theshaftin orderto allow simulationof loadtorques.
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3.1 Induction motor model

This sectiondescribesthe dynamicmodelof a symmetricalthree-phaseinductionmo-
tor with a squirrel cagerotor. The descriptionis mainly basedon [Leonhard,1990],
[Rasmussen,1995], and[Kaźmierkowski andTunia,1994].

Theinductionmotormainly consistsof two parts,thestatorandthe rotor. Therotor is
rotatinginsidethestatorseparatedby anair gap, asshown by thecrosssectionin Figure
3.1. The rotor is in principlebuilt from parallelconductorsshort-circuitedby a ring at
eachend,asillustratedin Figure3.2.

The windingsof the threestatorcoils (A, B andC) areparallel to the rotor barsand
distributedsinusoidallyaroundthe cylinder displacedby 120 degrees,so that the total
numberof windingsat eachangleis approximatelyconstant.Figure3.1 illustratesthe
distribution of winding A by thewidth of thegrayarea.Thestatorshown is of theone
polepair type,meaningthatthecoilswill produceonemagneticnorthandonemagnetic
southpole. Often a motor will be constructedwith several pole pairs by connecting
coils in parallelanddisplacingthe coils by

�é³ 5 t$��� degrees,where
�ñ�

is the number
of pole pairs. This works asa gearinggiving a larger torqueanda slower mechanical
rotationalspeed.The derivation of the electricalequationswill be for a onepole pair
motor. Adaptingto multiplepolepairsis simplyaquestionof modifying themechanical
modelasin Section3.1.4.

SHAFT
GAP
AIR

ROTOR BARS

ROTOR

STATOR COIL A

STATOR

Figure3.1: Crosssectionof inductionmotor

Thestatorwindingsarefedsinusoidalvoltagesto createarotatingmagneticfield. When
therotor andthemagneticfield of the statorrotateat differentspeeds,currentswill be
inducedin therotor rods.Thesecurrentsresultin amagneto-motiveforceperpendicular
to thecurrentandto themagneticfield resultingin a torqueon therotor.
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Figure3.2: Squirrelcagerotor

3.1.1 Modelling assumptions

A numberof assumptionsaremadein orderto permita simplemodelto beobtained.

1. Themotoris symmetrical.

2. Therotor is concentricandtheair gaphasa constantwidth, Ä .
3. Only the basicharmonicsof the spatialfield distribution and of the magneto-

motive forcein theair gapareconsidered.

4. Thestatorwindingsarestarconnected(seeFigure3.3)andtheneutralis isolated.

5. Theendsof therotorbarsareshortcircuited.

6. Thepermeabilityof theiron partsis infinite.

7. Theflux densityis radialin theair gap.

8. Slottingeffects,iron lossesandend-effectsarenegligible.

9. Theeffectsof anisotropy, magneticsaturationandeddycurrentsarenegligible.

10. Thecoil resistancesandreactancesareconstantor slowly varying.
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Figure3.3: Statorcoils in starconnection.

Onesimplificationresultingfrom theseassumptionsis that the rotor canbeconsidered
asconsistingof 3 short-circuitedwindingsdistributedin thesamewayasthestatorcoils
[Leonhard,1990, page152]. In thefollowing thesevirtual coilswill bereferredto asthe
rotor coils or rotor windings. Thecurrentsin thesecoils arereferredto as

� p �
,
� p )

and� p � . Sincethe rotor currentscannotbe measured,thenumberof virtual rotor windings
canbechosenarbitrarily.

3.1.2 Electro-magnetic model

Theelectro-magneticmodeldescribesthetorqueon therotor asa functionof thestator
currents

� �NO ,
� �NP and

� �NQ . Dueto theisolatedneutral

� �NO +Z��-ä\ � �NP +P��-ä\ � �1Q +Z��- 
 5 (3.1)

is valid atany instant.

Thedistribution of thestatorcoils resultsin themagneto-motive forcewave excitedby
thestatorcurrentsat anangle

�
being(seeFigure3.4)E � + � 3 ��- 
 r � + � �NO +P��-SRUTWVé+ � -�\ � �NP +P��-SRUTWV�+ � �ã³YX tYZ -x\ � �1Q +Z��-SR[T\V�+ � � ú X tYZ -�- ¨

Notethatmathematicallyit maybemorecorrectto write theaboveequationas

E � + � �NO 3�� �]P 3�� �1Q 3 � - 
 r � + � �NO R[T\V�+ � -ä\ � �]P R[T\V$+ � �o³*X tYZ -x\ � �1Q R[T\V�+ � � ú X t*Z -�- 3
sinceit is nota time-varyingfunction,but theformernotationis theoneusedin mostof
theliteratureon thesubjectandthis stylewill beadoptedthroughoutthis chapter.
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θ

Figure3.4: Themagneto-motive forceproducedby thestatorcurrentsat theangle
�

is
thesumof all currentsinsidethesemi-circle.r � is the numberof windingson eachcoil. Likewise the magneto-motive force wave
excitedby therotor currents,at theangle

�
isE p + � 3 ��- 
 r[p + � p � +P��-��[^*_	+ � � � p +P��-�-�\ � p ) +P��-��U^*_¬+ � � � p +P��- �ã³YX t*Z -\ � p � +P��-��U^*_¬+ � � � p +P��- � ú X t*Z -�- ¨� p

is theelectricalangleof rotationof therotor. For a onepolepair machinethis angle
is thesameasthemechanicalangle

� k ����� (
� p 
 � � � k ����� ). r[p is a fictive numberof

windingson therotor coils.

As thepermeabilityof theiron is assumedinfinite themagneto-motiveforceis effective
only at theair gap,giving theflux densityon thestatorside:� � + � 3 ��- 
a` Ø³ Ä + E � + � 3 ��-�\cb E p + � 3 ��-�- 3 (3.2)

where ` Ø is thevacuumpermeabilityconstantand b is a couplingfactorcompensating
for magneticleakage.On therotor sidetheflux densityis givenby� p + � 3 ��- 
 ` Ø³ Ä +db E � + � 3 ��-�\ E p + � 3 ��-�- ¨ (3.3)

Thepartof theflux densityon therotor surfacedueto thestatorcurrentsis� p � + � 3 ��- 
 b!` Ø³ Ä E � + � 3 ��- ¨ (3.4)

Thecurrentdistribution alongthe surfaceof the rotor,
î p

, is the derivative of the rotor
magneto-motiveforce:
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î p + � 3 ��- 
 �³ �fe E p + � 3 ��-e � 3
(3.5)

where� is theradiusof therotor. Thetangentialforce C E actingonanaxialstripof width�YC*g is the(vector)productof theflux densityandthecurrentdistribution:

C E�
Ð� � p � + � 3 ��- î p + � 3 ��-NhP�4C*g 3 (3.6)

where h is the lengthof the rotor. Integratingthis givestheelectro-magnetictorquein
thedirectionof rotation

� � +Z��- 
 �ji
Surface

C E�

� hP� � ���i Ø � p � + � 3 ��- î p + � 3 ��-NC � ¨ (3.7)

Theflux linkagein statorcoil A,
� �NO , is theintegratedeffect of thestatorflux through

all loopsof coil A. Theloopformedby theconductorsatangles
� �kX t ³

and
� \ X t ³ is

penetratedby thefield lines passingthroughthestatorbetweentheseangles.Assuming
a continuousdistribution of turnswith theincrementaldensity

K� r � RUTWV � (for coil A) at
this angle,theflux linkagecanbeobtainedas� �NO +P��- 
 �³ r � l =iÿ ð × l = R[TWV � '

ÿ Ù l =im ð ÿ × l = h,�v� � + � 3 ��-NC � )YC � ¨ (3.8)

Theflux linkagesin therotor coilsarefoundin thesamemanner:� p � +Z��- 
 �³ r p l =iÿ ð × l = R[TWV � '
ÿ Ù l = Ù m {im ð ÿ × l = Ù m { h,�v� p + � 3 ��-]C � )*C � ¨ (3.9)

Thecorrespondingequationsfor theothercoilsare:� �NP +P��- 
 �³ r � l =iÿ ð × l = R[TWVé+ � �o³*X tYZ - '
ÿ Ù l =im ð ÿ × l = hP��� � + � 3 ��-NC � )*C � 3 (3.10)

� �1Q +P��- 
 �³ r � l =iÿ ð × l = R[TWV$+ � � ú X tYZ - '
ÿ Ù l =im ð ÿ × l = h,�v� � + � 3 ��-NC � )*C � 3 (3.11)
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� p ) +Z��- 
 �³ r p l =iÿ ð × l = RUTWV$+ � �o³*X tYZ - '
ÿ Ù l = Ù m {im ð ÿ × l = Ù m { hP��� p + � 3 ��-]C � )YC � 3 (3.12)

� p � +P��- 
 �³ r p l =iÿ ð × l = R[T\V�+ � � ú X tYZ - '
ÿ Ù l = Ù m {im ð ÿ × l = Ù m { h,�v� p + � 3 ��-NC � )YC � ¨ (3.13)

Theinput to neutralvoltagein thestatorcoils areassumedto begivenby:�x�NO +P��- 
 s � � �NO +P��-ä\ CC¬� � �]O +Z��- 3 (3.14)

�x�NP +P��- 
 s � � �NP +P��-ä\ CC	� � �NP +Z��- 3 (3.15)

� �NQ +P��- 
 s � � �NQ +P��-ä\ CC¬� � �1Q +P��- 3 (3.16)

wherethestatorresistance,
s � , is theresistanceof thestatorwindings,andtheequivalent

equationsfor rotor coilsare:5 
 s p � p � +P��-�\ CC	� � p � +Z��- 35 
 s�p � p ) +P��-ä\ CC¬� �>p ) +P��- 35 
 s�p � p � +P��-ä\ CC	� �>p � +P��- 3
wheretherotor resistance,

s p
, is theresistanceof the(virtual) rotorwindings.

3.1.3 Complex space vector notation

To simplify theequationsa complex notationbasedon thevalue ����� ± �������¬��� is intro-
duced.Thecomplex spacevectorof thestatorcurrentis definedasQ � � +Z��-Õ± ³Z + � �NO +P��-�\ � ��� � �NP +Z��-ä\ � � ��� � �1Q +Z��-�- ¨ (3.17)

For therotor currentsa spacevectoris definedaswell:Q � p +P��- ± ³Z + � p � +Z��-ä\ � ��� � p ) +P��-�\ � � ��� � p � +P��-�- ¨ (3.18)
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Notice that no information is lost in this transformationfrom threeto two degreesof
freedom.Using(3.1)thethreestatorcurrentscanbereconstructedfrom thespacevector.
Similarly therotor currentscanbereconstructeddueto

� p � \ � p ) \ � p � 
 5 .
Thespacevectorfor thestatorvoltageisQ�x� +P��-Õ± ³Zl+ ���]O +Z��-ä\ �ñ�����x�NP +P��-ä\ � � ��� ���1Q +Z��-�- ¨ (3.19)

The threestatorvoltagescannotbe reconstructedfrom this value without addingan
additionaldemand,for instance� �NO +P��-x\ � �NP +P��-x\ � �1Q +P��- 
 � , where� is somechosen
constant,but dueto theisolatedneutralthevalueof this constantis of no importance.

We alsodefinespacevectorsfor thestatorandrotor flux linkages:Q� � +Z��-Õ± ³Z + � �NO +P��-�\ � ��� � �NP +P��-ä\ � � ��� � �1Q +P��-�- 3 (3.20)Q� p +Z��-l± ³Z + � p � +P��-ä\ � ��� � p ) +P��-ä\ � � ��� � p � +P��-�- ¨ (3.21)

Insertingequations(3.8),(3.10),and(3.11)in (3.20)aftersomecalculationsgives:Q� � +P��- 
 j � Q � � +Z��-ä\ j k Q � p +Z��- � � m {on  qp 3 (3.22)

wherethestatorinductance,
j � , andthemutualinductance,

j k
arej � ± Z X ` 3 hP� r ��r Ä 3 j k ± Z X ` 3 hP� r � r[pr Ä b ¨ (3.23)

A similarequationcanbeobtainedfor therotor:Q�>p +P��- 
 jlp Q � p +P��-ä\ j k Q � � +Z��- � × � m { n  qp 3 (3.24)

wheretherotor inductance,
j p

, is j p ± Z X ` 3 h,� r �pr Ä ¨
(3.25)

Combining (3.14)-(3.16)with the spacevectordefinitions(3.19)-(3.17)resultsin the
simpleequation: Q� � +P��- 
 s � Q � � +Z��-ä\ C Q� � +Z��-C	� ¨

(3.26)

A similar resultcanbeobtainedfor therotor:5 
 s p Q � p +P��-ä\ C Q�>p +P��-C¬� ¨
(3.27)
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By insertingspacevectorexpressionsin theflux densityequation(3.4)andinsertingthis
in thetorqueequation(3.7)theintegralcanbecalculatedto getthefollowing expression
for theelectro-magnetictorquetangentialto therotation:��� +P��- 
 Z ³ � � j k &(' Q � � +Z��-;+ Q � p +P��- � � m { n  qp - # ) ¨ (3.28)

Inserting (3.22)and(3.24)in (3.26)and(3.27)gives:Q� � +P��- 
 s � Q � � +Z��-ä\ j � CC¬� Q � � +Z��-ä\ j k CC	� + Q � p +Z��- � � m { n  qp - (3.29)

5 
 s>p Q � p +Z��-ä\ j p CC	� Q � p +P��-ä\ j k CC¬� + Q � � +P��- � × � m {on  qp - ¨ (3.30)

3.1.4 Mechanical system

The mechanicalrotationalspeed� k ����� is affectedby the electro-magnetictorque � �
andtheloadtorque� y : �� k ����� +P��- 
 �i"+ ��� +P��- � � y +Z��-�- 3 (3.31)

where
i

is thecollectivemomentof inertiaof therotorandtheload,assumingtheshaft
to be rigid. � y containsthe actualload alongwith the speed-dependentviscousand
coulombfriction. Theelectricalrotationalspeedis definedas� p +P��- 
 �� p +Z��- 
 � � � k ����� +Z��- ¨ (3.32)

Equations(3.28)-(3.32)form themodelto beusedbelow.

3.2 Stator-fixed coordinates

Themodelof the inductionmotorcanbeexpressedin variouscoordinatesystems.Ex-
pressingthemodelin acoordinatesystemwhichrotateswith therotoror statorflux gives
a modelin which thestatesareconstantin steadystateoperation(constant� p and � y ).
Thismodelis oftendesirablefor controlpurposesbut in orderto performthenon-linear
changeof coordinatesit is necessaryto know the rotor flux angle. For flux estimation
purposesit is thereforeoftendesirableto work with a modelin stator-fixedcoordinates.

In (3.29) and (3.30)
Q� � and

Q � � are alreadyin stator-fixed coordinates,while
Q � p

is in
rotor-fixedcoordinates.By definingthestator-fixedrotor currentQ � p � +P��- ± Q � p +Z��- � � m {on  qp (3.33)
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thefollowing stator-fixedmodelis found:+ s � \ j � CC¬� - Q � � +P��-ä\ jlk CC¬� Q � p � +P��- 
 Q� � +Z��- 3 (3.34)

jlk + CC	� �½� � p +P��-�- Q � � +P��-ä\ê+ s p \ j p + CC¬� �½� � p +Z��-�-�- Q � p � +Z��- 
 5 3 (3.35)

� � +P��- 
 Z ³ �ñ�vj k &(' Q � � +Z��- Q � p � +Z��- # ) 3 (3.36)�� p +Z��- 
 � � �� k ����� +Z��- 
 � �i + ��� +P��- � � y +Z��-�- ¨ (3.37)

To summarise,
Q � � and

Q � p � arethestatorandrotorcurrents.
Q� � is thestatorvoltage,which

is oftencontrolledthrougha voltagesourcedinverterasdescribedin Section3.5. � p is
therotationalspeedof therotor. � � is theelectro-magnetictorque. � y is theloadtorque
actingasa disturbance.

���
,
s � , s p , j � , j p , and

j k
arethe parametersof the motor,

and
i

is thecollective lumpedmomentof inertiaof rotorandload.

3.3 State space model

For several analysisandsynthesismethodsa statespacemodelis desired.This model
will be formulatedhere. For conveniencethe time dependency will be droppedin the
notation.From (3.34)and(3.35)a complex statespacemodelfor thecurrentequations
canbeobtained: �� � p � 
 � � p � � � p � \ � � p � Q� � 3�æ� 
 ß Q � �Q � p � á 3

� � p � 
ts y { |vu Ù � y =~xw {y =~ × y { y u y ~ n × | { y ~ Ù yU{ � w { py =~ × y { y u× | u y ~ × � y u y ~ w {y =~ × yG{�y u y u | { × � y u yG{ w {y =~ × yG{�y u y 3� � p � 
ts y {yG{ y u × y =~× y ~y { y u × y =~ y ¨
Thespeed� p couldbeincludedin thestatevectorasathird state,but theaboveform has
theadvantagethat thestatespacepartcanbeseenasa linearparametervaryingsystem
with � p asthevaryingparameter, seeChapter5.
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3.3.1 State transformations

For controlpurposesit is oftendesirableto work with anotherstatevectorthan
ß Q � �Q � p � á . A

statetransformationis obtainedby multiplicationof astatetransformationmatrix,T,� : �Nz 
 w � � 3 � : �Nz 
 w � � p � w × K 3 � : �]z 
 w � � p � (3.38)

An importantchoiceof statesis� ��� ± ß Q � �Q � k á 
 s � 5� yG{y ~ y ß Q � �Q � p � á ¨ (3.39)

Themagnetisingcurrent,
Q � k

, hasthesameangleastherotor fluxQ� p � ± Q� p � � m {�
 jlk Q � k 
 j k Q � � \ j p Q � p � ¨ (3.40)

Theresultingstatespacesystemis�� ��� 
 � ��� � ��� \ � ��� Q� � 3� ��� 
 ß Q � �Q � k á 3� ��� 
 s y =~ | { Ù | u y ={yU{ n y =~ × y u yU{ p y =~ n � yU{ w { × | { pyU{ n y =~ × y u yU{ p| {y { � � p � | {y { y 3� ��� 
ts y {y u y { × y =~5 y 3� � 
 ��{W| y =~� y { &(' Q � � + Q � k � Q � � - # ) 
 ��{W| y =~� y { &(' Q � � Q � #k ) 3�� p 
 � � �� k ����� 
 {W|} + ��� � � y - ¨
(3.41)

This particularchoiceof stateshassomenicepropertiesfor controlpurposeswhichwill
bediscussedin Chapter4.

3.3.2 Real state space model

To obtaina realstatespacemodelthespacevectorsarefirst split into realandimaginary
parts: Q� � 
 � �]~ \ � � �1� 3 (3.42)Q � � 
�� �]~ \ �¬� �1� 3 (3.43)
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6� k ~ \ �¬� k � 3 (3.44)

where �x�N~ , ���1� ,
� �N~ ,

� �1� ,
� k ~ and

� k � arerealsignals. A realstatespacemodelcan
now beobtainedby substitutingthecomplex systemandinputmatricesby realmatrices
of doublesize � p \ � � N<� ß � p � � N� N � p á (3.45)

andby substitutingthesignalvectors� p \ � � N�� ß � p� N á ¨ (3.46)

Thisgivesthefollowing model:�� � p 
 � � p � � p \ � � p � � p
� � p 
 ���� � �N~� k ~� �N�� k �

����� 3 � � p 
 ß ���]~�x�1� á
� � p 


������
y =~ | { Ù |vu y ={y {Un y =~ × y u y { p × y =~ | {y {[n y =~ × y u y { p 5 � y =~�w {y =~ × y u y {| {yG{ � | {yG{ 5 � � p5 y =~�w {y =~ × y u yG{ y =~ | { Ù | u y ={yG{ n y =~ × y u yG{ p × y =~ | {yG{ n y =~ × y u yG{ p5 � p | {y { � | {y {

������� 3
� � p 
 ����� y {y u yG{ × y =~ 55 55 yG{y u y { × y =~5 5

������ 3
� � 
 Z	�ñ�vj �k³ jlp + � �1� � k ~ �°� �N~ � k � - 3 (3.47)�� p 
 � � �� k ����� 
 � �i + ��� � � y - ¨ (3.48)
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3.3.3 Rotating reference frames

In normaloperationthe inputsandstateswill berotating,i.e. following circular trajec-
toriesin thecomplex plane.For controlandsimulationpurposesit is oftendesirableto
work with thesystemin a rotatingcoordinatesystem. Definingthesignals� p ± � � × ��� � p ± � � × ��� (3.49)

thesystem

�� 
 � � \¥� � canbewrittenas�� p 
 +P� �½� � 9 - � p \ � � p (3.50)

where� ± ��  �� .
3.3.4 Steady state

In normaloperationthespacevectorswill rotatearoundtheorigin in thecomplex plane.

Definition3.1 (Steadystate)

Thecomplex statespacesystem �� 
 � � \ � � (3.51)

is in steadystateif thereexistsa referenceframerotatingat angularvelocity � such that�� p 
 +P� �½� � 9 - � p \ � � p 
 5 , and

�� p 
 5 3 (3.52)

where � p and � p aredefinedasin (3.49).

Let thesystem(3.41)bein steadystateanddefine� k | 
 ��  % Q � � suchthat+P� ��� �½� � k | - � ��� \ � ��� Q� � 
 5 ¨ (3.53)

Then
Q����� ± Q��� � × � w ~@�  3 ß Q � ���Q � k � á ± ß Q � �Q � k á � × � w ~@�  areall constantandthe statesare

givenfrom ß Q � ���Q � k � á 
�� +Z� ��� ��� � k | - × K � ��� Q� ���
asQ � ��� 
 + s>p \ � + � k | � � p - j p - Q�x���s � s p \ � + � k | � � p - s � j p \ � � k | j � s p \ � k | + � k | � � p -;+ j �k � j p j � - (3.54)
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 s p Q� ���s � s p \ � + � k | � � p - s � j p \ � � k | j � s p \ � k | + � k | � � p -;+ j �k � j p j � - ¨
(3.55)

Thequantity� � e N � ± � k | � � p is known astheslip frequencyandis relatedto thetorque
by ��� 
 Z	� � j �k³ s p Æ Q � k Æ � ��� e N � ¨ (3.56)

3.4 Uncertain and time-varying parameters

The dynamicalbehaviour of the induction motor is affectedby time variationsin the
parameters.

The rotor resistance
s p

canchangeasmuchas50 % dueto heating. Furthermoreit
canbedifficult to obtainanaccurateestimateof its valueespeciallyduringsteadystate
operation.

Thestatorresistance
s � canalsochange,but thestatorwindingsareusuallybetterven-

tilated thanthe rotor windings,so the variationswill not be quite aslarge. In addition
obtainingan accurateestimateis easier. Sinceboth of thesevariationsarecausedby
temperaturechanges,both

s p
and

s � will beslowlyvarying.

Therotationalspeed� p canchangedueto loaddisturbancesor asaresultof acommand
changeto the controller. This variationwill typically be fastcomparedto someof the
otherdynamicsof themotor. Sometimes� p (or theposition

� p
) is measured,but avoiding

theuseof a speed(andposition)sensoris oftendesirable,dueto therelatively highcost
andhigh sensitivity to theenvironmentof thesesensors.

Themutualinductance
jlk

(andto someextent
j � and

j p
) will beaffectedby magnetic

saturationeffectswhenthemagnetisationchanges.Noticethatin thederivationof (3.29)
and(3.30) it wasassumedthat theseinductancesareconstant,somodellingthis uncer-
tainty is morecomplicatedthansimply assumingthe inductancesto betime-varyingin
theabovemodel.
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3.5 Power device

In a control context the control objective is usuallycontrolling the angularvelocity or
positionof therotor shaft.Thecontrolsignalsareusuallythestatorvoltagesor currents
dependingon thetypeof powerdevice. Thedescriptionherewill belimited to a (three-
phasebridge)voltagesourcedinverter(VSI). For athoroughdiscussionof powerdevices
includingcurrentsourcedinverterssee[Kaźmierkowski andTunia,1994].

Figure3.5is asketchof thepowerdevicein connectionwith theinductionmotor. TheDC
voltagesourceconvertsa three-phaseAC supplyto aDC voltagewhich is thensupplied
to theinverter.Thesignalconditioningsuppliestheinverterwith a modulationsignalto
generatethereferencestatorvoltages.

DC voltage
supply

VSI
Induction
motor

Signal conditioning
us,ref

U+

U-

usB

usA

usC

U+,U- PWM

AC
supply

Figure3.5: Voltagesourcedinverterconnectedto aninductionmotor.

The inverter is sketchedin Figure 3.6. By applying pulsewidth modulationsignals
to the input terminals �x�NO � � z k , �x�NP � � z k , and ���NQ � � z k the outputvoltages���NO , ���]P ,
and �x�1Q canbe switchedbetween� Ù and � × . Sincethe statorcurrentsonly depend
on the lower frequency part of the statorvoltagethis is equivalent to applying a low
passfiltered versionof the switchedvoltages. The signal conditioningcomputesthe
modulationsignalsto accomplish

�� + ���NO \ �������x�NP \ � � ��� �x�1Q -k� Q�x� � p ��� , wherethe
approximationis only consideredfor thelow frequency part.
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usA

u u u

u usB sC

sA,pwm sB,pwm sC,pwm

U–

U+

Figure3.6: Three-phasebridgevoltagesourcedinverter.

3.6 Parameter identification

For control purposesit is necessaryto know the motor parameters
s � , s p , j k ,

j � ,
and

j p
. Thesecanbe identifiedfrom statorcurrentandvoltagemeasurements.There

is however an infinite numberof motor parametersall yielding the samebehaviour
[Gorter, 1997]. It is thereforenecessaryto make someassumptionon the param-
eters, for instancethat

j p 
 j � . The parameterscan then be identified for in-
stanceby auto-commissioningat standstillasdescribedin e.g.[Rasmussen,1995] and
[Rasmussenet al., 1995]. Thevoltagereferenceis chosenin sucha way that thegener-
atedtorqueis not largeenoughto pull theshaftoutof standstill.If voltagemeasurements
arenot availablethereferencevoltagesfor thepowerdevicemustbeused.

3.7 Experimental setup

In this thesisseveral experimentswill be performedon a laboratoryinduction motor
systemillustratedin Figure3.7.
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induction
motor

power
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Figure3.7: Laboratoryinductionmotorsystem.

The inductionmotor hastwo pole pairs(
� � 
ó³

), a squirrel-cagerotor, andthreestar
connectedstatorwindings.Its nominaldataare

Nominalpower 1.5kW
Nominalspeed 1420rpm
Nominaltorque 10 Nm
Nominalcurrentat 380V 3.6A

Thenominalspeedof
� ú ³ 5.��� � 
 � ú rU¨�� � î C t _ is equivalentto theelectricalrotational

speed� p 
ê³G�\�	¨ ú�� î C t _ . Theelectricalrotationalspeedin � î C t _ will betherepresenta-
tion usedin thefollowing chapters.

In [Rasmussen,1995] theparametersof theinductionmotorwereidentifiedatstandstill
at
³ 5\� £ undertheassumption

j � 
 jlp asj � 
 j p 
 5 ¨ Z ©�³ Ô 3 jlk 
 5 ¨ Z ú � Ô 3 s � 
È©¸¨ 5W� 3 s p 
 Z ¨ Z � ¨ (3.57)

The PC runsthe control programto be testedproviding a referencevoltagefor the in-
ductionmotorpower device anda torquereferenceto theDC motorpower device. The
brush-lessDC motorcanbeusedto simulatea loadtorqueon theshaft.SincethePCre-
ceivesmeasurementsof therotorangularpositionfrom theencoderthiscanfor instance
bea positionor speeddependentload.

In additionto the encoderdatathe PC receivesmeasurementsof thestatorcurrentand
voltage.

Theequipmentis describedin furtherdetail in AppendixA.
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3.8 Summary

This chapterdescribedthe inductionmotorsystem.Thefollowing complex statespace
modelof theinductionmotorin thestator-fixedreferenceframewasderived:�� ��� 
 � ��� � ��� \¥� ��� Q� � 3�Ã��� 
 ß Q � �Q � k á 3� ��� 
ts y =~ | { Ù |vu y ={y {Un y =~ × y u y { p y =~�n � y { w { × | { py {Un y =~ × y u y { p| {yG{ � � p � | {yG{ y 3� ��� 
�s y {y u yG{ × y =~5 y 3��� 
 ��{ | y =~� y { &(' Q � � Q � #k ) 3�� p 
 �ñ� �� k ����� 
 { |} + � � � � y - ¨Q � � and

Q��� are the statorcurrentand voltage, respectively, and
Q � k

is the magnetising
current. � p is therotationalspeedof theshaft. ��� is thetorqueproducedby theinduction
motor. � y is theloadtorqueon theshaftactingasa disturbance.

j k
,
j � , jlp , s>p , s � ,�ñ�

, and
i

areconstantor slowly varyingrealparameters.

The statorvoltage,
Q��� , is the control signal and is suppliedto the motor by a power

device, the voltagesourcedinverter.
Q � � and

Q� � , andin someconfigurations� p , canbe
measured.

This constitutesthe model to be usedin the following chapters.Experimentswill be
performedon a laboratorysystemdescribedat theendof this chapterandin Appendix
A.



Chapter 4

ROTOR FLUX

ORIENTED

CONTROL

In thischaptertherotorflux orientedcontroller(or rotorfieldorientedcontroller)scheme
for theinductionmotoris described.Thepurposeof thecontrolleris to trackareference
speed,� p � p ��� , andareferencemagnetisingcurrent,

� k |�� p ��� , while rejectingdisturbances
from theloadtorque.

Themainpurposeof thischapteris to presentanexistinginductionmotorcontrolmethod.
This controller is a cascadecouplingof several sub-blocks.The aim of the following
chaptersis to developreplacementsby new methodsfor someof thesesub-blocks.It has
thereforebeenchosento focuson field orientedcontrolandin particularthe rotor flux
orientationratherthangive a full review of all themany controlmethodsfor induction
motors.

Section4.1 shows the simplificationin the dynamicalequationsof the motor achieved
by writing them in a referencesystemfollowing the angleof the rotor flux. Section
4.2 thendescribestherotor flux orientedcontrolmethod.Themethodis observer-based
andrequiresanestimateof therotor flux. A shortdiscussionof flux estimationis given
in Section4.3. If a speedor position measurementis not available it is furthermore
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necessaryto estimatethe speed. A brief introductionto speedobservers is given in
Section4.4.

Thecontrollersandobserversdescribedin this chapterhave all beendescribedbefore.
The only new contribution is the discovery of the potentialinstability of the speedob-
serverdescribedin [Kubotaet al., 1993]. An exampleof this instability is givenin Sec-
tion 4.4.2.

4.1 Model in rotor flux coordinates

By expressingthemodelin a coordinatesystemfixedto therotor flux angle� ± % Q� p � 
 % Q � k 3 (4.1)

where
Q � k

is asgivenin Section3.3.1,i.e.
Q � k 
 Q � � \ y {y ~ Q � p � , apartiallinearisationof the

torqueandmagnetisingcurrentequationscanbeachieved. Equations(3.34)and(3.35)
in rotor flux coordinatesare:+ s � \ê+ CC	� \ � � k | - j m � - Q � � p \ê+ CC	� \ � � k | - j mk � k | 
 Q�x� p 3 (4.2)

s mp + � k | � Q � � p - \ê+ CC	� \ � + � k | � � p -�- j mk � k | 
 5 3 (4.3)

wherethefollowing definitionshavebeenusedQ � � p ± Q � � � × ��� , Q� � p ± Q� � � × ��� ,� k | ± Q � k � × ���>
 Æ � k Æ
, � k | ± ��  �� ,n ± �(� j �k t + j p j � - , j m � ± n j � ,j mk ± + �(�on - j � 
 j �k tvj p , s>mp ± + jlk�tvj p - � s p .

The statorcurrentin rotor flux coordinatesis split into two real values,the direct and
quadraturecomponents: � ��� ± * ' Q � � � × ��� ) 
 * ' Q � � p ) 3� ��� ± &(' Q � � � × ��� ) 
 &(' Q � � p ) ¨
By taking the real part of (4.3), a dynamicequationfor the magnetisingcurrent,

� k | ,
canbefoundas j ps p CC¬� � k | \ � k | 
�� ��� ¨ (4.4)

Thequantity
w p ± y {| { is calledtherotor timeconstant.



4.2Rotorflux orientedcontrol 47

Theimaginarypartgivestheslip frequency��� e N � 
 �w p � ���� k | ¨ (4.5)

Theproducedtorquecanbefoundfrom (3.28)as� � 
 Z ³ ���.j mk � k | � ��� ¨ (4.6)

As seena decouplingis achievedsothat
� ��� is usedfor controlling

� k | and
� ��� is used

for controlling the torque � � . Eventhough
� k | doesaffect � � , the changesareslow,

making � � analmostlinearfunctionof
� ��� .

4.2 Rotor flux oriented control

Several speedor torque control schemesfor induction motors exist, see for in-
stance[Kaźmierkowski andTunia,1994] or [Vas,1998]. Also worth mentioningis the
passivity-basedapproachdescribedin e.g. [Ortegaet al., 1996]. In this thesiswe will
howeverfocusononeparticulartypeof inductionmotorcontrol,namelydirectrotorflux
orientedcontrol which will be describedin this section. The basicprinciple is shown
in Figure4.1 andis basedon the partial decouplingof the torqueandthe magnetising
currentachievedin therotor flux orientedreferenceframe.

observers

speed
and 

magnetising
current
control

stator
current
control

i sr,ref
i mR,ref

power
device

sr,refu
induction

motor
shaft
load

ωr,ref

us

measurements

estimates

Figure4.1: Sketchof therotor flux orientedspeedcontrolscheme.

Thecontrollerobjective is to trackreferencesfor themagnetisingcurrent,
� k | , andthe

speed,� p (or torqueor position).Theobserversprovideestimatesof thestatorandmag-
netisingcurrents,

Q � � and
Q � k

, andof thespeed.Theseestimatesarebasedonmeasurement
of someof thesethreesignals. In somecasesthe statorvoltage,

Q��� , is alsomeasured.
Otherwisethevoltagecommand,

Q� � p � p ��� canbeused.Thespeedandmagnetisingcur-
rentcontrollersoperatein therotorflux orientedreferenceframeandprovideareference
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signal,
Q � � p � p ��� , for the statorcurrent. The statorcurrentcontrollertracksthis reference

by providing thepowerdevicewith astatorvoltagecommand,
Q� � � p ��� , in thestator-fixed

referenceframe.

Examplesof how to implementthedifferentblockswill begivenin thefollowing. The
examplesin Sections4.2.1-4.2.3arefrom [Rasmussen,1995].

4.2.1 Speed control

Thespeedcanbecontrolledthroughthetorque, � � , givenby equation(4.6). Sincethe
torqueusuallyis not measured,nothingwill begainedby estimatingandcontrolling it
in a feedbackloop [Rasmussen,1995]. Instead,thereferencevaluefor

� ��� canbefound
from (4.6)as � ��� � p ��� 
 ³Z	� � j mk �� k | � � � p ��� ¨ (4.7)

Thespeedcanthenbecontrolledfor instanceby aPI-controllertunedby arelayfeedback
experiment.Sincethe speedcontroller is in a cascadecouplingwith the statorcurrent
controller, the tuning mustbe performedwith the intendedstatorcurrentcontroller in
operation. The tuning will also be affectedby the bandwidthof the speedsensoror
estimation.

Thetorqueis limited by themaximumstatorcurrentallowed.Thelimit is foundas� � � k���� 
 Z	�ñ�vj mk �� k |³ � 9 �k��;� �b� ���� � p ��� ¨ (4.8)

Anti-windup mustthereforebeimplementedif thespeedcontrollercontainsanintegra-
tion.

The schemeis illustrated in Figure 4.2. The PI-controlleractson the control error� p � p ��� � �� p . ThePI-controlleroutput � � � p ��� is limited by � � � k���� computedfrom (4.8).
Thetorquereference� � � p ��� is convertedinto acurrentreference

� ��� � p ��� using(4.7).

maximal
torque

computation

torque
control

me,max

-

+ω

ω

r,ref

r
^

i
mR

^

me,ref isq,ref
PI

Figure4.2: Exampleof asimplespeedcontrolscheme.
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4.2.2 Magnetising current control

Themagnetisingcurrent
� k | is governedby (4.4). Theaim of thecontrolleris to keep� k | constantatsomepredeterminedvalue.At speedsaboveratedspeedit maybeneces-

saryto reducethisvaluein orderto avoid saturationof thevoltagesupply. Thissituation
will not beconsideredhere.

Sincethesteadystatetransferfunctionis 1 independentof physicalparametersapropor-
tional controllerwith gain

�²�
will have zerosteadystateerror if thereferencevalueis

premultipliedby � | Ù K� | assumingthat thestatorcurrentcontrollerhaszerosteadystate
error. A proportionalcontrollertunedby a relay-feedbackexperimentcanthereforebe
used.

4.2.3 Stator current control

As describedin Section4.2adecouplingis achievedin therotorflux orientedcoordinate
systemsothat

� ��� controlsthemagnetisingcurrentand
� ��� controlsthetorque.Thestator

currents
� ��� and

� ��� arecontrolledthroughthedirectandquadraturecomponentsof the
statorvoltage,� ��� and � ��� , definedas� ��� ± * + Q� � p - 3� ��� ± & + Q� � p - ¨
Unfortunatelytheequationsfor thecurrentsarecross-coupledsoa decouplingis neces-
sary.

Splitting (4.2) into therealandimaginarypartsgives�x��� 
 + s � \ j m � CC¬� - � ��� � � k | j m � � ��� \ j mk CC¬� � k | 3 (4.9)�x��� 
 + s � \ j m � CC¬� - � ��� \ � k | j m � � ��� \ j mk � k | � k | ¨ (4.10)

Inserting (4.4) in (4.9)a decouplingschemecanbeidentifiedfrom+ s � \ j m � CC¬� - � ��� 
 ����� \ � k | j m � � ��� � s mp + � ��� �°� k | - 3 (4.11)

+ s � \ j m � CC	� - � ��� 
 ����� � � k | j m � � ��� � j mk � k | � k | ¨ (4.12)

Decouplingcanbeachievedby addingthefeed-forwardvoltages� ���I�é� ± � � k | j m � � ��� \ s mp + � ��� �°� k | - 3 (4.13)
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to theoutputsof thecurrentcontrollers� ���M� and � ����� . We thenachieve+ s � \ j m � CC	� - � ��� 
 �x���M� 3+ s � \ j m � CC¬� - � ��� 
 �x����� ¨
The statorcurrentcan thereforebe controlledby for instancePI-controllerstunedby
relay-feedbackexperiments.This currentcontrolsystemis illustratedin Figure4.3. In
practicethevaluesof

� ��� , � ��� , � k | , and � k | all have to bereplacedby their respective
estimates.Anti-windupagainhasto beimplementeddueto limits in thevoltagesupply.
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Figure4.3: Exampleof asimplestatorcurrentcontroller.

4.3 Rotor flux estimation

In thestatorcurrent,magnetisingcurrent,andtorquecontrollersestimatesof themagni-
tudeandangleof themagnetisingcurrent(or equivalentlytherotor flux

Q� p � 
 jlk Q � k )
areneeded.This sectionwill giveanexampleof how to estimate

Q � k
basedon measure-

mentsof
Q � � , Q� � , andpossibly� p . A flux observercanbebasedonrespectively thevoltage

model (3.34)andthecurrentmodel(3.35)or acombinationof these.Theobserverbased
on thecurrentmodel(3.35)is:��Q � k 
 + � s>pj p \ � � p - �Q � k \ s�pj p Q � � (4.15)

Notethat this modelrequiresaccurateestimatesof
s p

and � p . It is essentiallyanopen
loopsimulationof themotorregardingthestatorcurrentasinput.
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Anotherobserver is basedon integratingthevoltagemodelQ� � 
 s � Q � � \ C Q� �C	� (4.16)

to obtainanestimatefor
Q� � andthenfinding

Q � k
fromQ � k 
 j pj �k Q� � \ê+ �g� jlp�j �j �k - Q � � ¨ (4.17)

Thevoltagemodelmethoddoesnot needvaluesof
s p

and � p , but it canbevery noise
sensitiveespeciallyfor low frequenciesdueto thepureintegration.

4.3.1 Closed-loop observer of Jansen and Lorenz

The rotor flux observer describedin [JansenandLorenz,1992], here called the JL-
observer, is an exampleof a combinationof the currentand the voltagemodel. This
observer combinesthegoodqualitiesof thecurrentmodelin low speedoperationwith
the good qualitiesof the voltagemodel in high speedoperation. The JL-observer is
shown in Figure4.4.
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Figure4.4: Flux observerof JansenandLorenz(JL-observer).

The
� K

- and
� � -blocksconstitutea frequency dependentweightingbetweenthe two

observer types. For frequencies,_ , where
� K \ � � _ × K is large (low frequencies),the

mainemphasiswill beon thecurrentmodel. For
� K \�_ × K � � 
 5 theJL-observer is

exactly thevoltagemodelobserver. The ideais thatat high frequencieswe canexploit
therobustnessof thevoltagemodelto uncertaintiesin

s p
and � p andat low frequencies

wecanusethecurrentmodelwhichhaslowergainsandthereforeis lessnoisesensitive.
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TheJL-observercanbewrittenasthestatespacesystem:�� � e 
 � � e � � e \ � � e ¢ k 3�Q � k 
�£ � e � � e \¥¤ � e ¢ k 3� � e 
 ��� �Q� �L�Q��p � ���� 3¢ k 
 ß Q � �Q��� á 3
� � e 
 ��� � � ; yG{y ~ � � � K� y {y ~ 5 �5 5 � | {yG{ \ � � p

� �� 3
� � e 
 ��� � ; y { y uy ~ � � K j k � s � �y { y uy ~ � jlk 5y ~ | {y { 5

���� 3£ � e 
�� y {y =~ 5ý5�� 3 ¤ � e 
�� �(� y { y uy =~ 5c� ¨
4.4 Speed estimation

For systemswithout speedor positionsensorsthe speed� p mustbe estimated.This
sectionpresentstwo waysof doing this. Section4.4.1presentsa simplemethodbased
on equation(3.35). Themethodpresentedin Section4.4.2is basedon adaptive control
theory. Section4.4.3presentssimulationresults.

4.4.1 Speed estimation from rotor equation

One way to estimatethe speedis to isolateit from the rotor equation(3.35). In the
stator-fixedreferenceframethisgives� Q � k � p 
 s pj p + Q � k � Q � � -ä\ CC	� Q � k ¨ (4.18)

In therotor flux orientedreferenceframetheequivalentequationis� p 
 � k | � s pj p � ���� k | ¨ (4.19)
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Note that the last term is an expressionfor the slip frequency andthat the accuracy of
theestimateof

s p
is essential,especiallyat highslip frequencies.Bothversionsrequire

estimatesof theflux. Thebandwidthandnoisesensitivity of thespeedobservertherefore
dependson thechoiceof flux observer. A flux estimatebasedon therotorequation(JL-
observerwith

� KD��� 3 � � ���
) is uselesssinceit will alwaysreturnthesamespeed

estimateastheflux estimateis basedondueto theopen-loopnatureof thisflux observer.
Themainproblemswith a flux observer basedon thevoltagemodel(JL-observer with� K 
 � � 
 5 ) is that it dependson thestatorresistance

s � , andthat it containsa pure
integration.To obtaina reasonablespeedestimatea compromisebetweenthetwo must
befound.

4.4.2 Speed estimation method by Kubota et al.

An alternative approachbasedon adaptive control theoryis suggestedby Kubotaet al.
in [Kubotaetal., 1993]. Theschemeis illustratedin Figure4.5.
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Â

sc
sc

Figure4.5: Adaptiveflux andspeedestimationschemeof Kubotaet al.����1�
is thesystemmatrixof themodelbasedon thecurrentestimateof thespeed.� �1� is

theinput matrix of themodel. � �¢¡¤£¦¥Y§ . ¨ is theobservergainmatrix andis chosen
sothat theobserverpolesareproportionalto themotormodelpoles.Thestateestimate
is updatedby theequation©©\ª �« � �� �1� �« �N��¬ � �N�\­® ��¬ ¨°¯ �­ ± �³² ­ ± ��´�µ (4.20)
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wherethe first two termsprovide anopen-loopsimulationandthe last termprovidesa
correctionbasedon thestatorcurrentestimationerror.

In [Kubotaetal., 1993] it is shown throughLyapunov theory that the speedadaption
scheme ©©Wª �¶�· �¹¸ ��ºf»*¼*½¾ � �­ ±1¿ÁÀ µ (4.21)

where
¼ ¾ � � ­ ± � ² �­ ± � andthespeedestimateupdategain ¸ � is any positiveconstant,will

make the estimationerror convergeto zero. Unfortunatelythe proof is incorrect. The
proof is basedon theLyapunov functionÂ � ¼*½�¼f¬ ¯dÃÅÄWÆ ´]Ç4È ¸ (4.22)

where
¼ � « �N�³² �« �N� , ÃÅÄWÆ�� �¶�· ² ¶�· , and ¸ is a positiveconstant.Thetime derivative

of

Â
is ÉÉ�Ê Â ��Ë¼ ½ ¼Ì¬�¼ ½ Ë¼�¬ÎÍ ÃÅÄWÆ ËÃÅÄWÆ È ¸��Í*¼ ½[Ï ¼ÑÐ4Ò ¯ � �1�Ó¬ ¨Ô� ´N¼�²ÕÍ Ï ¼ÑÐ4Ò ¯ ¼ ½ ¯ �� �1��² � �1��´ �« �1�[´@¬ÎÍ ÃÅÄWÆ Ë�¶�· È ¸��Í*¼ ½[Ï ¼ÑÐ4Ò ¯ � �1�Ó¬ ¨Ô� ´N¼*¬Í Ã Ä Æ ºf» Öv×SØÙ×ÛÚN× Æ ÖÜ× ØÙ ¼ ½¾ � �­ ± ¿ ¬ ­ ± ½¿ �­ ± ¿ ² �­ ± ½¿ �­ ± ¿ À ¬ÎÍ Ã Ä Æ Ë�¶ · È ¸��Í*¼ ½[Ï ¼ÑÐÑÒ ¯ �Ý�1� ¬ ¨Ô� ´]¼Ì¬ÎÍ Ã Ä Æ ÖÜ×SØÙ×ÛÚ]× Æ Öv× ØÙ ºf»Y¼ ½¾ � �­ ± ¿ À ¬Í ÃÅÄWÆ ºf» ­ ± ½¿ �­ ±5¿ÁÀ ¬cÍ ÃÞÄ\Æ Ë�¶�· È ¸

(4.23)

whereit hasbeenassumedthat Ë¶�· �6¥ . However, in [Kubotaet al., 1993] thethird term,Í ÃÞÄ\Æ ºf» ­ ± ½¿ �­ ±1¿ßÀ , hasbeenforgotten.It is thenstatedthat

ÉÉ�Ê Â
canbemadenegative by

choosing̈ sothat
Ï ¼ÑÐ4Ò ¯ � �1�Ó¬ ¨Ô� ´�à ¥ , andby setting©©Wª �¶�· �6¸ á Ç¿á � á · ² á Ç¿ ºf»Y¼ ½¾ � �­ ±1¿ßÀ/â (4.24)

Since
ºf» ® ½�ã À �åä ® äæä ã ä]ç]èêév¯dë ã ² ë ® ´ , whereëÝ¯Nì ´ is theangleof acomplex number, the

forgottentermwill bepositivewhen ç�èêé>¯dë �­ ± ¿ ² ë ­ ± ¿ ´ hasthesamesignas Ã Ä Æ , which
is alwaystruein steadystate.This canbeseenfrom (3.55)in thefollowing way: Write
(3.55)as ­ ±1¿ � ¯ ¶�· ´ � íoîí Ç ¬ í[ï ¶ · µ (4.25)

whereí î µ í Ç µ í[ï arecomplex constants(dependingon ¶ ¿fð and
­® �N� , but theseareconstant

in steadystate).Then,observingthat thedenominatoris non-zerodueto á � á ·òñ á Ç¿ ,
wehaveë �­ ±d¿ ² ë ­ ±1¿ �¹ë í îí Ç ¬ í ï �¶�· ² ë í îí Ç ¬ í ï ¶�· � ëÝ¯ í Ç ¬ í ï ¶�· ´ ¯ í Ç ¬ í ï �¶�· ´�½ â (4.26)
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Tediouscomputationswill show thatºf» ¯ í Ç ¬ í[ï ¶ · ´ ¯ í Ç ¬ í[ï �¶ · ´ ½ À �6Ã Ä Æoó · ¯�ó Ç� á · ¬ ¶ Ç¿fð á � ¯ á � á · ² á Ç¿ ´]´ (4.27)

which hasthe samesign as ÃÅÄWÆ . In otherwordsthe forgottenterm will be positive in
steadystateandprobablyin mostothercasesaswell, so thereis no guaranteethat the
Lyapunov functionwill convergeto zero.

The reasonthat the methodusuallyworks anyway, is that the speedestimatein most
caseswill convergeto thetruevalue,andsubsequentlythestateestimateswill converge
too.
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Figure4.6: Theangle ë ¼ ¾ � ² ë �­ ± ¿ in steadystatefor theexamplemotor.

When ç�èêé>¯dë ¼ ¾ �*² ë �­ ±5¿ ´ hasthesamesignas ÃÅÄ\Æ , thespeedestimationerrorwill increase.
Figure4.6shows theangleë ¼ ¾ � ² ë �­ ± ¿ �ë � £¦¥���� ¯ ² �Ý�1� ¬
	 ¶ ¿fð ´ Ö î ² ¯ ² ����N� ¬�	 ¶ ¿fð ´ Ö î
� � �1� ²ë � ¥ £ � ¯ ² ����N� ¬�	 ¶ ¿fð ´ Ö î � �N� (4.28)

in steadystatefor ¶�· �9£o¥ Ð�� © È�� and
�¶�· �9£�� Ð�� © È�� , as a function of the angular

velocity of theflux, ¶ ¿fð for anexamplemotorwith theparametersin (3.57). As seen
thespeedestimationerrorwill increasewhen ¶ ¿fð à � Ð�� © È�� (regenerativemode).This
is alsodemonstratedby thesimulationshown in Figure4.7.Thesystemis in steadystate
at ¶�· � £o¥ Ð�� © È�� and ¶ ¿fð ��� Ð�� © È�� . The estimatorconstantsarechosenas ¨ �a¥
(guarantees������� ¯ ���1� ¬ ¨Ô� ´fà ¥ ) and ¸ � � £o¥W¥G¥ .
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Figure4.7: Simulationof the speedestimatorwith the systemin steadystateat ¶�· �£Ñ¥ Ð�� © È%� and¶ ¿fð �&� Ð�� © È�� . Thetwo figuresto theleft show theestimatesof
­ ± �

and
­ ±1¿

,
respectively, in acoordinatesystemrotatingat thesameangularvelocityastheflux. The
actualcurrentsareconstantin this coordinatesystemandaremarkedby ' . The initial
estimatesaremarkedby ( . Thebottomfigureshows thespeedestimateasa functionof
time. Thespeedestimateis seento divergefrom theactualspeed.

As seenthespeedestimatedivergesfrom thetruespeed.Initially thecurrentestimates
convergetowardsthetruevalues,but theincreasingspeedestimationerrorcausesthem
to divergeeventuallyaswell.

4.4.3 Speed estimation simulation results

Figure4.8shows a testof thetwo speedestimationschemes.Theactualspeedchanges
from £o¥ Ð�� © È�� to £ ÍYÐ�� © È%� andbackagainafter0.5seconds.This is donefor botha low
(
Í�)kÒ

) anda high ( * )kÒ ) loadsituation. Thefigureshows this testfor threedifferent
versionsof therotor equationscheme(FiguresA, B, andC). TheJL-observerhasbeen
usedto provide the flux estimatesand the differencebetweenthe threefiguresis the
choiceof frequency weightingconstant+ î and + Ç . All threehavebeenlow-passfiltered
to reducemeasurementnoise.In FigureA theweightingis mainly on thecurrentmodel
showing the expectedreluctanceto changeaway from the currentspeedestimate. In
FigureB the weightinghasbeenchosento give a reasonableresult. In Figure C the
weightingis mainly on the voltagemodel. The fluctuationsin the high slip casehave
the frequency ¶ ¿fð andaredueto the almostpureintegrationwhich causesan almost
constantoffseterror. Thiscausesthefluctuationswhenthenonlineartransformationfrom­ ± ¿

to
± ¿Ìð

is performed.
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Figure4.8: Speedestimationat low andhigh load. In FigureA theweightingis mainly
on the currentmodel. In FigureB the weightinghasbeenchosento give a reasonable
result. In FigureC the weightingis mainly on the voltagemodel. FigureD shows the
sametestfor themethodby Kubotaetal.

FigureD showsthesametestfor themethodby Kubotaet al. with theobserverpolesat
1.2timesthesystempoles.Theperformanceis similar to theoneobtainedin FigureB. It
is foundthatperformancessimilar to FiguresA andC canalsobeobtainedby changing
theratiobetweenobserverandmodelpoles.

Instantaneouschangesin the speedarenot realistic. Figure4.9 shows a morerealistic
simulationwherethe speedis controlledby a rotor flux orientedcontrollerwith speed
measurementsavailablealongwherethespeedreferenceis changedin steps.Alsoplotted
is the speedestimatefrom Kubota’s method. Figure4.10 shows the speedestimation
error.
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Figure4.9: Speedchangesperformedby rotor flux orientedcontrollerwith speedmea-
surements,andthespeedestimateof Kubota’smethod(dashed)
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Figure4.10:Speedestimationerror

Noticethatthespeedestimationerrorresultingfrom thestepsis practicallythesamefor
low andhighspeed.Thisindicatesthatthemainproblemsfor theflux observercausedby
speeduncertaintywill begreatestat low speedssincea changeof for example £o¥ Ð�� © È��
causesa biggerdifferencein themodelfor low speedsthanfor high.

Figure4.11shows a similar simulation,wherethespeedreferencesweepsslowly from² £�� Ð�� © È%� to £�� Ð�� © È%� andbackagain.Every2 secondstheloadchangesin a stepfrom, )kÒ
to - )kÒ or back. Thefigurealsoshows thespeedestimation.Figure4.12shows

thespeedestimationerror.
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Figure 4.11: Speedsweepwith stepchangesin load andspeedestimateof Kubota’s
method(dashed).
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Figure4.12:Speedestimationerror

4.5 Summary

In this chaptertherotor flux orientedcontrolmethodhasbeendescribed.Thecontroller
consistsof acascadecouplingwith astatorcurrentcontrollerin theinnerloop. Theouter
loop controlstheshaftspeedandthe magnitudeof the rotor flux. Examplesof how to
constructthesecontrollersweregiven.

Thecontrolmethodis observer-basedandrequiresanestimateof therotorflux. An exam-
pleof aflux observer, theJL-observerpresentedin [JansenandLorenz,1992], wasgiven.
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If aspeedor positionmeasurementis notavailableit is furthermorenecessaryto estimate
thespeed.An exampleof a speedobserver, the onepresentedin [Kubotaetal., 1993],
wasgiven. It wasshown thatundercertainconditionstheobserver will diverge. How-
ever, in normaloperationtheestimatewill usuallyconvergeto thecorrectvalueassuming
thatthecorrectmotorparametersareused.



Chapter 5

L INEAR

PARAMETER

VARYING FLUX

OBSERVER

In recentyearsefficient ways to designcontrollersfor a particulartype of non-linear
systems,linear parametervarying(LPV) systems,havebeendeveloped.

Thischapterwill review theLPV synthesismethodin [Scherer, 2001] andapplyit to the
designof aflux observerfor theinductionmotor. In Section5.1thehistoricalbackground
of LPV control is reviewed. In Section5.2 robust quadraticperformanceanalysisof
LPV systemsis discussed.In Section5.3theso-calledfull blockS-procedurecontroller
synthesisis discussed.Section5.4discusseshow to obtainadiscrete-timeversionof the
resultsin Sections5.2and5.3.This turnsout to besurprisinglysimple.

Consideringthespeed¶ · asatime-varyingparameterallowswriting theinductionmotor
modelobtainedin Section3.3.1aseithera realfourthorderLPV modelor asacomplex
secondorderLPV model. This is dueto a specialsymmetryin the transferfunction.
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Section5.5 providestheoreticaljustificationfor the fact that controllersandobservers
for this typeof systemcanbeassumedto have thesametypeof symmetrywithout loss
of performance.

In Section5.6a discrete-timeflux observer for awide rangeof speedsis designedusing
the theorydescribedin the previous sections.The observer is testedon the laboratory
setup.Eventhoughtheperformanceis not significantlybetterthantheJL-observer de-
scribedin Section4.3.1it is worth notingthatpracticallyno tuninghadto bedone.

5.1 LPV background

In the famousDGKF paper[Doyle etal., 1989] statespacesolutionsfor the standard
suboptimal.0/ problemweregiven,that is, for anLTI statespacesystemanda given1 ñ ¥ , find all controllerssuchthat the .0/ -norm of the closed-loopsystemis less
than 1 . The solution was found by solving two coupledRiccati equations. In two
independentpapers[GahinetandApkarian,1994] (continuousand discretetime) and
[IwasakiandSkelton,1994] (continuoustime only) the problemwasreformulatedinto
threecoupledRiccati inequalitiesyielding an LMI problem. Thereweremany advan-
tagesto this approach.TheDGKF solutionrequiredseveralassumptionson thesystem
thatwerenot inherentto theproblem,but ratherto thesolutionmethod.Most of these
assumptionscouldberemovedwith the inequalityformulation. Furthermoreit became
moreobvioushow to extendtheresultto linear parametervarying(LPV) systems.

Definition5.1 (Continuoustimelinear parametervaryingsystem,LPV system)

A continuoustimelinear parametervaryingsystemis a systemwhich canbewritten on
theform Ë« � � ¯32!¯ ª ´]´ « ¬ ��¯42!¯ ª ´�´ ®ã � �ò¯42!¯ ª ´�´ « ¬65 ¯32!¯ ª ´]´ ® µ (5.1)

where 2 is a boundedtime-varyingparametervectorwhich canbemeasuredonline.

Definition5.2 (Discretetimelinear parametervaryingsystem,LPVsystem)

A discretetimelinear parametervaryingsystemis a systemwhich canbewrittenon the
form «87
9 î � � ¯32 7 ´ «87 ¬ ��¯42 7 ´ ®:7ã 7 � �ò¯32 7 ´ « 7 ¬65 ¯32 7 ´ ® 7 µ
where 2 is a boundedtime-varyingparametervectorwhich canbemeasuredonline.

Thereare two importantpoints to make aboutthe parametervector. Firstly, it is not
necessarilyknown a priori but canbemeasuredin real-time,sotraditionaltime-varying
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control methodsbasedon future aswell aspastvaluescannotbe used. Secondly, the
variationscanbe fast,so traditionalgainschedulingbetweena finite grid of linearised
operationpointswill not necessarilywork.

Thesefactswerepointedoutin [ShammaandAthans,1992], whereit wasalsosuggested
that theproblemmight besolvedby designinga controllerwith thesametypeof struc-
ture, i.e. an LPV controller. An early suggestionof a controllerdesignof this type is
givenin [Beckeret al., 1993]. Thesynthesismethodis convex, but unlesstheparameter
dependenceis affine, it requiresaninfinite numberof constraints.

If theparametervectorentersthestatespacematricesin arationalmanneranLPV system
canbe written asan LFT asillustratedin Figure5.1, wherethe uncertaintyblock (or
residualgains) Ã is amatrix functionof 2�¯ ª ´ and ; is anLTI system.(Despitetheterm
”uncertaintyblock”, Ã is assumedto be fully known in real time, but it is uncertainin
thesensethatit is not known a priori.)

∆

My u

zu wu

Figure5.1: LPV systemon LFT form.

In two independentpapers,[ApkarianandGahinet,1995] (continuousanddiscretetime)
and[Packard,1994] (discretetime), controllersynthesisfor LPV systemson the LFT
form weregivenin termsof LMIs. Theideawasto providethecontrollerwith acopy of
theuncertaintyblock asillustratedin Figure5.2, Ã � ¯ ª ´ �¹Ã ¯ ª ´ .

z w

K

∆

y u

z wc c
c

∆u u

M

Figure5.2: LPV systemwith LPV controller.

If <�= canbe reconstructedfrom the measurements
ã
, thenby setting < � �><�= we will

have ? � �@?A= . ? � canthenbeusedto compensatefor theeffectsof ?A= on thesystem.
But even if <�= is not fully known, someof the effectscanstill be compensatedby an
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observer-basedestimate.

The methodsin [Packard,1994, ApkarianandGahinet,1995] arebasedon the scaled
Small Gain Theorem. The scalingis doneby multipliers, B , which have to commute
with Ã , i.e. B�Ã � ÃCB for all possibleÃ . This conditiongreatly limits the available
multipliers therebyintroducingconservatism. In additionthesemultipliersallow for Ã
to be complex even if it is actuallyknown to be real introducingfurther conservatism.
FurthermoretheSmallGainTheoremis moreconservativethanrobustquadratic perfor-
mance[Zhou et al., 1992] (Robustquadraticperformanceis discussedin Section5.2).

Underthe assumptionthat the systemis polytopic theseproblemsareall dealtwith in
[Apkarianet al., 1995]. ThesystembeingpolytopicmeansthatthematrixD � ¯42 ´ ��¯32 ´�ò¯42 ´E5 ¯42 ´GF (5.2)

belongsto theconvex hull of a finite numberof matrices.Thecontrollerresultingfrom
thesynthesisis alsoonpolytopicform, i.e. thecontrollermatricesarefoundasaconvex
combinationof vertex matrices.

Stayingin theLFT setting[Helmersson,1995] takesrealnessof Ã into accountusinga
structuredsingularvalueapproach,but dueto thefrequency domainnatureof theresult
theimprovementis only usefulfor time-invariantparameters.

In [ScorlettiandGhaoui,1995] theanalysisresultsin [RantzerandMegretski,1994] (for
journalversionssee[ScorlettiandGhaoui,1998] and[MegretskiandRantzer, 1997]) are
extendedto synthesis.By usingskew-symmetricmultipliers the realnessof the time-
varyingparametersaretakeninto account.However, themultipliersarestill requiredto
beblockdiagonal,maintaininga lot of conservatism.

In [Scherer, 2001] thecontrollersynthesisproblemfor systemswith rationalparameter
dependenceis solvedwith full blockmultipliers. In otherwords,theconservatismdueto
theblockdiagonalmultipliersis removed.Theresulthastheleastpossibleconservatism
if we allow for arbitrarily fastparametervariations.Theonly downsideto themethodis
thattheschedulingfunction, Ã � , now hasto bea nonlinearfunctionof Ã .

Thischapterwill review thesynthesismethodin [Scherer, 2001] andapplyit to thedesign
of a flux observer for theinductionmotor. In Section5.2 robustquadraticperformance
analysisof LPV systemsis discussed.Assumingthatthestatespacematricesdependon2 in a rationalmannera full block S-procedureis usedto transformbetweenthe LPV
on the form in (5.1) andan equivalentsystemon LFT form. In Section5.3 full block
controllersynthesisis discussed.Thesetwo sectionscontainnonew contributionsexcept
for Lemma5.12,which providesa partial solutionto someof the numericalproblems
associatedwith Lemma2.9.FurthermoreScherer’s resultsareextendedto complex sys-
tems.Carefulinspectionrevealsthatthis is mainlya questionof substitutingtransposed
( ì H ) with complex conjugatedtransposed( ì ½ ).
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5.2 LPV analysis

This sectionreviews the robust quadraticperformance(RQP) analysismethodthat is
the basisfor the controllersynthesisdescribedin [Scherer, 2001]. First the conceptof
RQPis introduced.ThentheequivalencebetweenLPV systemson the form (5.1) and
a generalisedLFT representationis discussed.The latterprovidesa separationinto an
LTI systemandtime-varyingparameterswhich is essentialto the following sectionon
controllersynthesis.

5.2.1 Robust quadratic performance

ConsidertheLPV system ËI � J ¯
Ã ´ I ¬LK ¯
Ã ´ ?NM<�M � OÓ¯
Ã ´ I ¬LP ¯
Ã ´ ?NM µ (5.3)

wherethestatespacematricesdependon Ã in a linearfractionalmanner, whichwewill
discusslater. Ã is a time-varyingmatrix belongingto acompactandpath-connectedset­Ã .

Definition5.3 (Robustquadratic performance,RQP)

We say that the system(5.3) achievesrobust quadraticperformancewith performance
index Q M � Q ½M�R DTS M U8MU ½M óVM F µ ó MXW ¥ (5.4)

if Y
Positiveconstants+ and Z exist such that[ I ¯ ª î ´ [�\][ I ¯ ª_^ ´ [ + ¼ Öa`�b Êdc Ö Ê3egf for

ª î W ª_^ andall Ãih ­Ã if ?jMÛ¯ ª ´ ��¥ âY
Thequadratic performancespecificationkml ñ ¥on Ê cpÊ e � ? M ¯ ª ´ ½ < M ¯ ª ´ ½ � Q M D ? M ¯ ª ´< M ¯ ª ´ F ©\ª \ ² l

Ê cpÊ e ? M ¯ ª ´�½ ? M ¯ ª ´ ©\ª µ
holdsfor all

ª î W ª_^ andall Ã ¯ ª ´ h ­Ã if
I ¯ ª_^ ´ ��¥ .

The first condition guaranteesexponentialstability. The secondcondition providesa
performancespecificationdependingon thechoiceof

Q M . For instancethechoiceQ M � D ² 1 Ç
q ¥¥ q F
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providesthe r Ç -inducednormboundçgs�tujvw ^ äæä <�äæä Çäæä ?Åä¤ä Ç à 1 â
Otherpossibilitiesarepassivity andpositiverealconstraints.RQPhasbeenshown to be
lessconservativethansmallgainconditions[Zhou et al., 1992].

RQPanalysiscanbeformulatedasa (possiblyinfinite-dimensional)LMI:

Theorem5.4 [Scherer, 1999](Robustquadratic performanceanalysis)

Supposethere exist an x ñ ¥ satisfyingtheLMIyzzz{ q ¥J ¯dÃ ´|K ¯dÃ ´¥ qOÓ¯
Ã ´}P ¯dÃ ´
~�����
½ yzzz{ ¥ xx ¥ ¥ ¥¥ ¥¥ ¥¥ ¥ S M U MU ½M ó M

~�����
yzzz{ q ¥J�¯
Ã ´|K ¯
Ã ´¥ qOÓ¯
Ã ´�P ¯dÃ ´

~����� à ¥ (5.5)

for all Ã�h ­Ã and with

Q M satisfying(5.4). Thenthe system(5.3) achievesrobust
quadratic performancewith performanceindex

Q M .
Proof: A proof by standarddissipativity argumentsis givenin [Scherer, 1999]. A proof
for thediscrete-timeversionis givenin Section5.4.2. �
5.2.2 Linear fractional dependency

Now considerthefollowing LPV systemona generalisedLFT form:yzzz{ ËI< =< �< M
~����� � yzzz{ J K = KÓ� K MO�= P =�= P = � P = MO � P � = P �1� P � MO M P M = P M � P M�M

~�����
yzzz{ I?A=? �? M

~����� (5.6)

with a parameterdependency givenbyyzzz{ ? =? �<�=< �
~����� h����S¯
Ã ´ ��è���U:�S¯dÃ ´ ��è���� U:� î ¯
Ã ´U � Ç ¯
Ã ´G� ��è�� yzzz{ U î = ¯dÃ ´U î � ¯dÃ ´U Ç =Ü¯dÃ ´U Ç � ¯dÃ ´

~����� µ (5.7)

where
I h���� Ú 9 ��� µ < = h������G� µ < � h�� 7 � µ <�M�h������T� µ ? = h�������� µ ? � h�� ¿ � , and?NMLh���� �%� . This type of parameterdependency is moregeneralthanwhat is usually
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seenin LPV literature.If U�� Ç is nonsingularwe havea standardfeedbackloopD <�=< �
F ��U:� î ¯
Ã ´ U�� Ç ¯dÃ ´ Ö î D ?A=? ��F â
If we have U � î ¯
Ã ´ � Ã and U � Ç ¯
Ã ´ � q we recover thestandardLFT representation.
Thismoregeneralrepresentationallows for instancefor affineparameterdependence.It
turnsout in thesynthesisproblem,thatevenif theplanthasastandardLFT dependency,
it maystill benecessaryto let thecontrollerhavethemoregeneralform in orderto avoid
conservatism[Scherer, 2001].

Notice that the interconnectionof thesystemin (5.6) andtheparameterdependency in
(5.7) is only well-posedif [Scherer, 2001]

���S¯dÃ ´�� è�� yzz{ q ¥¥ qP =�= P = �PÁ� = P M�M
~���� �&� ����� 9 ¿ � 9 �%� � 9¡7 � µ ¢ Ãih ­Ã â

In thestandardLFT casethissimplyamountsto
q ² D P =�= P = �P � = P M�M F Ã beingnon-singular

for all Ã .

If wewouldliketo examineRQPfor thesystem(5.6)-(5.7),weneedto put it ontheform
in (5.3). Thefollowing lemmafrom [Scherer, 2001] providesa way to do this.

Lemma5.5 Assumethat U:�S¯
Ã ´ is a continuousfunction.If theinterconnectionof (5.6)
and(5.7) is well-posed,then U � Ç ² D P =�= P = �P � = P M�M F U � î
hasfull row rankfor all Ã£h ­Ã . ThereforeU:� î D U:� Ç ² D P =�= P = �PÔ� = P M�M F U�� î F8¤
is continuousin Ã . Furthermore thesystem(5.3)withD J ¯dÃ ´¥K ¯
Ã ´Ox¯dÃ ´}P ¯
Ã ´GF � D J K MO�M P M�M F ¬D K = K �P M = P M �gF U � î D U � Ç ² D P =�= P = �P � = P M�M F U � î F ¤ D O�= P = MO � P � M F (5.8)

hasthesametrajectoriesfor
I ¯ ª ´�µ ?NM�¯ ª ´�µ and <�MÛ¯ ª ´ as(5.6)-(5.7).
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In otherwordsthesystem(5.6)-(5.7)is equivalentto (5.3)with (5.8).

Thefollowing theoremprovidesa way to checkfor RQPfor theLFT system.

In orderto align thenotationwith theonein thefollowing sectiondefinethefollowing
subspaceby swappingcoordinatesof ��� :

��¦*¯dÃ ´ R è�� yzz{ U î = ¯
Ã ´U Ç = ¯
Ã ´U î � ¯
Ã ´U Ç � ¯
Ã ´
~ ��� â

Theorem5.6 (Full block S-procedure for LPV system)[Scherer, 2001]

Robustquadratic performancefor thesystem(5.6)-(5.7)is achievedif thefollowing two
equivalentconditionsare fulfilled:

1. Theinterconnection(5.6)-(5.7)is well-posedandthere existsan x ñ ¥ such that
(5.8)satisfies(5.5) for all Ãih ­Ã .

2. §Sè��-¯TU � ¯
Ã ´�´ W©¨�ª = ¬�« � andthereexist x ñ ¥ anda HermitianmultiplierQ ¦ R yzzz{ S UU ½ ó S î Ç U î ÇU ½Ç î ó î ÇS ½î Ç U Ç îU ½î Ç ó ½î Ç S Ç U ÇU ½Ç ó Ç
~����� ñ ¥ on � ¦ ¯
Ã ´�µ¬¢ Ã�h ­Ã µ (5.9)

satisfyingyzzzzzzzzzzz{
''''''''

~ ������������
½ yzzzzzzzzzzz{

¥ xx ¥ ¥ ¥¥ ¥ ¥ ¥¥ ¥ ¥�¥¥�¥¥ ¥¥ ¥ S UU ½ ó S î Ç U î ÇU ½Ç î ó î Ç ¥�¥¥�¥¥ ¥¥ ¥ S ½î Ç U Ç îU ½î Ç ó ½î Ç S Ç U ÇU ½Ç ó Ç ¥�¥¥�¥¥ ¥¥ ¥ ¥ ¥¥ ¥ ¥ ¥¥ ¥ S M U8MU ½M óAM

~ ������������
yzzzzzzzzzzz{
q ¥ ¥ ¥J K = K � K M¥ q ¥ ¥O = P =�= P = �­P = M¥ ¥ q ¥O � P � = P �1� P � M¥ ¥ ¥ qO�M P M = P M �®P M�M

~ ������������
à ¥ â

(5.10)

Proof:

We havealreadyseenthat1. guaranteesRQP. Theequivalenceof 1. and2. followsfrom
thesocalledfull block S-procedurefound in [Scherer, 2001], whereit is givenfor real
systems.Careful inspectionrevealsthat extendingit to complex systemsis merelya
questionof substituting

â H�¯ â ½
and °�¯±� . �
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Themainadvantageof using2. insteadof 1. is thattheparameterdependency only affects
thechoiceof multipliers. This turnsout to bevery helpful in thesynthesisto follow in
Section5.3.

5.3 LPV controller synthesis

ThissectionreviewstheLPV controllersynthesisdescribedin [Scherer, 2001]. First the
interconnectionof anLPV systemandanLPV controlleron thegeneralisedLFT form
describedin theprevioussectionis described.This leadsto a closed-loopsystemon the
sameform. The Elimination Lemmafor quadraticmatrix inequalities(Lemma2.9) is
thenappliedin orderto turn theanalysisequationfor theclosed-loopinto LMI synthesis
equations.A partialproof is thengivenproviding a constructionfor thecontroller. The
synthesisLMIs areinfinite-dimensional.In Section5.3.3anexampleis givenof how to
makethemfinite-dimensional.Finally Section5.3.4discusseshow to overcomesomeof
thenumericalproblemsassociatedwith solvingthequadraticmatrix inequality.

5.3.1 Closed-loop system

ConsidertheLPV systemyzzz{ Ë«< =<
Mã
~����� � yzzz{ � �²= � M �� = 5 =�= 5 = M´³ =�µM 5 M = 5 M�M ³¶M� · = ·:M ¥

~�����
yzzz{ «? =?NM®

~����� (5.11)

with « h
��� Ú µ ® h
� ¿ and
ã h
� M representingstates,inputsandoutputs. ?NMCh���� ���

containsdisturbance,noise,andcommandsignals.<
M¸h¹��� �_� is theperformanceoutput,
i.e. the signalsto be controlled. ? = h�� � ��� µ < = hº� � �G� arethe channelsconnecting
thetime-varyingparametersin Ã with thenominalsystemdescribedby (5.11). Let the
time-variationsbegivenby� ?A=< = � h���¯
Ã ´ ��è���Uf¯dÃ ´ ��è�� � U î ¯
Ã ´U Ç ¯
Ã ´ � â (5.12)

This type of parameterdependency was discussedin Section5.2.2. Assumethat the
time-varyingparametersareknown to beboundedby Ãih ­Ã .

Remark5.7 As seenthe systemis requiredto be strictly properin the channelfrom
controller input ® to the measurements

ã
. In Section2.4 it wasdiscussedwhat to do

whenpresentedwith anon-strictlypropersystem.
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As discussedin theintroductionto this chapter, themain ideabehindLPV control is to
let thecontrollerhave onlineaccessto the time-varyingparameters.If both thesystem
andthecontrollerhave standardLFT parameterdependency this canbe representedas
in Figure5.3. Ã Ã �»

¼

½
¾¾¾ ? M< M ¾¾ã ®< � ? �< = ? =

¾

½

Figure5.3: Expandingthetime-varyingblock, Ã , by aschedulingfunction, Ã � .
Remark5.8 This couldbeviewedasa robustsynthesisproblem:Designthecontroller+ suchthattheclosedloop systemis stableandfulfills someperformancespecification
for any Ã�h ­Ã . This would normally be a non-convex problemexcept for special
casessuchasstate-feedback.Luckily, due to the particularstructureof the problem,
copying Ã into Ã � will allow a wider setof multipliers, making the problemconvex
with someconservatism.Letting Ã � bea nonlinearfunctionof Ã will evenremovethis
conservatism.

Now let thecontrollerbegivenbyyz{ Ë« �®< �
~��� � yz{ ��� � � î � � Ç� � î 5ò� î�î 5 � î Ç� � Ç 5ò� Ç î 5 � Ç�Ç ~��� yz{ « �ã? �

~��� µ (5.13)

where « � h¿���%� µ < � h6� 7 � , and ? � h¿� ¿ � . Let thecontroller schedulingsubspacebe
givenby � ? �< � � h�� � ¯dÃ ´ � è���U � ¯dÃ ´ � è�� � U � î ¯
Ã ´U � Ç ¯
Ã ´ � â (5.14)
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We thenhaveaclosed-loopsystemontheform (5.6)withyzzz{ J K = KÓ� K MOÀ= P =�= P = � P = MO � P � = P �1� P � MO�M P M = P M � P M�M
~����� �

yzzzzz{ � ¥¥ ¥ � = ¥¥ ¥ �VM¥� = ¥¥ ¥ 5 = ¥¥ ¥ 5 = M¥�µM ¥ 5 M = ¥ 5 M
~ ������ ¬yzzzzz{ ¥ � ¥q � � ¥ ¥¥Á³ = ¥¥ ¥ q 7 �¥Â³¶M ¥

~ ������ y
{ � � � � î � � Ç� � î 5 � î�î 5ò� î Ç� � Ç 5 � Ç î 5ò� Ç�Ç ~� y

{ ¥ q �%�� ¥¥ ¥ ¥ ¥· = ¥¥ q ¿ � ¥·:M¥ ~� µ (5.15)

anda parameterdependency givenby (5.7),withyzzz{ U î =�¯dÃ ´U î � ¯dÃ ´U Ç = ¯dÃ ´U Ç � ¯dÃ ´
~ ���� � yzzz{ U î ¯
Ã ´ ¥¥ U � î ¯
Ã ´U Ç ¯
Ã ´ ¥¥ U � Ç ¯
Ã ´

~ ���� â
We cannow analysethestabilityandperformanceof theclosed-loopsystemby directly
insertingin Theorem5.6.Noticethat� ¦ ¯dÃ ´ ����¯dÃ ´AÃ � � ¯dÃ ´ â
5.3.2 Controller synthesis

Assumingthat (5.9) definesa convex setof possiblemultipliers,analysingthestability
andperformanceof theclosed-loopsystemby testingthefeasibilityof (5.10)is aconvex
problemsincetheonly unknowns, x and

Q ¦ , enterlinearly. In connectionwith synthesis
it becomesa non-convex problemdue to the presenceof productsof the multipliers
and the closed-loopmatrices. However, due to the specificstructureof the problem,
by applyingtheEliminationLemmafor quadraticmatrix inequalities(Lemma2.9), the
synthesisproblemcanbecastasanLMI. This is dueto thefollowing lemma,whichhas
beeninstrumentalin mostLPV resultsin theliterature:

Lemma5.9 (Hermitianmultiplier extension)[Packard, 1994]

Let Ä ñ ¥ µ�Å ñ ¥
h�Æ �aÇÀ� , and let
Ð

bea positiveinteger. Thenthere exist matricesÄ Ç h����8Ç · µ Ä ï h�Æ · Ç · such thatD Ä Ä ÇÄ ½Ç Ä ï F ñ ¥ and

D Ä Ä ÇÄ ½Ç Ä ï F Ö î � D Å '' ' F (5.16)
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if andonly if D Ä q �q � Å0F W ¥ and ��È*é�É D Ä q �q � Å0F \ ¨ ¬�Ð (5.17)

Proof: See[Packard,1994] or [Helmersson,1995]. �
LemmaB.3 givesa constructionfor thefull rankHermitiancase.

Beforegiving thetheoremfor controllersynthesiswe needthefollowing assumptionon
theperformanceindex: èêé@¯ Q M ´ �å¯4§Sè��-¯ S M ´�µ ¥ µ §Sè�� ¯
óAM ´]´�µ
which is neededin orderto fulfill the inertiaconditionin theEliminationLemma.This
conditionis non-restrictive,sincemostsensiblechoicesof quadraticperformanceobjec-
tivesdo indeedfulfill this.

Partition theinverseof theperformancematrix

Q M asQ Ö îM � D�ÊS M ÊU8MÊU ½M ÊóAM F (5.18)

anddefinethemultipliersQ R D�S UU ½ ó F µ ÊQ R D ÊS ÊUÊU ½ Êó F µ (5.19)

partitionedto conformwith UD¯
Ã ´ .
Theorem5.10 (LPVcontroller synthesis)[Scherer, 2001]

Thefollowing twostatementsareequivalent

1. A controller ontheform(5.13)existssuch thattheclosedloopsystem(5.15)admits
an x ñ ¥ anda Hermitianmultiplier

Q ¦ satisfying(5.9)and(5.10).

2. There existHermitianX,YandHermitianmultipliersQ ñ ¥ on ��¯
Ã ´ and
ÊQ à ¥ on �Ý¯
Ã ´gËfµÌ¢ Ã�h ­Ã (5.20)

satisfyingthelinear matrix inequalitiesD Ä qq ÅÍF W ¥ (5.21)
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Î ½ yzzzzzzz{ ''''''
~���������
½ yzzzzzzz{ ¥ ÄÄ ¥ ¥ ¥¥ ¥ ¥ ¥¥ ¥¥ ¥¥ ¥ S UU ½ ó ¥ ¥¥ ¥¥ ¥¥ ¥ ¥ ¥¥ ¥ S M U8MU ½M óVM

~���������
yzzzzzzz{ q ¥ ¥� � = �AM¥ q ¥�¶= 5 =�= 5 = M¥ ¥ q�µM 5 M = 5 M�M

~��������� Î à ¥ (5.22)

Ï ½ yzzzzzzz{ '' ''''
~���������
½ yzzzzzzz{ ¥ ÅÅ ¥ ¥ ¥¥ ¥ ¥�¥¥�¥¥ ¥¥ ¥ ÊS ÊUÊU ½ Êó ¥�¥¥�¥¥ ¥¥ ¥ ¥ ¥¥ ¥ ÊS M ÊU8MÊU ½M ÊóAM

~���������
yzzzzzzz{ ² � ½ ² � ½= ² � ½Mq ¥ ¥² � ½= ²V5 ½=�= ²V5 ½M =¥ q ¥² � ½M ²V5 ½= M ²V5 ½M�M¥ ¥ q

~��������� Ï ñ ¥ (5.23)

where Ï � � � ½ ³ ½= ³ ½M �ÑÐ µ Î � � � ·�= · M��ÑÐ â (5.24)

Proof: For thefull proof see[Scherer, 2001]. Hereonly a constructiveproofof 2. Ò 1.
will begivenwith thefollowing assumptions.

We assumethatthesystemis on thestandardLFT-form, i.e.? = ¯ ª ´ ��Ã ¯ ª ´ < = ¯ ª ´ (5.25)

or equivalently Uf¯
Ã ´ � D Ã q F µ
andthat Ã is squaresothat ¨ ª = � ¨ u = R ¨ = â
Thenwe have ��¯dÃ ´ÓË ��è�� ÊUÌ¯
Ã ´�µ ÊUf¯dÃ ´ R D q² Ã ½ F â
We furthermoreassumethat èæé Ö ¯ ÊQ ´ � ¨ = (5.26)

which simplifiestheproof greatly. With this conditionit is possibleto let thecontroller
beon thestandardLFT form aswell. Theschedulingfunctionwill howeverstill have to
bea nonlinearfunctionof Ã .
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The proof will be in the form of a controllerconstructionalgorithmcomprisedof the
following steps.First the extendedmultiplier

Q ¦ is constructedfrom

Q
and

ÊQ
and x

is constructedfrom Ä and
Å

. Thena controllerschedulingfunction is constructedto
assure(5.9).TheLTI partof thecontrollercanthenbefoundusingLemma2.9.Assume
now that

Q µ ÊQ µ Ä and
Å

satisfying(5.20)-(5.23)havebeenfound.

Extension of multipliers
By compactnessof

­Ã andby thestrictnessof (5.20)we can,if necessary, perturb
ÊQ

to
renderit nonsingular. Define ) R Q ² ÊQ Ö î (5.27)

andlet Ô beanorthonormalbasisfor theimageof
)

suchthatÔ ½�) Ô � D ) Ö ¥¥ ) 9 F µ­) Ö à ¥ µ­) 9 ñ ¥ â (5.28)

Choosetheschedulingfunctiondimensionsas
«W� �º§Sè�� ¯ ) 9 ´ and

Ò � �&§ÛèÕ�-¯ ) Ö ´ and
define � Â Ö ¯
Ã ´ Â 9 ¯
Ã ´ � �ºUD¯
Ã ´�½ Ô (5.29)

with

Â Ö ,

Â 9 having
Ò-�

,
«G�

columnsrespectively. By definingtheextendedmultiplier asQ ¦D� � Q ÔÔ ½ ¯GÔ ½ ) Ô ´�Ö î � (5.30)

wefind by LemmaB.3 andSchurcomplement(Lemma2.6) that

Q ¦ is nonsingularandQ Ö î¦ � D�ÊQ '' ' F µ èêé>¯ Q ¦ ´ ��èêé>¯TÔ ½
) Ô ´>¬ èêé>¯ ÊQ ´ � ¯ Ò � ¬ ¨ = µ ¥ µ�« � ¬ ¨ = ´ â (5.31)

To constructx we pick Öµ× asanorthonormalbasisof theimageof Ä ²¿Å Ö î andsetx � � Ä ÖØ×Ö ½× Ù Ö ½× ¯4Ä ²ÚÅ Ö î ´ Ö ×�Û Ö î � â (5.32)

By LemmaB.3 and Schurcomplement(Lemma2.6) x will be positive definite andx Ö î � D Å '' ' F .
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Scheduling function

Defining U � ¯
Ã ´ � D Ã � ¯dÃ ´q F weneedto find a Ã � suchthatQ ¦ ñ ¥ on è���Uf¯
Ã ´ÜÃ è���U � ¯
Ã ´�µE¢ Ã�h ­Ã â (5.33)

With theabovedefinitionsthis canbewrittenasD Uf¯dÃ ´ ½ Q Uf¯
Ã ´ Â Ö ¯
Ã ´ Ã � ¯
Ã ´@¬ Â 9 ¯
Ã ´Ã � ¯
Ã ´ ½ Â Ö ¯dÃ ´ ½ ¬ Â 9 ¯
Ã ´ ½ Ã � ¯dÃ ´ ½ ) Ö îÖ Ã � ¯dÃ ´@¬6) Ö î9 F ñ ¥ â (5.34)

UsingSchurcomplementanda congruencetransformationthis is equivalenttoD ) Ö î9 Ã � ¯dÃ ´ ½Ã � ¯
Ã ´ ²V) Ö F ²� 'Á' � ½ � Uf¯
Ã ´ ½ Q Uf¯dÃ ´�² Â Ö ¯dÃ ´g) Ö Â Ö ¯dÃ ´ ½ � Ö î � Â 9 ¯
Ã ´ Â Ö ¯dÃ ´g) ½Ö � ñ ¥ â (5.35)

By choosingÃ � ¯dÃ ´ � ) Ö Â Ö ¯
Ã ´ ½ ¯dUD¯
Ã ´ ½ Q Uf¯dÃ ´�² Â Ö ¯
Ã ´g) Ö Â Ö ¯dÃ ´ ½ ´�Ö î Â 9 ¯dÃ ´ (5.36)

to make theoff-diagonalblocksequalto zero,inequality(5.35)is equivalentto) Ö î9 ² Â 9 ¯
Ã ´ ½ � Uf¯
Ã ´ ½ Q Uf¯dÃ ´�² Â Ö ¯dÃ ´g) Ö Â Ö ¯dÃ ´ ½ � Ö î Â 9 ¯
Ã ´ ñ ¥
and²V) Ö ²Ú) Ö Â Ö ¯
Ã ´ ½ � Uf¯
Ã ´ ½ Q Uf¯dÃ ´�² Â Ö ¯dÃ ´g) Ö Â Ö ¯dÃ ´ ½ � Ö î Â Ö ¯dÃ ´g) ½Ö ñ ¥ â

TheseareequivalenttoD ) Ö î9 Â 9 ¯dÃ ´ ½Â 9 ¯
Ã ´ Uf¯dÃ ´ ½ Q Uf¯
Ã ´�² Â Ö ¯
Ã ´ ) Ö Â Ö ¯
Ã ´ ½ F ñ ¥
and D ²V) Ö ) Ö Â Ö ¯dÃ ´ ½Â Ö ¯
Ã ´ ) Ö Uf¯
Ã ´ ½ Q Uf¯dÃ ´�² Â Ö ¯dÃ ´g) Ö Â Ö ¯dÃ ´ ½ F ñ ¥
by Schur complementarguments. By Schur complementthe latter is equivalent toUf¯
Ã ´ ½ Q Uf¯dÃ ´ ñ ¥ , which is alwaystruedueto (5.20). Thefirst inequalityis by Schur
complementequivalenttoUf¯
Ã ´�½ Q Uf¯dÃ ´�² Â Ö ¯dÃ ´ ) Ö Â Ö ¯
Ã ´�½f² Â 9 ¯
Ã ´ ) 9 Â 9 ¯
Ã ´�½ �&Uf¯dÃ ´�½ ÊQ Ö î Uf¯
Ã ´ ñ ¥ µ
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wherethe equalityfollows from the definitionsof
)

,

Â Ö , and

Â 9 . From Lemma2.7,
(5.20),and(5.26)wehaveèêé>¯ ÊQ Ö î ä Ý b!Þ f ´ ��èêé>¯ ÊQ ´�² èêé>¯ ÊQ ä Ý b!Þ fTß ´ � ¯ ¨ = µ ¥ µ ¨ = ´�² ¯ ¨ = µ ¥ µ ¥ ´ � ¯
¥ µ ¥ µ ¨ = ´�µ
i.e. thefirst inequalityis alsoalwaystrue.

Controller construction
Oncethemultipliershave beenconstructedandthefulfilment of (5.9)hasbeenassured
through(5.36), the controllermatricescanbe found asa solutionto (5.10). This is a
quadraticmatrix inequality in the form given in Lemma2.9, which canbe seenafter
somerearrangementsof rowsandcolumnsandby observingthaty{ ¥ q � �� ½ ¥¥ ¥ ¥ ¥³ ½= ¥¥ q 7 � ¥³ ½M¥ ~� Ð � yzzzzz{ Ï î¥Ï Ç¥Ï ï

~������� µ (5.37)

and y{ ¥ q �%�� ¥¥ ¥ ¥ ¥· = ¥¥ q ¿ � ¥·�M¥ ~� Ð � yzzzzz{ Î î¥Î Ç¥Î ï
~ ������ µ (5.38)

where y{ Ï îÏ ÇÏ ï
~� � Ï and

y{ Î îÎ ÇÎ ï
~� � Î â (5.39)

The inertia condition(2.10) is satisfiedif the inner factorin (5.10)hasnegative inertia¯ ¨ � ¬ ¨ � ¬ ¨ = ¬ÎÒ � ¬ ¨ u M ´ andpositive inertia ¯ ¨ � ¬ ¨ � ¬ ¨ = ¬�« � ¬ ¨�ªgM ´ . This is
clearlyfulfilled since èêé¹à ¥ xx ¥já � ¯ ¨ �x¬ ¨ �oµ ¥ µ ¨ ��¬ ¨ ��´�µ (5.40)èêé>¯ Q ¦ ´ � ¯ ¨ = ¬MÒ-�oµ ¥ µ ¨ = ¬©«G��´�µ (5.41)èêé>¯ Q M ´ � ¯ ¨ u M µ ¥ µ ¨ ªgM ´ â (5.42)�
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Remark5.11 Theproof givenhereis lessgeneralthanin [Scherer, 2001]. For instance,
the inertia condition (5.26) on

ÊQ
is not necessary, but the constructive proof is a lot

morecomplicated,andthe schedulingfunction is given in a lessexplicit manner. The
condition is non-convex, so it is not easyto enforce. However, practicalexperience
shows thatit oftenis fulfilled anyway, at leastif enforcingtheconvex inertiarestrictions
discussedbelow in Section5.3.3.

To summarise,assumingthattheparameterdependency is givenby (5.25),thealgorithm
for findinganLPV controlleris asfollowsY

Solve the LMIs (5.21)-(5.23)with the additionalconditions(5.20)and(5.26) to
obtain Ä ,

Å
,

Q
, and

ÊQ
.

Y
Construct

Q ¦ asin (5.30)and x asin (5.32).
Y

Solve thequadraticmatrix inequality(5.10)to obtainthecontrollermatrices.
Y

The controller is now given by (5.13) with ? � � Ã � < � , where Ã � is given by
(5.36).

5.3.3 Finite dimensional global solution

Since
­Ã usuallyhasinfinitely many elements,(5.20)posesan infinite numberof con-

straintson

Q
and

ÊQ
. Let us againconsiderthe LFT case. Then(5.20) is equivalent

to D Ã q F ½ D%S UU ½ ó F D Ã q F ñ ¥ and

D q² Ã ½ F ½ D ÊS ÊUÊU ½ Êó F D q² Ã ½ F à ¥ â (5.43)

Let usassumethat
­Ã canbedescribedby­Ã¢�ºâXã<¯ ­ÃXä ´�µ ­ÃXäÁ� » �å ¾ w î á ¾ Ã ¾ + ½¾ n\Ã ¾ h ­Ã ¾ À µ

where
­Ã ¾ arefinite setsand á ¾ µ + ¾ arematricesof full columnrank. Since(5.43) is

not linear in Ã it is necessaryto introduceconstraintson

Q
and

ÊQ
in order to have

(5.43) on
­Ã implied by (5.43) on the finite generatorset

­ÃXä . Enforcing
S à ¥ andÊó ñ ¥ is sufficient to have this implication[Scherer, 1999]. Noticethatif theparameter

dependency is affine,i.e.
P =�= ��¥ , thenthe ¯ Í/µ�ÍW´ -blockof (5.22)is

S ¬æP ½M = ó M P M = à ¥ .
Due to ó M¿W ¥ this implies

S à ¥ . Similarly (5.23) implies
Êó ñ ¥ , so in the affine

parameterdependency casethereis no needfor conservatism.

In thegeneralrationalcasetheleastconservativeconstraintswouldappearto beá ½¾ S á ¾ à ¥ µ + ½¾ Êó²+ ¾ ñ ¥ µ ¢ ± h £ µ âæâ¤â µ ¨ â
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With these constraints, (5.43) on
­ÃXä implies (5.43) on

­Ã [Scherer, 2001]. By
addingtheseconstraints,the synthesisinequalities(5.21)-(5.23)arethereforea finite-
dimensionalLMI, which canbe implementedin a standardLMI solver asdescribedin
Section2.3.1.

5.3.4 Solving the quadratic matrix inequality

Theproofof Lemma2.9in AppendixB onpage173providesaway to constructasolu-
tion to thequadraticmatrix inequality(2.11).Numericalproblemsmayarise,especially
if

Q
is ill-conditioned.Theonly inversionsin theproof which needto beperformedare

theinversionsof U ½
ç U in equation(B.19)andof Ö î . Thefollowing lemmaprovidesa
choiceof á thatwill make U ½ ç U©è ² q

, makingit easyto invert. Referto theproof in
theAppendixfor definitionsof thematrices.

Lemma5.12 Let Ôµé �Õê é ¥�� Â ½é �¢� bea singularvaluedecompositionof � . With
thedefinitionsin theproof of Lemma2.9andwithB � D B î�î B î ÇB ½î Ç B Ç�Ç F � Â ½é D q� F ½ Q D q� F Â é µ (5.44)

partitionedso B Ç�Ç h�Æ b ¿ Ö �gë f Ç b ¿ Ö �gë f , choosingá � Â é D q ¥¥ S F µ SæS ½ � ² B Ö îÇ�Ç (5.45)

will provide U ½ ç UM� ² q â (5.46)

Proof: Inserting

D 5 î Ç5 Ç�Ç F �&+ ½ � Â é D ¥S F andç R D á ¥¥ + Ö ½ F ½ Q D á ¥¥ + Ö ½ F
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wehave

U ½ ç UÕ� yzz{ ¥q+ ½ � Â é D ¥S F
~���� ½ ç yzz{ ¥q+ ½ � Â é D ¥S F

~���� �yzz{ Â é D ¥S F� Â é D ¥S F
~ ��� ½ Q yzz{ Â é D ¥S F� Â é D ¥S F

~ ��� �D ¥S F ½ B D ¥S F � S ½ B Ç�Ç S � ² q â
(5.47)

Theexistenceof a
S

fulfilling
SoS ½ � ² B Ö îÇ�Ç follows from U ½�ç U à ¥oÒìB Ç�Ç à ¥ . �

Of coursefinding a suitable
S

is no morenumericallytractablethaninverting B Ç�Ç , but
the point is that it doesnot have to be exact, an approximatesolutionwill still make
inversionof U ½�ç U well-conditioned.

5.4 Discrete time controller synthesis

Whena modelhasbeenobtainedbasedon physicalconsiderations,it will be usually
in continuoustime. On the other hand,the controller usually hasto be implemented
in discretetime. Thereare two ways to do this. Either the controller is designedin
continuoustime andthendiscretised,or themodelis discretisedfirst, anda controlleris
thendesignedin discretetime.

Someof theadvantagesanddisadvantagesof thefirst method(controllerdiscretisation)
comparedto thesecondmethod(modeldiscretisation)are:Y

Sincetherealplantoperatesin continuoustime,stabilityandperformancerequire-
mentsaremorenaturallyexpressedin continuoustime.

Y
Theoptimalsamplingratemaydependmoreon thecontrollerdynamicsthanon
theplantdynamics.If thesamplingfrequency canbechosenfreely, thenit might
bebetterto determinethis afterthecontrollersynthesis.

Y
On theotherhand,if thesamplingfrequency is givenbeforehand,thencontroller
synthesisin continuoustime might result in a controllerwith very high gainsor
unstableopen-loopdynamics,whichcouldresultin theclosed-loopbehaviour not
beingpreservedwhenimplementedin discretetime. Limitationson thesampling
frequency will betakeninto accountwith modeldiscretisation.
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Time delayscanbemodelledeasilyin discretetime, whereasin continuoustime
approximationssuchasPadéapproximants(seee.g.[Franklin etal., 1994]) must
beused.

Y
Dependingon the type of parametrisation,it might be necessaryto performthe
discretisationof thecontrollerat eachsample.This maybecomputationallyde-
manding.

Y
On the other hand, discretisationof a continuoustime model with a simple
parametrisationmay result in a discretetime model with a more complicated
parametrisation.

No matterwhich of the two waysis chosen,a discretisationhasto be performed.Dis-
cretisationof LPV systemsis lesstrivial thandiscretisingLTI systems,sincethesystem
changesfrom sampleto sample.Section5.4.1discussesdiscretisationof LPV systems
ontheLFT form. If themodelis discretised,adiscretetimeversionof thetheoryin Sec-
tions5.2-5.3is needed.Section5.4.2givesthediscretetime versionof robustquadratic
performance.Section5.4.3describesLPV synthesisfor discretetimesynthesis.Finally,
Section5.4.4discussesa few issuesof discretetime controllerdesignandimplementa-
tion.

5.4.1 Discretisation

In [Apkarian,1997] somesuggestionson discretisationof LPV controllersaregiven.
Oneof the main problemsis that the controller hasto be discretisedat eachsample,
which is not necessarilyfeasiblein real-time.If discretisingthemodelinstead,this will
not be a problem. On the otherhand,it is unclearhow to containthe infinitely many
modelsobtainedat differentparametervaluesin a simpleLPV representation.

Fortunately, theLFT representationallows for a simpleralternative dueto associativity
of thestarproduct.Define 5Cídî � D q ï ð � qï ð � q H ÚÇ q F µ
where

ð �
is the samplingperiod. A trapezoidalapproximation(or bilinear transforma-

tion) of thecontinuoustimesystemD Ë«ã F � D � �� 5 F D «® F
is thengivenby D « 7
9 îã 7 F � 5 ídî�ñ D � �� 5 F D « 7®ò7 F â
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Now considertheLPV system(5.11)with ? = ¯ ª ´ �¹Ã ¯ ª ´ < = ¯ ª ´ andwrite this asyz{ Ë«< Mã ~ �� �ôóõõõö
yzzz{ � �AM � � =� M 5 M�M ³ M 5 M =� · M ¥ ·�=�¶= 5 = M ³V= 5 =�=

~ ���� ñ ÃX÷
øøøù yz{ «? M® ~ �� â (5.48)

Fromtheassociativity of thestarproductwehave5 ídî�ñ óõõõö
yzzz{ � � M � ��=�µM 5 M�M ³¶M 5 M =� ·�M ¥ · =� = 5 = MÂ³ = 5 =�=

~����� ñ Ão÷ øøøù �
óõõõö 5Cídî ñ

yzzz{ � �VM � � =� M 5 M�M ³ M 5 M =� · M ¥ ·¡=� = 5 = M´³ = 5 =�=
~ ���� ÷
øøøù ñ Ã â

Sincethe insideof thebracket on theright handsideis constant,it needsonly becom-
putedonce,andtheLFT structureis maintained.Ã ¯ ª ´ is replacedby Ã 7 R Ã ¯ « ð � ´ . NoticethatanunderlyingassumptionisÃ ¯ ª ´ è6Ã ¯ « ð �[´�µ for

« ð � \ ª \ ¯ «ß¬ £ ´ ð � â
5.4.2 Discrete time analysis

Considerthediscretetimeversionof theLPV system(5.3):I 7ú9 î � J ¯
Ã 7 ´ I 7 ¬6K ¯dÃ 7 ´ ?NM�û 7<�M�û 7 � Ox¯dÃ 7 ´ I 7 ¬LP ¯dÃ 7 ´ ?NM�û 7 â (5.49)

Notice that it is an underlyingassumptionthat the parametersareconstantduring the
entiresamplingperiodfrom time

« ð �
to ¯ «Ô¬ £ ´ ð � , where

ð �
is thesamplingperiod.

We will alsodefinerobustquadraticperformancefor discretetime systems:

Definition5.13 (Robustquadratic performance,RQP)

We saythat the system(5.49)achievesrobustquadraticperformancewith performance
index Q M � Q ½M�R DTS M U8MU ½M óVM F µ ó MXW ¥ (5.50)

if
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Positiveconstants+ and Z exist such that[ I 7 c [�\�[ I 7 e [ + ¼ Öa`�b 7 c Ö 7 egf for

« î W « ^ andall Ãih ­Ã if ? M�û 7 ��¥ âY
Thequadratic performancespecificationk�l ñ ¥¸n 7 cå7 w 7 e�ü ? ½M�û 7 < ½M�û 7Ñý Q M D ? M�û 7< M�û 7 F \ ² l 7 cå7 w 7 e ? ½M�û 7 ?NM�û 7 µ (5.51)

holdsfor all
« î W « ^ andall Ã 7 h ­Ã if

I 7 e ��¥ .
We cannow formulatethediscretetime equivalentto Theorem5.4. A similar resultfor
the þ Ç -inducednormwasgivenin [Doyle et al., 1991].

Theorem5.14 (Robustquadratic performanceanalysis)

Supposethere existsan x ñ ¥ satisfyingtheLMIyzzz{ q ¥J ¯
Ã ´|K ¯
Ã ´¥ qOx¯dÃ ´ÿP ¯
Ã ´
~�����
½ yzzz{ ² x ¥¥ x ¥ ¥¥ ¥¥ ¥¥ ¥ S M U8MU ½M óVM

~�����
yzzz{ q ¥J ¯
Ã ´|K ¯
Ã ´¥ qOx¯dÃ ´ÿP ¯
Ã ´

~����� à ¥ (5.52)

for all Ã h ­Ã and with

Q M satisfying(5.4). Thenthe system(5.49) achievesrobust
quadratic performancewith performanceindex

Q M .
Proof: Let ? M�û 7 ��¥ in (5.49)andchoose� 7 � I ½7 x I 7
asaLyapunov candidatefor theunforcedsystem.Thedifferencefrom sampleto sample
is � 7ú9 î ² � 7 � I ½7 J�¯
Ã ´�½ xCJ�¯
Ã ´ I 7 ² I ½7 x I 7 µ
which impliesthatthesystemis uniformly exponentiallystableif J ¯
Ã ´ ½ xCJ�¯
Ã ´Dà x .
But this is immediatelydeducedfrom theupperleft block in (5.52),whichcanbewritten
as J ¯dÃ ´�½ xCJ ¯
Ã ´Ó² x ¬LP ¯
Ã ´�½ óVM P ¯
Ã ´Ìà ¥ â
Sinceó M W ¥ it is seenthatif x renders(5.52)satisfied,theunforcedsystemisuniformly
exponentiallystable.
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Furthermore,dueto thestrictnessof (5.52),wecanadda smallperturbation̈ � ¡ ^0^^ ��� §
to theleft-handsideof theinequalitywithout renderingit unsatisfied.Multiplying from

theleft andright by

D I 7? M�û 7 F thengivesD I 7?NM�û 7 F ½ D J ¯
Ã ´ ½ x J ¯
Ã ´�² x J ¯
Ã ´ ½ x K ¯dÃ ´K ¯dÃ ´ ½ xCJ ¯
Ã ´ K ¯dÃ ´ ½ x K ¯dÃ ´ÓF D I 7?NM�û 7 F ¬D I 7?NM�û 7 F ½ D ¥ qOÓ¯
Ã ´ P ¯
Ã ´ F ½ Q M D ¥ qOÓ¯
Ã ´ P ¯dÃ ´GF D I 7?NM�û 7 F ¬ D I 7?NM�û 7 F ½ ¨ D I 7?jM�û 7 F \ ¥
which reducesto¯ I 7ú9 î ² I 7 ´ ½ x ¯ I 7ú9 î ² I 7 ´>¬ D ? M�û 7< M�û 7 F ½ Q M D ? M�û 7< M�û 7 F ¬ l ? ½M�û 7 ? M�û 7 \ ¥ â
Summingfrom

« � « ^ to
« � « î with

I 7 e �6¥ , x ñ ¥ thenimplies(5.51). �
Notice that theonly differencebetweenTheorems5.4 and5.14is theblock containingx . It turnsout thatthischangecanbecarriedthroughall theway to thesynthesisLMIs.

Considerthediscretetimeversionof theclosed-loopLPV system(5.6)on LFT formyzzz{ I 7< = û 7< � û 7<�M�û 7
~����� � yzzz{ J K = K � K MO = P =�= P = �EP = MO � PÔ� = PÔ�1�ÂPÔ� MO�M P M = P M �®P M�M

~�����
yzzz{ I 7? = û 7? � û 7?NM�û 7

~����� (5.53)

with a parameterdependency givenbyyzzz{ ? = û 7? � û 7<�= û 7< � û 7
~ ���� h����S¯
Ã 7 ´ ��è���U:�S¯dÃ 7 ´ ��è�� � U:� î ¯
Ã 7 ´U � Ç ¯
Ã 7 ´ � ��èÕ� yzzz{ U î = ¯dÃ 7 ´U î � ¯
Ã 7 ´U Ç =�¯dÃ 7 ´U Ç � ¯
Ã 7 ´

~ ���� µ (5.54)

where
I h@��� Ú 9 �%� µ < = h@���%�G� µ < � h@� 7 � µ <�M�h@���%�T� µ ? = h@������� µ ? � h@� ¿ � , and?NM¸h¹���%��� .

Thetrajectoriesof (5.53)arethenthesameasfor (5.49)with (5.8). Furthermorethefull
blockS-procedureproviding anRQPtestfor theLFT form is exactly asin Theorem5.6
exceptfor thechangeof theblockcontainingx .

5.4.3 Discrete time synthesis

As discussedin the previous section,the only differencebetweenthe continuousand

discretetime versionsof RQPanalysisof LPV systemsis theblock which is

D ¥ xx ¥ F
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in continuoustime and

D ² x ¥¥ x F in discretetime. Sincethesetwo blockshave the

sameinertia,wecanstill applytheEliminationLemmafor quadraticmatrix inequalities
(Lemma2.9).Furthermore,theannihilatorsstill cancelthesamerowsandcolumnsasin
thecontinuoustimecase.Thismeansthatit is againtheupperleft blocksof x and x Ö î
whicharepreserved.

Considerthediscretetimesystemyzzz{ « 7ú9 î< = û 7< M�û 7ã 7
~����� � yzzz{ � � = �AM �� = 5 =�= 5 = M´³ =� M 5 M = 5 M�M ³ M� ·¡= · M ¥

~�����
yzzz{ « 7? = û 7? M�û 7®ò7

~����� (5.55)

with parameterdependencegivenby� ?Ü= û 7< = û 7 � h���¯
Ã 7 ´ ��è���Uf¯dÃ 7 ´ � è�� � U î ¯
Ã 7 ´U Ç ¯
Ã 7 ´ � â (5.56)

Thecontrollerwill beon theformyz{ « � û 7ú9 î® 7< � û 7
~��� � yz{ ��� � � î � � Ç� � î 5 � î�î 5ò� î Ç� � Ç 5 � Ç î 5ò� Ç�Ç ~��� yz{ « � û 7ã 7? � û 7

~��� µ (5.57)

with thecontroller schedulingsubspace� ? � û 7< � û 7 � h�� � ¯
Ã 7 ´ ��è���U � ¯
Ã 7 ´ ��è�� � U � î ¯dÃ 7 ´U � Ç ¯dÃ 7 ´ � â (5.58)

Theorem5.15 (DiscretetimeLPV controller synthesis)

Thefollowing twostatementsareequivalent

1. A controller ontheform(5.57)-(5.58)existsfor theLPVsystem(5.55)-(5.54)such
that the closedloop systemachievesrobust quadratic performancewith perfor-
manceindex

Q M satisfying(5.50).

2. There existHermitianX,YandHermitianmultipliersQ ñ ¥ on ��¯
Ã ´ and
ÊQ à ¥ on �Ý¯
Ã ´ Ë µÌ¢ Ã�h ­Ã (5.59)

satisfyingthelinear matrix inequalitiesD Ä qq Å F W ¥ (5.60)
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Î ½ yzzzzzzz{ ''''''
~���������
½ yzzzzzzz{ ² Ä ¥¥ Ä ¥ ¥¥ ¥ ¥ ¥¥ ¥¥ ¥¥ ¥ S UU ½ ó ¥ ¥¥ ¥¥ ¥¥ ¥ ¥ ¥¥ ¥ S M U8MU ½M óVM

~���������
yzzzzzzz{ q ¥ ¥� � = �AM¥ q ¥�¶= 5 =�= 5 = M¥ ¥ q�µM 5 M = 5 M�M

~��������� Î à ¥ (5.61)

Ï ½ yzzzzzzz{ '' ''''
~ ��������
½ yzzzzzzz{ ²VÅ ¥¥ Å ¥ ¥¥ ¥ ¥ ¥¥ ¥¥ ¥¥ ¥ ÊS ÊUÊU ½ Êó ¥ ¥¥ ¥¥ ¥¥ ¥ ¥ ¥¥ ¥ ÊS M ÊU MÊU ½M Êó M

~ ��������
yzzzzzzz{ ² � ½ ² � ½= ² � ½Mq ¥ ¥² � ½= ²V5 ½=�= ²V5 ½M =¥ q ¥² � ½M ²V5 ½= M ²V5 ½M�M¥ ¥ q

~ �������� Ï ñ ¥
(5.62)

where Ï � � � ½ ³ ½= ³ ½M �ÑÐ Î � � � ·¡= · M��ÑÐ
Proof: Theproof followsthesamelinesastheproofof Theorem5.10. x is constructed
in exactly thesameway from Ä and

Å
. �

As indicatedthecontrollerconstructionfollows the exactsamelinesasin the proof of
Theorem5.10.

5.4.4 Discrete time controller design and implementation

This sectiondiscussesa few issueson designingandimplementingdiscretetime LPV
controllers.

Restrictions on pole placement

TheLMI approachto controlallows for simplewaysto restricttheclosed-looppolesto
certainareasof thes- or z-plane,seefor instance[Chilali et al., 1999]. Notethatit does
not really make senseto take aboutpolesfor a time-varyingsystem,but restrictingthe
eigenvaluesof J ¯dÃ ´ hasa similar meaning. For example,it is very easyto ensurea
certaindecayratein discretetime by restrictingthe eigenvaluesto be within a margin�

of the unit circle, i.e. �Ü¯4J�¯
Ã ´]´ à £ ² � µÌ¢ Ã h ­Ã , where � denotesthe spectral

radius. This can be enforcedby replacingthe

D ² x ¥¥ x F -block in Theorem5.52 by



86 LinearParameterVaryingFlux ObserverD ² x ¥¥ ¯N£ ² � ´ Ö Ç x F . In the synthesisin Theorem5.15 this correspondsto changingD ² Ä ¥¥ Ä F to

D ² Ä ¥¥ ¯N£ ² � ´ Ö Ç Ä F in (5.61)and

D ²VÅ ¥¥ Å F to

D ²VÅ ¥¥ ¯]£ ² � ´ Ç Å F in

(5.62).

Implementation

A controlleron the form (5.57)-(5.58)canbe be implementedthrougha reformulation
alongthelinesof Lemma5.5.Thecontroller(5.57)-(5.58)canbewrittenas« � û 7
9 î � � � ¯
Ã 7 ´ « � û 7 ¬ � � ¯
Ã 7 ´ ã 7® 7 � � � ¯dÃ 7 ´ « � û 7 ¬�5ò� ¯dÃ 7 ´ ã 7 (5.63)

whereD � � ¯
Ã 7 ´ � � ¯
Ã 7 ´� � ¯dÃ 7 ´¬5ò� ¯
Ã 7 ´TF R D � � � � î� � î 5 � î�î F ¬D � � Ç5 � î Ç F U � î ¯dÃ 7 ´ ¡ U � Ç ¯dÃ 7 ´�²¿5 � Ç�Ç U � î ¯
Ã 7 ´ § ¤ � � � Ç 5 � Ç î � â (5.64)

Somecomputationpowermaybesavedbeworking with theschedulingvectors? � and< � ratherthancomputingtheentirematrix in (5.64)alongthefollowing linesÊ< � û 7 � � � Ç « � û 7 ¬�5 � Ç î ã 7 µ? � û 7 � U � î ¯
Ã 7 ´ ¡ U � Ç ¯dÃ 7 ´�²¿5 � Ç�Ç U � î ¯
Ã 7 ´ § ¤ Ê< � û 7 µ® 7 � � � î « � û 7 ¬�5ò� î�î ã 7 ¬65ò� î Ç ? � û 7 µ« � û 7ú9 î � � � « � û 7 ¬ � � î ã 7 ¬ � � Ç ? � û 7 µ
but unless

5 � Ç�Ç happensto bezero,thereis in generalno way to avoid theinversion.

5.5 Complex LPV systems

Certainsystemswith aparticularstructurecanbetransformedinto anequivalentsystem
with half thenumberof states,inputs,andoutputs,assumingthat theoutputcanbede-
composedin ameaningfulway. Weshallreferto this typeof systemascomplex-formed,
sincethetransformationwill typically befrom areal-valuedsystemto acomplex-valued
one.

Thecurrentpartof theinductionmotormodelin Section3.3.2is complex-formedif we
view ¶�· asa parameterratherthana state.
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One would expect that if a systemis complex-formed, then the optimal controller is
complex-formedaswell. This sectionestablishestheoreticalevidenceof this. Section
5.5.1showsthataddition,multiplication,andinversionof complex-formedmatricespre-
servesthestructure.Section5.5.2considerscomplex-formedlinearsystemsandshows
that for a specialcase,restrictingthecontrollerto becomplex-formedaswell doesnot
limit the achievableperformance.Section5.5.3considersLMIs with complex-formed
matricesandshows thatfor a simpletype,restrictingthesolutionto becomplex-formed
aswell will notaffect thefeasibility. Finally Section5.5.4considersLPV controllersyn-
thesis.It is shown that for a complex-formedLPV systemtheoptimalcontrolleris also
complex-formed.

5.5.1 Complex-formed matrices

Definethefollowing convex set:

Definition5.16 (Complex-formedmatrix, O Ç�� Ç Ç��	 )O Ç ¿ Ç Ç �	 R » ;¬n�; � D ; · ² ; ¾; ¾ ; · F µ ; · µ ; ¾ h�� ¿ ÇÀ� À/â
If a matrix is in O Ç�� Ç Ç��	 wewill call it complex-formed.

It is obviousthatif ; î µ ; Ç h�O Ç ¿ Ç Ç �	 µ ; ï h O Ç �8Ç Ç M	 we alsohave; î ¬ ; Ç h�O Ç ¿ Ç Ç �	 and ; î ; ï h�O Ç ¿ Ç Ç M	 â
If ;�
 h O Ç ¿ Ç Ç ¿	 is non-singularwe alsohave ; Ö î
 h0O Ç ¿ Ç Ç ¿	 :

Lemma5.17 Let ;�h O Ç ¿ Ç Ç ¿	 benonsingular. Then; Ö î h0O Ç ¿ Ç Ç ¿	 aswell.

Proof: A proof is givenin theappendixon page175. �
Definethefollowing transformationfrom O Ç ¿ Ç Ç �	 to � ¿ Ç�� :

Definition5.18 (
ð
� ¯]ì ´ -transformation)ð � à D ; · ² ; ¾; ¾ ; · F á R ; · ¬�	 ; ¾ â (5.65)

Remark5.19 This transformationhasnouniqueinverseunlesssomespecificconstraints
on ; · and ; ¾ aregiven,for instancethatthey shouldbereal.

We cannow give thefollowing extensionto Lemma5.17:
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Lemma5.20 Let ;­h O Ç ¿ Ç Ç ¿	 benonsingular. Thenð � Ù ; Ö î ÛÝ� ð � ¯4; ´�Ö î â (5.66)

Proof:

A proof is givenin theappendixon page176. �
5.5.2 Complex-formed linear systems

By Lemma5.17it followsthatif all matricesof astatespacesystemareof thisparticular
form, thenthetransferfunctionis too.

Definethefollowing setof matrix transferfunctions:

Definition5.21 (Complex-formedsystem,O�� )O Ç ¿ Ç Ç �� � » ð ¯ �4´ n ð ¯ �Ñ´ h�O Ç ¿ Ç Ç �	 µÌ¢:� À/â
Corollary5.22 ConsiderthestatespacesystemË« � � « ¬ � ® µ ã ��� « ¬©5 ® µ
and assume

� h�O Ç �8Ç Ç �	 µ � h�O Ç �8Ç Ç ¿	 µ � h�O Ç M Ç Ç �	 , and
5 h�O Ç M Ç Ç ¿	 . Thenthe

transferfunction ¨°¯ �Ñ´ R �ò¯ � q � ² � ´ Ö î � ¬�5 is in O � :¨°¯ �Ñ´ h0O Ç M Ç Ç ¿� â
Furthermore ð � ¯�¨°¯ �4´�´ � ð � ¯5� ´ Ù � q�� Ø ² ð � ¯ � ´ Û Ö î ð � ¯d� ´@¬ ð � ¯ 5�´ â
Remark5.23 The eigenvaluesof a squarecomplex-formedreal matrix,

�
, consistof

complex conjugatedanddoublereal pairs. The eigenvaluesof
ð � ¯ � ´ consistof one

from eachpair.

Remark5.24 The transferfunction, ¨°¯ �Ñ´ of a statespacesystemwith real matricesis
symmetricaroundtherealaxis. This is not necessarilytrue for

ð
� ¯�¨°¯ �Ñ´�´ . Oneconse-
quenceis thatbodeplotsneedto beshown for bothpositiveandnegativefrequencies.

The following theoremshows that for a specialsystemwith complex-formedtransfer
functionsthereis no lossin achievableperformanceby restrictingthe controller to be
complex-formedaswell.
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Definethematrix S R D ¥ qq ¥ F (5.67)

wherethedimensionwill beapparentfrom thecontext.

Lemma5.25 Let ¨ µ��-µ · �º· ½ h0O�� andS ¨ ¬ ¨ ½ S ¬ S ��� ½ S ¬ · à ¥ ¢:�
(5.68)

Then · à ¥ ¢��
(5.69)

Proof: Obviously (5.68)implies
) R S ¨ ¬ ¨ ½ S ¬ · à ¥ . ThenalsoD ¥ ² qq ¥ F ) D ¥ q² q ¥ F ¬6) � Í · à ¥ (5.70)�

Theorem5.26 Let ; R D ; î�î ; î Ç; Ç î ; Ç�Ç F µ ; Ç�Ç ��¥ µ (5.71)

where ; î�î , ; î Ç , ; Ç î h O�� . If a controller + existsyieldingclosed-loop.0/ perfor-
mance äæä ; ñ +Îäæä / à 1 thena controller + î h©O�� existswith equalor betterclosed
loopperformance, i. e. ä¤ä ; ñ + î äæä / à 1 .

Proof: Theclosedlooptransferfunctionis � î �&; î�î ¬ ; î Ç +
; Ç î . ä¤ä � î ä¤ä / à 1 if and
only if � ½î � îfà 1 Ç q . Decompose+ as +�� + î ¬ + Ç S , where + î µ + Ç hÚO�� . When
calculating � ½î � î�² 1 Ç q it canbe put on the form in (5.68),where ¨ and

�
arezero

when + Ç is zeroandwhere· doesnotdependon + Ç . By Lemma5.25theperformance
will thenat leastbemaintainedby setting+ Ç ��¥ . �
Remark5.27 Note that sincethe performanceholdsat all frequencies,Theorem5.26
holdsequallywell for . Ç performance.

Remark5.28 Thesystemin (5.71)is somewhatspecialiseddueto thecondition ; Ç�Ç �¥ . Givena non-zero(but stable); Ç�Ç , we candesigna + for ; with ; Ç�Ç ��¥ andthen
implementthecontroller D ¥ qq ² ; Ç�Ç F ñ + â (5.72)

If ; Ç�Ç h O�� thensois (5.72)assumingthat ¯ ² ; Ç�Ç ´ ñ + is well-posed.Otherwisethe
controllerhasto beimplementedasthetwo separateblocksin (5.72).

Thespecialsystem(5.71)with ; Ç�Ç �6¥ canbeseenasanobserverproblem.
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5.5.3 Complex-formed LMIs

We will now turn ourattentionto LMIs wheretheknown matricesarecomplex-formed.
Wewill show thatfor abasictypeof LMI, thereis no lossof feasibilityby restrictingthe
solutionto becomplex-formedaswell.

Lemma5.29 Define B 7 R D ¥ ² q 7q 7 ¥ F µ
andassume

� h O Ç ¿ Ç Ç �	 . Then B ¿ � � � B � â
Proof: By trivial calculation. �
Noticethat

ð � ¯TB 7 ´ � 	 q 7 .
Theorem5.30 Let

� h�O Ç �8Ç Ç ¿	 µ �ih O Ç î Ç Ç �	 µ � �6� ½ h�O Ç �8Ç Ç �	 . If theLMIá ¯4Ä ´ � � Ä � ¬ � ½ Ä ½ � ½³¬ � ñ ¥ (5.73)

hasa solution Ä±h¹� Ç ¿ Ç Ç î , thenit alsohasa solution Ä � h�O Ç ¿ Ç Ç î	 .

Proof: Define B 7 asin Lemma5.29.LetÄ � D Ä î Ä ÇÄ ï Ä�
 F
bea solutionto (5.73).DecomposeÄ asÄ � Ä ��¬ D ¥ qq ¥ F Ä���oµ Ä � h�O Ç î Ç Ç �	 µ Ä��� h0O Ç î Ç Ç �	 â
Ä � is uniqueandgivenbyÄ � � £Í ¯3Ä ¬ B ½¿ Ä¿B î ´ � £Í D Ä î ¬ Ä�
 ² ¯4Ä ï ² Ä Ç ´Ä ï ² Ä Ç Ä î ¬ Ä�
 F â (5.74)á ¯3Ä ´ ñ ¥ implies B ½� á ¯3Ä ´ B � ñ ¥ µ (5.75)

andthus£Í ¯ á ¯3Ä ´>¬ B ½� á ¯3Ä ´ B � ´ � £Í ¯ á ¯3Ä ¬ B ½¿ ÄÚB î�´]´ � á ¯4Ä ��´ ñ ¥ â



5.5Complex LPV systems 91�
In this theorem,Ä is assumedto beunstructured,but thestatementholdswhenever the
projectionin (5.74)preservesthestructure,for instanceif Ä î µ Ä Ç µ Ä ï , and Ä�
 all have
thesameblock-diagonalstructure.

Since B 7 is realtheabovetheoremalsoholdsin therealdomain:

Corollary5.31 Let
� h0O Ç �8Ç Ç ¿	 � ° Ç �8Ç Ç ¿ µ ��h O Ç î Ç Ç �	 � ° Ç î Ç Ç � µ � �6� ½ h O Ç �8Ç Ç �	 �° Ç �8Ç Ç � . If theLMI � Ä � ¬ � H Ä H � H ¬ � ñ ¥ (5.76)

hasa solution Ä h�° Ç ¿ Ç Ç î , thenit alsohasa solution Ä � h O Ç ¿ Ç Ç î	 � ° Ç ¿ Ç Ç î .
5.5.4 Complex-formed LPV synthesis

Considerthe system(5.11) and assumeall matricesto be complex-formed. Assume
furthermorethat the parameterdependency is given by (5.12) with U î ¯
Ã ´ and U Ç ¯dÃ ´
complex-formedfor all Ãih ­Ã .

Now considercontroller synthesisto obtain RQP with a performanceindex with
complex-formedsub-matrices.Sincetheannihilatorscanbechosenascomplex-formed,
all sub-matricesin theLMIs in statement2. of Theorem5.10arecomplex-formed. By
suitablepermutations,all the synthesisLMIs canbe broughtonto the form (5.73). To
illustratethis,considerthefollowing simpleexample.

Example5.32 ConsidertheLMI in
S µ U , and ó; � D 5 ³ F ½ D S UU ½ ó F D 5 ³ F ñ ¥ µ

where
5 h O Ç ¿ Ç Ç b � 9 M f	 , ³�h0O Ç î Ç Ç b � 9 M f	 ,

S h Æ Ç �8Ç Ç � , and ó h Æ Ç M Ç Ç M . Partition the
decisionvariablesasS � D S î�î S î ÇS ½î Ç S Ç�Ç F µ ó¹� D ó î�î ó î Çó ½î Ç ó Ç�Ç F µ UM� D U î�î U î ÇU Ç î U Ç�Ç F â
DefinethepermutationmatrixQ R yzz{ q � ¥ ¥ ¥¥ ¥ q � ¥¥ q M ¥ ¥¥ ¥ ¥ q M

~���� â
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Since

Q Q ½ � q Ç b � 9 M f we thenhave; � D 5 ³ F ½ Q� ��� ��! �
Q ½ D S UU ½ ó F Q� ��� �" �

Q ½ D 5 ³ F� �#� �� � ñ ¥ µ
where

5 M h0O Ç b ¿ 9 î f Ç Ç b � 9 M f	 . Theimportantpointnow is thatperformingtheprojection
in (5.74)on Ä M andthenswappingthe rows andcolumnsbackpreservesall structural
requirementson

S µ U , and ó , for instancetheprojectionsof
S

and ó will still beHer-
mitian. In conclusion,if we have

S ^ µ U ^ , and ó ^ solving ; ñ ¥ , thensowillD%S UU ½ ó F � £Í Ù Q Ä ^ Q ½ ¬ Q B ½� 9 M Ä ^ B � 9 M Q ½ Û µ
where Ä ^ � Q ½ D S ^ U ^U ½^ ó ^ F Q â
This methodcanbe appliedto all the LMIs in statement2. of Theorem5.10. We can
thereforealwaysrestrictourselvesto a solutionwhere Ä µ�Å³µ S µ ó µ U µ ÊS µ ÊU , and

Êó are
all complex-formed.Theextendedmultiplier

Q ¦ , theschedulingfunction U � ¯
Ã ´ andthe
Lyapunov matrix x will thenhavecomplex-formedsubmatrices.Whenpermuting(5.10)
in orderto makeit correspondto thequadraticmatrix inequalityin (2.11),it canbedone
in suchawaythat

� µ � µ � , and

Q
in (2.11)areall complex-formed.It is thenpossibleto

solve thequadraticmatrix inequalityalongthelinesof theproof in theappendixin such
away thatall controllermatricesarealsocomplex-formed.

Corollary5.33 Considersystem(5.11)andassumeall matricesto becomplex-formed.
Assumefurthermore that the parameterdependencyis givenby (5.12)with U î ¯
Ã ´ andU Ç ¯
Ã ´ complex-formedfor all Ã�h ­Ã . In addition, let theperformanceindex

Q M have
complex-formedsub-matrices.

If a controller existsachievingRQPwith performanceindex

Q M , thenthere existsa con-
troller with complex-formedmatricesandschedulingfunctionalsoachievingthis.

In practical situationswe will typically be dealing with an LPV systemwith real
complex-formedmatrices.Thebestway to designa controllerwould thenseemto beY

Solve thesynthesisLMIs in Theorem5.10restricting Ä µ�ÅÓµ S µ ó µ U µ ÊS µ ÊU , and
Êó

to be have complex-formedsubmatrices.This approximatelyhalvesthe number
of decisionvariables.

Y
Performthe

ð � ¯Nì ´ -transformationon all submatrices,therebyobtainingcomplex
matricesof half theoriginal size.
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Extendthemultiplier andtheLyapunov matrix.

Y
Solve the quadraticmatrix inequality. Doing theselast two stepsin the complex
domainmakestheproblemsslightly soundernumerically.

How to implementthecontrollerdependsonwhethercomplex arithmeticis availableon
theparticularplatformfor implementation.If so,thenconvert themeasurementD ã îã Ç F ¯ ã î ¬
	 ã Ç
andcomputethecontrolsignal ® . Outputthesignal

D%$ » ® Àºf» ® À F to thesystem.

If no complex arithmeticis available,thenthecontrollermatricesmustbe transformed
back,for instance � � ¯ D $ » ��� À ²�ºf» ��� Àºf» ��� À $ » ��� À F â
Careshouldbetakento exploit thecomplex-formedstructurein orderto reducecompu-
tationalcomplexity, for instancein computingtheinversein (5.36).

5.6 LPV flux observer

An essentialpart of the rotor flux orientedcontrol schemediscussedin Chapter4 is
the rotor flux observer. If a goodestimateof the rotor flux (or equivalentmagnetising
current)is not available,thepartialdecouplingof thestatorcurrentinto torqueandrotor
flux controllingparts,asdescribedin Section4.1,will not beachieved,andtheclosed-
loopperformancewill bedegraded.

As discussedin Section3.3 the inductionmotor modelcanbe consideredasan LPV
systemby consideringthe rotor speedas a time-varying parameter. In this sectiona
discretetimeflux observer is designedusingthesynthesismethoddescribedin Sections
5.2-5.4. The aim is to designan observer with theoreticallyguaranteedconvergence,
which workswell overa wide rangeof speeds,is simpleto implementin real-time,and
furthermorerequiresvery little tuning.

In Section5.6.1,theinductionmotormodelis put on theLFT form neededfor thesyn-
thesis,andit is discussedhow it is discretised.In Section5.6.2theactualsynthesisof the
observer is discussed.Finally, experimentsareperformedon thelaboratorysetup.This
is donebothwith andwithout a speedsensor. Theexperimentsaredescribedin Section
5.6.3.
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First, someotherflux observersfound in the literaturearebriefly discussed.The flux
observerpresentedin [JansenandLorenz,1992] (theJL-observer)hasalreadybeende-
scribedin Section4.3.1. Basedon physicalinsight a simplecombinationof two basic
modelswerecombined.TheJL-observer canbe tunedto have fastconvergenceandis
relatively simpleto implement.Themaincomplicationis thetuningof thetwo complex
constantsto ensuresatisfactorybehaviour over a wide speedrange.The following is a
non-exhaustive review of otherexisting rotor flux observer designs.Commonto all of
thefollowing (aswell astheJL-observer) is thatthey arebasedon measurementsof the
rotorspeed,thestatorcurrent,andthestatorvoltage.In someof thefollowing papersthe
voltagecommandis usedinsteadof statorvoltagemeasurements,but in generalsome
representationof the statorvoltageis needed.In several of the papersadaptionof the
rotor time constantandotherparametersis alsodiscussed.We will, however, not focus
on parameteradaption.

In [NilsenandKaźmierkowski, 1992] thestatorcurrentis consideredastheinput to the
inductionmotor, andthestatorvoltagepredictionerroris usedto updatetheflux estimate.
Theobserver gain is chosenfrom physicalconsiderations.The observer would appear
to work well in practice,but thetheoreticaljustificationis somewhatunclear. Thepaper
alsosuggestshow to observe parametervariationsin therotor time constant

ð · andthe
mutualinductanceá ¿ .

In [Manesetal., 1996] it is suggestedto useanextendedLuenbergerobserver with the
loadtorque

Ò × to beslowly varying. Eventhoughthedesignrequiresthe inversionof
a (sparse)& Ã & matrix at eachtime step,theobserver performanceis demonstratedon
a real-timesystemandperformswell. Themainproblemis thatit requirestuningof six
parameters.Eventhoughthesesix parameterscanbedirectly interpretedasclosed-loop
eigenvalues,this tuningmaybetricky.

In [Martin andRouchon,2000] two simple flux observers are discussed.The first is
basicallyanopen-loopsimulationof themotor. It is shown thatif thecorrectparameters
areused,theestimatewill convergeto thetruevalue.Theconvergencerateis, however,
veryslow. Thesecondobserveris somewhatsimilar to theJL-observeralthoughit is less
obvioushow to interpretit from a physicalpoint of view. It is provedthat theestimate
convergesto thetruevalue.Theconvergenceratecanbemadearbitrarily fast.Justasthe
JL-observer it requiresthetuningof two complex parameters,whichmaybedifficult. In
additionit is unclearhow well theobserverworksin practice.

In [BenchaibandEdwards,2000] a sliding modeobserver is designedaspartof a slid-
ing modecontrol. The overall control systemsdisplayssomechattering,but the flux
estimatesaresatisfactory. It would,however, betricky to implementtheschemein real-
time.

In [Marino etal., 1996] a controller is designedusing a backsteppingmethod. The
schemeincludesanobserver which alsoestimatesthe rotor time constantandthe load
torque

Ò × , assumingthelatterto beconstant.Simulationresultsindicateagoodperfor-
mance,but no real-timeexperimentsarepresented.
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In [PetersenandPulle,1998] it is suggestedto useaKalmanfilter with thegaindesigned
from a deterministicviewpoint. In [PetersenandPulle,1997] it is describedhow to ex-
tendthemethodto berobustto parameteruncertainty. Thebasicideaof thedeterministic
viewpointis notto computetheKalmangainfrom anestimateof thenoisevariance,since
it canbedifficult to obtaina reasonablemodelof thenoise. Instead,thenoisevariance
is usedasa tuningparameter. At eachtime stepanellipsoidcontainingall thepossible
systemstatesthat areconsistentwith the measurementsarefound. The centreof this
ellipsoidis thenusedasthecurrentestimate.Thismethodis somewhatadhoc,but is on
theotherhandeasyto tune.Themainproblemis thatit is computationallyheavy.

In [Trangbæk,2000] anLPV observerwasdesignedusingthestructuredsingularvalue
approachwith block-diagonalmultipliers. The performancewasgood,but the conser-
vatismdueto restrictionson themultipliersmadeit necessaryto restrictoperationto a
smallrangeof speeds.

Thefollowingdescribeanovelapproach,theuseof full blockmultipliers,to flux observer
design.Theperformanceis theoreticallyjustifiedin awiderangeof speeds.Theresulting
observer is easyto implementandmost importantly requirespractically no tuning in
orderto performwell.

Simultaneouslywith this work, a similar LPV observer designhasbeendevelopedin
[Darengosseet al., 2000]. As themaindifferenceit is designedin continuoustimeanda
somewhatunorthodoxonlinediscretisationhasto beperformed.

5.6.1 Induction motor model

FromSection3.3.1we havethefollowing modelof theinductionmotor:Ë« �N� � � �1� « �1��¬ � �1�W­® �oµ« �1� � D ­ ± �­ ± ¿ F µ���1� � � ×SØÙ ð Æ 9 ð Ú]×SØÆ× Æ bæ× ØÙ ÖÜ×ÛÚN× Æ f ×SØÙ b('�× Æ�Ä\Æ Ö ð Æ f× Æ bæ× ØÙ Öv×ÛÚ]× Æ fð Æ× Æ 	 ¶�· ² ð Æ× Æ � µ� �1� � � × Æ×ÛÚ]× Æ Öv× ØÙ¥ � µ (5.77)

Ò ¦D� ï�) � ×SØÙÇ × Æ ºf» ­ ± � ­ ± ½¿ À µË¶�· �@Ö¡MfË¶ ¿ ¦ �+* � ) �, ¯ Ò ¦ ²BÒ × ´ â (5.78)

We assumethat we can measurethe statorvoltage
­® � , the statorcurrent

­ ± �
, and the

rotationalspeed¶�· . The aim is to estimatethe magnetisingcurrent
­ ±1¿

using these
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measurements.We will assumethat the rotationalspeedbelongsto a finite interval,¶�· ¯ ª ´ h ¡ ² ¶�· û ¿ �
×.- ¶�· û ¿ �
×4§ . We shall make no assumptionson the load torque
Ò × .

Consequently, very little informationabout
­ ±1¿

canberecoveredby consideringtheme-
chanicalequations(5.78). We will thereforeconsider¶�· asa time-varying parameter
andbasetheobserver on thecurrentequations(5.77). Thestatorvoltageis considered
asameasurabledisturbance.

The modelcannow be written directly on the basicLPV form (5.1), with 2!¯ ª ´ � ¶�· ,� ¯32!¯ ª ´]´ � � �1� , ��¯32�¯ ª ´]´ ��� �1� , and ® � ­® � .
LFT form

Themodelcaneasilybeputon theLFT form by thestandard”pulling out theuncertain-
ties” procedure(see[Zhou etal., 1996]). First write

� �N�
as� �1� � � ^ ¬ ¶�· � u · µ

andfactor
� u · as � u · � � î � ½Ç µ

where
� î and

� Ç areof full columnrank. The modelcannow be put on the form in
(5.11)with � � � ^ µ ��=Å� ï ¶ · û ¿ �
× � î µ � M �6� �1� µ (5.79)�¶=ò� ï ¶ · û ¿ �
× �ß½Ç µE5 =�= �6¥ µ¬5 = M �6¥ µ (5.80)

anda parameterdependency givenby thestandardLFT representation� ? =< = � h ��¯
Ã ´ ��è���Uf¯dÃ ´�µ Uf¯
Ã ´ � D Ã q F µ Ã � ¶�·¶ · û ¿ �
× â
Noticethatthesynthesismethodin Section5.3doesnotrequireÃ to bescaledto ¡ ² £/-Ñ£[§ .
A larger interval would simply limit the rangeof multipliers allowed by (5.20). The
scalingis performedherefor numericalreasons.

Therestof thesystemmatricesaredesignedin orderto posetheobserverproblemasa
controlproblem: �å�6¥ µ³ = �6¥ µ�µMÞ� � ¥ ² £ � µ 5 M = �6¥ µ 5 M�MÞ� � ¥ ¥ ¥ � µ� � D £ ¥¥ ¥ F µ · = ��¥ µ ·�MÁ� D ¥10 ¾ ¥£ ¥ 0 = F â
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Thissetupis alsoillustratedin Figure5.4asthepartwithin thedashedbox.
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motor model
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Figure5.4: Model setupfor the formulationof the flux observer asa genericcontrol
problem.

Theperformanceinput ?NMÔ� y{ ­® �? ¾?A= ~� consistsof thestatorvoltageactingasadisturbance,

andscaledmeasurementnoise.Themeasurementvectorã � D ­ ± � ¬ 0 ¾ ? ¾­® � ¬ 0�=�?A= F
consistsof statorcurrentand voltagecorruptedby noise. The performanceoutput is< M � ® ² ­ ± ¿ . Theobserverwill bedesignedto minimisethe þ Ç -inducednormof thegain

from ? M to < M , andthusthecontrolleroutput ® will beanestimateof
­ ± ¿

, i.e. ® � �­ ± ¿ .

The measurementnoiseis addedto avoid the observer having very high gain at low
frequencies.Thenormbounds0 ¾ and 08= canbeseenastuningparameters.

Discretisation

Sincetheinductionmotormodelwasobtainedin continuoustimeandtheobservermust
beimplementedin discretetime,achoicemustbemade.Eithertheobserver is designed
in continuoustimeandthendiscretised,or themodelis discretisedfirst, andanobserver
is designedby thediscretetimeversionof thesynthesisdescribedin Section5.4.3.

Basedon practicalexperienceit is chosento discretisethe modelandthendesignthe
observerin discretetime. Thediscretisationwasperformedby thebilineartransformation
methoddescribedin Section5.4.1. In practicethediscretisationwasonly performedon
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thepartof themodelspecifiedby thematricesin (5.79).After thistherestof thematrices
werechosenasabove.

5.6.2 Observer synthesis

An observer for the examplemotor with the parametersin (3.57)anda samplingfre-
quency of

, «2� < wassynthesisedusingTheorem5.15. Thenoiseboundswerechosen
ratherarbitrarily as 0 ¾ � £o¥ Ö 
 and 0 = � £o¥ Ö 
 .
As seenin Section5.5,nothingwill begainedfrom transformingthesecondordercom-
plex modelinto a fourthorderrealmodelandallowing for solutionthatarenotcomplex-
formed.By restrictingthesolutionto becomplex-formedwe have thefollowing advan-
tagesY

Fewerdecisionvariables.Sincetheproblemis fairly small,thisis notsoimportant
here.

Y
Betternumericsfor thequadraticmatrix inequalitysolution.Y
A complex-formedschedulingfunction. This is a greatadvantage,sinceinstead
of invertinga

Í¸ÃkÍ
realmatrix,weonly haveto performacomplex division.

BeforesolvingtheLMI, themodelwasbalancedto betterthenumerics.Thebalancing
wasperformedonthemodelincludingparameterdependenceandperformancechannels.

Theperformanceindex

Q M waschosenasthe þ Ç -inducednormspecificationQ MÔ� D ² 1 Ç q ¥¥ q F µ
anda bisectionalsearchwasperformedto determinethe lowestvalueof 1 for which
the LMIs werefeasible. Figure5.5 shows the achievable 1 , denoted1 � , asa function
of ¶ · û ¿ �
× . Eachobserver computationwasdonein a few secondsusing the MatLab
LMI toolbox [Gahinetet al., 1995]. Thesmall increasein 1 � for small speedrangesis
dueto the combinedeffect of the balancingandboundson the Frobeniusnorm of the
multipliers,i.e. a numericaleffect.
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Figure 5.5: The achievable þ Ç -inducednorm, 1 � , as a function of rangeof rotational
speeds,¶ · û ¿ ��× .
An observerwith ¶�· û ¿ ��×Á� Í ¥W¥ rad

È��
waschosenfor furtherexperiments.Theobserver

wascomputedwith asuboptimal1 � £ â £ 1 �Ý��¥ â ¥G¥G¥ , in orderto improvethenumerics.

The observer will be comparedto a JL-observer, which hasbeenhand-tunedto yield
reasonablebehaviour over thespeedrange.Theconstantsare + î � , Í ¯N£ ¬ ¥ â £ 	/´ and+ Ç � Í ¯]£ ¬ ¥ â £ 	/´ . In Figure5.6 bodeplots of the two observersaregiven for ¶�· �£o¥ Ð�� © È�� . For comparativepurposes,aJL-observerwith + î � £o¥G¥W¥G¥ and + Ç �6¥ is also
given.Thisis practicallyanopen-loopsimulationof thecurrentmodel,whichis probably
themostcommonlyusedobserver in inductionmotorcontroldueto its simplicity. We
will referto theobserverdesignedaboveastheLPV observer.

Thebodeplotsareshown for positivefrequenciesfrom £o¥ Ö î Ð�� © È�� to £o¥ 
 Ð�� © È�� . Notice
thatsincetheobserver is complex, thereis no symmetrybetweenpositive andnegative
frequencies.However, the positive frequenciesare the most importantfor a positive¶ · , so only theseare shown. The left column shows the gain from statorcurrent to
magnetisingcurrentestimate.The right columnshows the gain from statorvoltageto
magnetisingcurrentestimate.
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Figure5.6: Bodeplotsof threeobserversoperatingat ¶ · � £Ñ¥ Ð�� © È%� , theLPV observer
(solid), theJL-observer(dashed),andthecurrentmodel(dotted).

As seen,the gainsaresimilar in amplitudefor theLPV andtheJL-observer in the fre-
quency areaaroundtherotationalspeed.A majordifferenceis at low frequencies,where
the JL-observer will alwaysbe basedon the currentmodelandthusonly currentmea-
surements.TheLPV observer in contrastusesacombinationof bothcurrentandvoltage
measurements.It does,however, not have thevery high gainsthatanobserverbasedon
thevoltagemodelhasat low frequencies.

5.6.3 Experiments

Experimentsto confirmtheperformanceof theLPV observerareperformedonthelabo-
ratorysetup.Sincetheflux cannotbemeasured,theonly way to testtheobservers,is to
examinetheclosed-loopbehaviour of therotor flux orientedcontrol,whentheobserver
is inserted.All the otherpartsof the control schemeareimplementedasdescribedin
Section4.2.

Figure5.7 shows anexperiment,wherethespeedreferenceis ¶�· û · ¦87-� £o¥ Ð�� © È�� . The
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motor is disturbedby the load torque
Ò × , which switchesbetween¥ )kÒ and

, )kÒ
every £ È , seconds.The load is plottedby thedashedlines. Theplot on the left shows
theclosed-loopbehaviour with theLPV flux observer. Theplot on the right shows the
samefor theJL-observer.
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Figure5.7: Closed-loopoperationat ¶�· û · ¦87c�t£o¥ Ð�� © È�� . The left plot shows the be-
haviour with theLPV observer. Theright plot shows thesamefor theJL-observer.

Figure5.8 shows a similar experiment,but now thespeedreferenceis changedin steps
of £�� Ð�� © È�� every ¥ â & � from

² £��*¥ Ð�� © È�� to £��*¥ Ð�� © È�� andthenbackto
² £��*¥ Ð�� © È�� . The

loadtorquechangesbetween¥ )kÒ and
,
sign̄ ¶ · ´ )kÒ every ¥ â £ seconds.
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Figure5.8: Stepwisesweepthroughthespeedrange.Theleft plot shows thebehaviour
with theLPV observer. Theright plot shows thesamefor theJL-observer. Thedashed
linesshow thereferencespeed,¶�· û · ¦87 .
Themain conclusionfrom thesetwo testsis that the behaviour of the two observersis
verysimilar.

Speed sensor-less control

Very often it is desirableto avoid the useof a speedor positionsensor. The speed(or
position)thenhasto beestimatedby a speedobserversuchasKubota’s speedobserver
describedin Section4.4.2.Thefollowing testsaresimilar to thoseabove,but thespeed
measurementswerereplacedby thespeedestimatesfrom Kubota’sspeedobserverwith a
speedestimateupdategainof ¸ � � £o¥G¥W¥ andthecurrentobservergain ¨ chosensothat
theobserverclosed-loopeigenvalues(eigenvaluesof

��Ý�1� ¬ ¨Ô� ) wereequalto £ â £ times
theeigenvaluesof

����1�
. Sincethespeedobserverreactsslower thanthespeedsensor, the

speedcontrollerwasretunedto preservestability.

In addition to the LPV observer and the JL-observer, testsare also performedusing
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the magnetisingcurrentestimateprovidedby Kubota’s speedobserver assuggestedin
[Kubotaet al., 1993].

It shouldbenotedthatboththeLPV observerandtheJL-observerweredesignedunder
the assumptionof exact knowledgeof ¶�· . Thereis thereforeno theoreticalguarantee
thateitherwill work.

Figures5.9 and5.10show the sameexperimentsasabove but now usingthe observed
speedinsteadof the measured.The left columnsshow the behaviour with the LPV
observer. The middle and the right columnsshow the samefor the JL-observer and
theKubotaobserver, respectively. Thetop rows show theestimatedspeed,whereasthe
bottomrowsshow theactual(measured)speed.
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Figure5.9: Speedsensor-lessoperationat ¶ · û · ¦87 � £o¥ Ð�� © È�� . Theleft columnshowsthe
behaviour with theLPV observer. Themiddleandtheright columnshow thesamefor
theJL-observerandtheKubotaobserver, respectively. Thetop row showstheestimated
speed.Thebottomrow showsthemeasuredspeed.
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Figure5.10:Speedsensor-lessstepwisesweepthroughthespeedrange.Theleft column
shows thebehaviour with theLPV observer. Themiddleandtheright columnshow the
samefor theJL-observerandtheKubotaobserver, respectively. Thetop row shows the
estimatedspeed.Thebottomrow showsthemeasuredspeed.

The behaviour of the closed-loopsystemwith the threedifferent observers are quite
similar. If anything, the LPV observer is slightly better, especiallyin the large speed
reversalstep,but not enoughto claim thatit is superiorto theotherobservers.

A difficult taskin speedsensor-lesscontrol is to operatearoundzerospeed.Figure5.11
shows theresultsof a testwherethespeedreferenceslowly sweepsfrom

² £o¥ Ð�� © È�� to£Ñ¥ Ð�� © È%� andthenbackagain. On theupwardslopethe load torqueis givenby
Ò × �& sign̄ ¶�· ´g)kÒ . On the downward slopethe load torqueis zero. The large spikesare

causedby thesuddenchangein load.
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Figure5.11: Speedsensor-lessslow sweepthroughzerospeed.Theleft columnshows
thebehaviourwith theLPV observer. Themiddleandtheright columnshow thesamefor
theJL-observerandtheKubotaobserver, respectively. Thetop row showstheestimated
speed.Thebottomrow showsthemeasuredspeed.

As expected,thereis somedegradationof performancecloseto zerospeed.Theperfor-
mancewith thethreedifferentobserversis very similar. Again theLPV observermight
beslightly betterthantheothers.

5.7 Summary

In thischapteracontrollersynthesismethodfor LPV systemswasdescribedandapplied
to thedesignof a rotor flux observer.

First, the controllersynthesismethodof [Scherer, 2001] wasdescribed.By usingfull
block scalingsthe methodprovidesthe leastconservative way of designingcontrollers
yieldingrobustquadraticperformancefor anLPV systemwith rationalparameterdepen-
dence.A new resulton how to improve thenumericsof a partof thesynthesismethod
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wasgiven.

Secondly, it wasdiscussedhow to changethe theoryto thediscretetime domain. This
canbedoneby asimplesubstitutionof someof thematrix blocksin theLMIs.

Inspiredby thespecialstructureof thecurrentpartof theinductionmotormodel,which
allows it to bewritten eitherasa fourth orderrealmodelor asa secondordercomplex
model,sometheoreticalresultsonthis typeof structurewerethengiven.Themainresult
wasthat for an LPV systemwith this particulartypeof structure,thecontrollercanbe
restrictedto have thesamestructurewithout lossof achievableperformance.This have
severaladvantages,especiallyin implementationof thecontroller.

Finally the theorywasappliedto thedesignof a discretetime LPV flux observer. The
observer wasthentestedon a laboratorysetup. It wasusedaspart of a speedcontrol
scheme,bothwith andwithout speedsensor. Theresultingperformancewascompared
to theperformancewhenusingtheJL-observeror theflux estimatesfrom Kubota’sspeed
observer, bothdescribedin Chapter4. Althoughtheperformancewasnot significantly
better, it is worth noting that practically no tuning had to be performedfor the LPV
observer.



Chapter 6

QUASI-LPV
CURRENT AND

SPEED

CONTROLLERS

Thequasi-LPVapproachallows theuseof LPV theoryfor a very generalclassof non-
linear systems.In Section6.1 a discussionof the quasi-LPVstructureis given. The
approachis thenappliedto thedesignof a statorcurrentcontrollerin Section6.2.

In Section6.3anovelmethodis presentedfor transformingamulti-layerperceptronstate
spacemodelinto a quasi-LPVmodelsuitablefor controldesign.

Thismethodis thenappliedto thedesignof a speedcontrollerin Section6.4.
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6.1 Quasi-LPV systems

The following is a short introductionto the conceptof using quasi-LPVmodelsasa
basisfor control of nonlinearsystem. For a morethoroughdiscussionseethe survey
paper[RughandShamma,2000].

Beforethe1990’s,theoreticaltreatmentsof gainschedulingin nonlinearcontrolsystems
wasveryrare[RughandShamma,2000]. A theoreticaldiscussionof potentialproblems
of traditionallinearisationschedulingwasgivenin [ShammaandAthans,1990].

Linearisationscheduling,thetraditionalapproachto gainschedulingasa meansof de-
signingcontrollersfor nonlinearsystems,is basedon Jacobianlinearisationsof thesys-
tem modelin a finite numberof equilibria. For eachof theselinearisedmodelsa con-
troller is designedby lineardesignmethods.As thesystemmovesbetweenthesepoints,
thecontrolsystemthenswitchesbetweenthesecontrollers.This providesa theoretical
guaranteeof local stability andperformancearoundtheequilibria,but thereis no guar-
anteein betweenthesepoints. Furthermore,the methodalsoassumesthat the system
dynamicschangeis slow.

An early suggestionsthat a quasi-linearapproachcould overcometheseproblemswas
given in [ShammaandAthans,1992]. The idea is to view someof the systemstate
variablesasbothstatevariablesandtime-varyingparameters.

ConsiderthenonlinearsystemË« � <�¯ « µ ® µ ? µ�=S´�µ « � D « M« î F µ< � ><¯ « µ ® µ ? µ�=S´�µã � Ï ¯ « µ ? µ�=S´�µ (6.1)

where « is the systemstate, ® is the control input,
ã

is the measurementvector, < is
the performanceoutput, ? aremeasurableinputs,and

=
is noise. Assumethat these

nonlinearfunctionscanbewrittenas<�¯ « µ ® µ ? µ�=S´ � � ¯%0 ´ « ¬ � ¯?0 ´ ® M ¯?0 µ ® ´ ¬ � M ¯?0 ´+=!µ>�¯ « µ ® µ ? µ�=S´ � �µM!¯?0 ´ « ¬ ³¶MÛ¯?0 ´ ® M!¯%0 µ ® ´ ¬²5 M�MÛ¯?0 ´+=!µÏ ¯ « µ ® µ ? µ�=S´ � �ò¯?0 ´ « ¬ ·:MÛ¯?0 ´+=!µ0 � � ¯ « M µ ? ´�µ (6.2)

where® M is invertiblewith respectto ® , i.e. thereexistsa function ® Ö îM suchthat® Ö îM ¯ ® MÛ¯?0 µ ® ´�µ 0 ´ � ® â
Noticethatthis representationis valid anywhereandnot just in equilibria.We thenhave
thefollowing quasi-LPVsystem:y{ Ë« <ã ~� � y{ � ¯%0 ´ ��¯%0 ´ �VMÛ¯?0 ´�µMÛ¯?0 ´E5 M�M!¯?0 ´ ³¶MS¯%0 ´�ò¯?0 ´ · M ¯?0 ´ ¥ ~� y{ « =® M ¯?0 µ ® ´ ~� µ 0 � � ¯ « M µ ? ´ â (6.3)
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Assumethat
�

is known to belongto someboundedset U at all times. The nonlinear
system(6.1) is thencontainedin therelaxedquasi-LPVmodely{ Ë« <ã ~� � y{ � ¯42 ´ � ¯32 ´ �VMS¯42 ´� M ¯32 ´E5 M�M ¯42 ´ ³ M ¯32 ´�ò¯32 ´ · M ¯42 ´ ¥ ~� y{ « =® M ¯42 µ ® ´ ~� µ 2 h¹U â (6.4)

We cannow apply LPV control designtechniques,suchasthosediscussedin Chapter
5, to this system.OnceanLPV controllerhasbeenobtained,we simply implementthe
controllerandinput ® � ® Ö îM ¯ ® MS¯%0 µ ® ´�µ 0 ´ to thesystem.Theadvantageof thisapproach
overthetraditionallinearisationschedulingis thatstabilityandperformanceis conserved
in all of U andnot just locally at a finite numberof equilibria. Furthermore,thereis no
restrictionon how fasttheparametersareallowedto vary. A few pointsmustbemade
aboutthis approach:Y

Conservatismis introduced,sincethemodel(6.4)allowsfor any parametertrajec-
tory within U , whereasthepossibletrajectoriesof 0 maybefar morerestricted.

Y
The representationin (6.2) is not unique. Somerepresentationsmayyield better
resultsthanothers.

Y
The statevariables« M andthe inputs ? mustbe known in real-timein order to
allow gainschedulingcontrol.

Y
A necessaryconditionfor writing (6.1)as(6.2) is that(6.1)hasanequilibriumat
theorigin (aftera possibletransformationof ® ). Otherwisea coordinatetransfor-
mationmustbeperformedfirst, see[PackardandKantner, 1996].

Example6.1 ConsiderthenonlinearsystemË« î �6ç�èæé « î ¬ « Ç µ Ë« Ç �å¯ « î ¬ £ ´ « Ç ¬ ® ï â (6.5)

Thissystemcanbewrittenasthequasi-LPVsystemD Ë« îË« Ç F � � @?A B × c× c £¥ ¯ « î ¬ £ ´ � D « î« Ç F ¬ D ¥ £ F ® M (6.6)

or alternatively D Ë« îË« Ç F � � @CA B × c× c £« Ç £ � D « î« Ç F ¬ D ¥ £ F ® M µ (6.7)

where® � ® cDM . If only « î is measured,thenonly therepresentation(6.6)canbeusedfor
LPV control,sincethesystemmatrix in (6.7)contains« Ç .
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6.1.1 LFT representation

Obtaininga relaxedquasi-LPVmodelin LFT form follows thesamelinesasabove,as
illustratedby thefollowing example.

Example6.2 Consideragainthesystem(6.5). This canbewritten on theLFT form by
”pulling out thenonlinearities”(see[Zhouet al., 1996]):Ë« � D ¥ £¥ £ F « ¬ D ££ F ? = ¬ D ¥ £ F ® M µ? = �FEß¯4< = ´�µ < = � D < = î< = Ç F � « µEß¯4< = ´ � D � ± ¨ <�= î<�= î <�= Ç F â
A possiblequasi-LPVrepresentationis thenobtainedby rewriting thenonlinearitiesas? = �6Ã ¯d< = ´ < = µ Ã ¯4< = ´ � � � ¾ � b ª � c fª � c ¥¥ < = î � â
A relaxedquasi-LPVmodelis thenobtainedby viewing Ã asa time-varyinggainrather
thana nonlinearity. Notice that in order to apply LPV control designtechniques,we
againneedto haveaccessto « î in orderto know this gainin real-time.

Definition6.3 (Residualgains)

We will referto thefunction Ã whenusedasaboveasresidualgains.

6.2 Quasi-LPV stator current controller

In this sectionwe will usethe quasi-LPVapproachto designa novel type of stator
currentcontroller. Recall the configurationof the control schemeasshown in Figure
4.1. The speedandmagnetisingcurrentcontrollerprovidesa statorcurrentreference
for thestatorcurrentcontroller, which controlsthestatorcurrentby sendinga reference
for thestatorvoltageto thepower device. A wide varietyof schemesfor statorcurrent
control exists, both in hardwareandsoftware. For surveys on currentcontrollerssee
[Kaźmierkowski andDzieniakowski, 1994] and [Kaźmierkowski andMalesani,1998].
Here we will focus on the situationwherethe hardware is alreadygiven as a PWM
voltagesourcedinverter. We will furthermoreassumethat the switchingfrequency of
the inverteris fixedandfurthermoreis somuchhigherthanthe samplingfrequency of
thecontrolsystemthatwe canconsiderthe inverterasbeingableto produceany com-
plex statorvoltagewithin agivenlimit of magnitude.Somecurrentcontrolschemes,for
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instance[Liu et al., 1998], do not considertherotor dynamics.It is expectedthatbetter
performancecanbeachievedby consideringthesedynamics,which is alsoindicatedby
experimentsin [Rasmussen,1995].

Severalcontinuous-timecontrollershavebeenpresented,for instanceusingasimpleLya-
punov approach[ShyuandShieh,1995], minimum-timecontrol [Choi andSul,1998],
sliding modecontrol[ShiauandLin, 2001], aswell asa specialtypeof decouplingwith
specialregardto robustness[Junget al., 1997].

A generalproblemwith theseschemesis thatit is unclearif they will work well whenim-
plementedin discretetimeatasamplingfrequency which is notconsiderablyfasterthan
themotordynamics.Herewe will designa novel typeof controllerbasedon a discrete-
timemodel,thusincorporatingthelimitationsin thesamplingfrequency. Otherexamples
of discrete-timedesignscanbefoundin [Blaabjerg etal., 1996], whereRST-controllers
aredesigned,andin [YangandLee,1999] wherea simpledecouplingis designedun-
der the assumptionthat the changein speedand rotor flux from sampleto sampleis
negligible.

Section6.2.1 describesthe quasi-LPVmodel usedfor the controller design. Section
6.2.2describesthecontrollerdesign.Thesamplingfrequency is chosenas600Hz, both
dueto the computationalcomplexity and in order to demonstratethat it is possibleto
achieve goodresultsat a low samplingfrequency. In Section6.2.3 the closed-loopis
simulatedin orderto verify thestabilitybeforeimplementation.Finally, in Section6.2.4
thecontrolleris testedon the laboratorysetup.Theresultsaresatisfactoryconsidering
thelow samplingfrequency.

6.2.1 Quasi-LPV model

In Section3.3.1we foundthefollowing modelof theinductionmotor:Ë« �N� � ���1� « �1� ¬ � �1� ­® � µ« �1� � D ­ ± �­ ± ¿ F µ� �1� � � ×SØÙ ð Æ 9 ð Ú]×SØÆ× Æ bæ× ØÙ�ÖÜ×ÛÚN× Æ f ×SØÙ¶b('�× Æ�Ä\Æ Ö ð Æ f× Æ bæ× ØÙ³Öv×ÛÚ]× Æ fð Æ× Æ 	 ¶�· ² ð Æ× Æ � µ� �1� � � × Æ×ÛÚ]× Æ Öv× ØÙ¥ � µ (6.8)

Ò ¦D� ï�) � ×SØÙÇ × Æ ºf» ­ ± � ­ ± ½¿ À µË¶�· �@Ö¡MfË¶ ¿ ¦ �+* � ) �, ¯ Ò ¦ ²BÒ × ´ â (6.9)­ ± �
and

­® � are the statorcurrentand voltage, respectively, and
­ ±1¿

is the magnetising
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current. ¶�· is therotationalspeedof theshaft.
Ò ¦ is thetorqueproducedby theinduction

motor.
Ò × is theloadtorqueon theshaftactingasa disturbance.á ¿ , á � , á · , ó · , ó � ,Ö�M , and B arerealparameters.

With thedefinitionsof thereferredparametersin Section4.1andwith a transformation
to a rotatingcoordinatesystemasdiscussedin Section3.3.3wecanwrite thesubsystem
(6.8)as© ­ ± � û �1�©\ª � ² à ó � ¬ óHG·á G � ¬�	 ¶ �1� á ­ ± � û �1�<¬ à óIG·á G � ² 	 á G¿á G � ¶�· á ­ ±1¿ û �1��¬ ­® � û �1�á G � µ (6.10)© ­ ±1¿ û �1�©Wª � óIG·á G¿ ­ ± � û �1� ² à óIG·á G¿ ¬�	 ¯ ¶ �1� ² ¶ · ´ á ­ ± ¿ û �1� µ (6.11)

whereall signalsaregivenin a referenceframe with theangle� �1� , i.e.? �1� R Ë� �1�Uµ ­ ± � û �1� R ­ ± ��¼ Ö�'�J �4� ,­ ±1¿ û �1� R ­ ±1¿ ¼ Ö�'�J �4� µ ­® � û �1� R ­® ��¼ Ö�'�J �4� .
We wish to designa controller for the complex statorcurrent

­ ± � û �1� using the complex
statorvoltage

­® � û �1� asthecontrolinput.

Thereferenceframeis chosenasthesameastheoneusedby theoutercontrolloop,since
thereferencesignalfor thestatorcurrentwill beconstantin steadystatein this frame.We
assumethat theflux observer is thesimpleobserver (4.15)basedon thecurrentmodel,
andthatthereferenceframeis theangleof therotorflux estimateasdiscussedin Chapter
4. In estimatedrotor flux coordinatesthis observer isË� ±d¿fð � £ð · ¯ ± � É ² �±1¿Ìð ´�µ (6.12)¶ �1� � ¶�· ¬ ± �LKð · �± ¿fð µ (6.13)

with
± � É R $ » ­ ± � û �1� À and

± �LK R ºf» ­ ± � û �1� À .
(6.10)-(6.11)canbeviewedasanLPV systemwith ¶�· and ¶ �1� astime-varyingparam-
eters,but we wish to exploit theknowledgethat theslip frequency ¶ �_î ¾ M � ¶ �1� ² ¶ · is
usuallysmallcomparedto themaximalvalueof ¶ · . This canof coursebeexploitedby
restrictingtheparameters¶ · and ¶ �1� to thepolygonD ¶�·¶ �1�GF h » D ¶�·¶ �1� F n�ä ¶ · ä \ ¶ · û ¿ �
× µ ä ¶ �1� ² ¶ · ä \ ¶ �_î ¾ M�û ¿ ��× À/â (6.14)

We will insteadexploit this knowledgeby inserting(6.13)in (6.10)-(6.11)resultingin© ­ ± � û �1�©\ª � ² à ó � ¬ óHG·á G � ¬Ú	 ¶ �1� á ± � û �1� ¬ à óIG·á G � ² 	 á G¿á G � à ¶ �1� ² ± �LKð · �±1¿fð á á ­ ± ¿ û �1� ¬ ­® � û �1�á G � µ



6.2Quasi-LPVstatorcurrentcontroller 113© ­ ±5¿ û �1�©\ª � óHG·á G¿ ­ ± � û �1�x² à óHG·á G¿ ¬�	 ± �LKð · �± ¿fð á ­ ±1¿ û �1� â
Thesubsystem(6.8)cannow bewrittenasË« �1� � ¯ � ^ ¬NM î � î ¬NM Ç � Ç ´ « �1��¬ � �1� ® � û �1�[µ « �1� R D ­ ± � û �1�­ ±1¿ û �1�_F µ (6.15)

in which � ^ � � ² ð Ú 9 ð
OÆ× O Ú ð
OÆ× O Úð
OÆ× OÙ ² ð
OÆ× OÙ � and � �1� � � î× O Ú¥ �
representthenominalmodel,which is a lineartime invariantsystem,and� î � � ²j	 ²j	<× OÙ× O Ú¥ ¥ � and

� Ç � � ¥ 	Õ× OÙH Æ × O Ú¥ ²j	 îH Æ �
representthenonlinearitiesenteringthroughtheresidualgainsM î ¯ ª ´ R ¶ �1� ¯ ª ´ and

M Ç ¯ ª ´ R ± �LK ¯ ª ´�±1¿ É ¯ ª ´ â
To put thesystemonanLFT form we write (6.15)asË« �1� � � ^ « �1��¬ � = ^ ? = ¬ � �1�\­® � û �1�Uµ? = �¹ÃX< = µ < = � � = ^ « �1� â (6.16)

First we observe that
� î and

� Ç arebothof rank1. Consequentlywe canparametrise
theseas � î �ºÔ î ê î Â ½î � � ® î û î ® î û Ç � D 0 î ¥¥ ¥ F D = ½î û î= ½î û Ç F
and � Ç �ºÔ Ç ê Ç Â ½Ç � � ® Ç û î ® Ç û Ç � D 0 Ç ¥¥ ¥ F D = ½Ç û î= ½Ç û Ç F
andlet �²= ^ � � ® î û î 0 î ® Ç û î 0 Ç � and �N= ^ � D = ½î û î= ½Ç û î F â
The parameter variation can then be written as

M î � î « �1� ¬PM Ç � Ç « �1� ���= ^ �#Q c ^^ Q Ø � �¶= ^ « �1� . Theparametervariationchannel<�=X¯ ?A= is hencedefinedas?Ü=Ü¯ ª ´ ��Ã ¯ ª ´ <�=�¯ ª ´ � � ¶ �1� ¯ ª ´ ¥¥ ¾ Ú%R
b Ê3fS ¾ ÙUT b Ê3f � <�=�¯ ª ´ â (6.17)
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Themainadvantageof this representationover theoneobtaineddirectly from thepoly-
gon(6.14)is thesimplicity of Ã . With themethodsin mostof thereferencesin Section
5.1,using(6.14)directly, wewould haveto usetheparametervariationÃ � D ¶�· ¥¥ ¶ �1� q Ç F µ
since the dependency on ¶ �1� has rank 2. With the full block S-procedurein
[Scherer, 2001] (describedin Sections5.2-5.3)we cansimply useÃ � � ¶ �1� × OÙ× O Ú ¶�·¥ ¯ ¶ �1�³² ¶�· ´ �
with <�=ò� ²j	 « �1� . Therepresentationin (6.17)is slightly simpler. On theotherhandwe
do introducea singularityfor small

�±5¿ É
. In normaloperationthis is not a problem,but

duringstartuptheperformancemaybedegraded.

6.2.2 Controller synthesis

A statorcurrentcontrollerwasdesignedfor the examplemotor with the parametersin
(3.57).Thefirst stepof thecontrollersynthesiswasto augmenttheLPV systemdefined
by (6.16)and(6.17)with performanceandcontrolchannelsto getthesystemyzzz{ Ë« �1�<�=< Mã

~ ���� � yzzz{ � ^ � = ^ ¥ � �1��¶= ^ ¥ ¥ ¥� M ¥ 5 M�M ³ M� ¥ · M ¥
~ ����
yzzz{ « �1�?Ü=? M­® � û �1�

~ ���� â
Thenoisesignal ? M � D ­ ± � û �1� û · ¦87¨ ¿ F consistsof thereferencesignalfor thestatorcurrent

andmeasurementnoise. The performanceoutput <
M�� D ­ ± � û �1� ² ­ ± � û �1� û · ¦�70�= ­® � û �1� F consistsof

thestatorcurrenterrorandthestatorvoltagescaledby theweight 0 = in orderto punish
largecontrolsignals.Themeasurement

ã � ­ ± � û �1�v² ­ ± � û �1� û · ¦�7 ¬ 0 � ¨ ¿ is thestatorcurrent
errorcorruptedby themeasurementnoisescaledby theweight 0 � . This wasachieved

with the matrices �µM#� D £ ¥¥ ¥ F , 5 M�Mc� D ² £¦¥¥ ¥ F µ ³¶MÎ� D ¥0 = F , ��� � £ ¥�� , and· M � � ² £V0 � � . Thefirst elementin theperformanceoutput,thestatorcurrenterror,
wasthenaugmentedby a first-orderlow-passfilter with a pole in

� �W> 7 in order to
put moreemphasison the low frequency error. The constants> 7 , 08= , and 0 u canbe
consideredas tuning parameters.> 7 is usedto obtaina low steadystateerror. 0�= is
mainly includedto compensatefor the fact that saturationof the statorvoltageis not
includedin themodel.
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The LPV systemwasthendiscretisedby the bilinear transformationdescribedin Sec-
tion 5.4undertheassumptionthat Ã is approximatelyconstantfrom sampleto sample.
Thesamplingfrequency waschosenas600Hz. Themainreasonfor this choiceis the
computationalcomplexity of theLPV controller.

A discretetime statorcurrentcontrollerwassynthesisedby theLPV methoddescribed
in Section5.4.3with the parameters>X7M� ² £o¥W¥ , 0 = � £o¥ Ö
Y , and 0 � �j£Ñ¥ Ö
Z . The
time-varyingparameterswereallowedto vary in theintervals

M î � ¶ �1� h�¡ ²\[ ¥W¥]- [ ¥W¥Y§
and

M Ç � ¾ Ú^RS ¾ Ù_T h�¡ ² £o¥`-Þ£Ñ¥Y§ . Theperformanceindex

Q M waschosenasthe þ Ç -induced
normspecification Q MÞ� D ² 1 Ç q ¥¥ q F µ
andabisectionalsearchwasperformedto determinethelowestvalueof 1 for which the
LMIs werefeasible.With the above parametersa 1 � ¥ â ¥W¥Û£G£ wasachieved. The left
handsideof (5.60)becamecloseto singularmakingit possibleto reducethecontroller
orderto 2.

6.2.3 Simulation results

Beforeimplementation,theclosed-loopbehaviour wassimulatedin orderto verify the
stability andperformance.In the simulationsthe referencesequencewaschosenasa
seriesof stepsof a durationof 250 samples.For eachstep,the referencefor

± �+K
was

allowedto take randomvaluesin theinterval ¡ ² £o¥a-D£o¥*§ , while thereferencefor
± � É

was
chosenfrom theinterval ¡¤£b- , § . Thesystemwasdisturbedby a loadtorque

Ò × , which
wasa sequenceof uniformly distributedwhite noisefiltered througha first-orderfilter
with atimeconstantof £ È*Í second.Subjectto theseexternalsignals,thenonlinearmodel
generatedthe

M î and
M Ç sequencesbasedon which the controllerschedulingfunction

wascalculated.Motivatedby limitations of the hardwareof the experimentalsetup,a
saturationon thecontrolvoltage

­® � û �1� at 600V wasimposed.
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Figure6.1: LPV currentcontrol,simulation.Thetopfigureshowstherealandimaginary
componentsof thecontrolvoltagegeneratedby thecontroller. Themiddlefiguresshow
therealandimaginarycomponents,

± � É
and

± �LK
, of thecontrolledcurrents,plottedwith

full lines(—) alongwith their referencesignals,plottedwith dash-dottedlines(
² ì ² ).

Thebottomplot shows
M î (—) and

M Ç (
² ì ² ) scaledto theinterval ¡ ² £b-�£[§ . As canbe

seen,the trackingof thecurrentreferencesatisfiestheperformancerequirementexcept
whenthecontrolvoltagesaturates(at around4 sec).

Figure6.1shows a simulationof theclosedloop system.It is seenthat thecontrol loop
achievesgoodtracking,in accordancewith theperformancevalueachievedfor all values
of the parametervariations,except when the control signal saturates.The parameter
variationsareshown in the bottomplot in Figure6.1, scaledto the interval ¡ ² £�--£[§ .
It is notedthat the generatedstatorvoltagecompensatesfor the parametervariations
throughouttheallowedrange.
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6.2.4 Experimental results
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Figure6.2: LPV currentcontrol, experimentalresults. The top figuresshow the real
and imaginarycomponentsof the control voltagegeneratedby the implementedLPV
controller. Thelower figuresshow thecontrolledcurrent

± �LK
. Thereferencesignalsare

shown with dash-dottedlines(
² ì ² ), while themeasurementsareshown with full lines

(—). The left figuresarewith no load,while the right figuresarerecordedwith a load
torqueof

Ò × �&� ) Ò .

Thecontrollerwasimplementedon thelaboratorysetupdescribedin AppendixA using
thealgorithmdiscussedin Section5.4.4.

In thefirst two experiments,thestatorcurrentreferencewasgeneratedin open-loop,i.e.
therewasno speedcontroller. The aim wasto keepthe magnetisingcurrentconstant
and make the imaginarypart of the statorcurrent follow a seriesof steps. The first
experimentwasconductedwithout load,while in thesecondexperimentthemotorshaft
wassubjectedto a loadtorqueof � ) Ò . Theresultsareshown in Figure6.2,whereit is
observedthatthecurrenttracksthereferencestepsadequatelywell. Lookingat thestator
voltage,it is notedthattheimaginarypartof thevoltageis significantlydifferentbetween
the two experiments.This is dueto the two differentdisturbanceload torques,which
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causethe schedulingcontroller to yield significantly different control signals. Some
variationcanbenotedin therealpartof thevoltageaswell, causedby thecrosscouplings.
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Figure6.3: LPV currentcontrolin cascadewith rotationalspeedcontroller, experimental
results.Thetop figureshows therealandimaginarycomponentsof thecontrolvoltage
generatedby the implementedLPV controller. Themiddleandlower figuresshow the
controlledcurrent

± �LK
andthe rotationalspeed,respectively. The referencesignalsare

shown with dash-dottedlines(
² ì ² ), while themeasurementsareshown with full lines

(—). Thecurrentreferencesignalwasgeneratedby anouterloopspeedcontroller.

In the third experimentthe speedloop wasclosedusingan outerPI-controller. In this
casethe statorcurrentreferencesignalswere thusgeneratedby the PI-controller, and
theLPV controllerhadto trackthesesignals.Theresultsof this experimentis shown in
Figure6.3. As canbeseen,thecontrolloopperformssatisfactorily.
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6.3 Quasi-LPV control based on neural network mod-
elling

Sofarwehaveonly dealtwith controlbasedongrey-boxidentificationof physicalmod-
els. In somecasesit mayhoweverbedesirableto work with nonlinearblack-boxmodels
suchasthemulti-layerperceptron(MLP) discussedin Section2.5,especiallyif aphysi-
cal modelis hardto obtain.This mayfor instancebethecaseif theloadtorqueis some
unknown nonlinearfunctionof therotationalspeed.In thatcasea neuralnetwork such
asanMLP couldbeusedto obtaina nonlinearmodelof thesystem.

Theproblemis now how to designa controllerfor a systemmodelledin this way. The
classicalapproachhasbeento linearisethesystemmodelin somesetof operatingpoints
anddesignoneor morelinearcontrollersfor thesystemin saidpoints.As discussedin
Section6.1this approachhasseveralhazards.

Otherapplicationsof neuralnetwork modelsin control theoryarefor instancefor feed-
back linearisation[ChenandKhalil, 1995, He et al., 1998, Levin andNarendra,1993]
and sliding mode control laws [MearsandPolycarpou,1999]. They have also
been proven useful as observers [Kim et al., 1997], in direct adaptive control
[FrenchandRogers,1998, SuandAnnaswamy, 1998], andin otherroles.However, not
muchwork hasbeendoneonachieving gainschedulingcontrolbasedonartificial neural
networks. In [Leeet al., 1996] a previously tunedgain schedulingcontroller wasap-
proximatedby a neuralnetwork which thenreplacedthe gain schedulingcontroller in
theloop. Otherapproaches(e.g.[Chaiet al., 1996]) useaneuralnetwork to schedulebe-
tweena finite setof previously designedclassicalcontrollers,andhave beensomewhat
adhoc.

[Suykenset al., 1999] (with thecorrectionsin [BendtsenandTrangbæk,2001a]) presents
ananalysismethodof stabilityandperformanceof aclosed-loopinterconnectionof two
MLPs. In other words, the suggestionis to let the systemmodelledby an MLP be
controlledby a controlleralsocontainingan MLP. The methodis essentiallybasedon
diagonalmultipliers. Theproblemwith this analysismethodis that it is unclearhow to
extendit to synthesis,in particularhow to choosethe MLP part of the controller. The
problemis thatany couplingbetweenthenonlinearitiesin thesystemandin thecontroller
arenot exploited.

With the emergenceof LPV control theorybasedon LMIs, asdiscussedin Chapter5,
a door hasbeenopenedfor an efficient approachto gain schedulingcontrol basedon
neuralstatespacemodels. Suchan extensionof controllersynthesisideasfrom linear
theoryto thenonlinearframework of neuralnetworksis a fundamentallysoundidea,of
course,but requiresa methodfor reformulatingthe neuralnetwork modelasan LPV
modelsuitablefor controllersynthesis.Morespecifically, wewould like to transforman
MLP modelinto aquasi-LPVmodelon theLFT form asdiscussedin Section6.1.1.

Somework alongtheselineshasalreadybeenpresentedin [Suykenset al., 1995a] and
[Suykenset al., 1995b] with robust ced controlin mind. Theideawasto split theMLP



120 Quasi-LPVCurrentandSpeedControllers

modelinto a linearpartandanonlinearpartandthendesigna robust ced controllerfor
thelinearsystemtreatingthenonlinearpartasanuncertainty.

However, the fact that the nonlinearitiesareactuallyknown at the designstagemeans
that the controllercanbe designedby LPV methodstakingadvantageof this informa-
tion aswell, achieving a nonlinearandlessconservative controller. In additionto this
ideathe methoddescribedin this sectionextendsthe resultsin [Suykensetal., 1995a,
Suykenset al., 1995b] by achieving lessconservativeboundsonthenonlinearpart.This
improvementwaspresentedin [BendtsenandTrangbæk,2000b].

6.3.1 From neural state space model to an LFT framework

We considera systemof theformfgheiFjlk ghnm go
p�m gq�isr gh (6.18)

where
gh�tvulw is thestatevector,

goxtvuly is a controlsignaland
gqztvu_{ is theoutput

vectorfor thesystem.jlkL|}m�|~p���ulw��`uly���ulw is anunknown continuousfunctionof
thestatesandinputsdescribingthesystemdynamics.

As discussedin Section2.5wecanapproximatethis functionto adesiredaccuracy with
asinglehiddenlayerMLP with � neurons(assuming� is chosenlargeenough):jlk ghnm goXp!i��I�������I� gha���I� go�� g�H�������/�
where �I��tsulw��2� and �I��tsu��^��wlm��I�xtsu����2y containthe outputandhiddenlayer
weights,respectively. ��k+|(p���u�����u�� is a continuous,diagonal,staticnonlinearity.g�H�]tNu � containsa setof biaseswhich will allow us to modelnon-oddfunctionswith
oddneuronfunctions ��kL|~p suchasthe hyperbolictangent.We assumeit is possibleto
achieveasmallermodellingerrorthanthemeasurementnoiseby choosingtheMLP large
enoughandtrain it long enoughon asufficiently rich trainingset.

Considerasystemfor whichaneuralstatespacemodelhasbeentrainedaccordingto the
guidelinesgivenabove,until � � is smallenoughto beignored:fghei�� � � � � � gha��� � go�� g� ��� m gq�isr gh_  (6.19)

We wish to rewrite theneuralmodel(6.19)asthelinearfractionaltransformationfh i ¡¢ha�x£]o��v£I�.¤HkC¥¦p¥§i �I�¦ha���I�¨o (6.20)q i rHh
where the residual function ¤HkL|~p � u��©� u�� is a static diagonal nonlinear-
ity, and where the coordinates k?hªm�onp only differ from k ghªm go
p by the possiblesub-
traction of an equilibrium point. The presentedmethod was first discussedin
[BendtsenandTrangbæk,2000b].
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We assumethatthereexistsanequilibrium, k ghªm goXp!i«k ghX¬/m go
¬­p , i.e.® i��I�#��k��I� gh ¬ ���I� go ¬ � g�H��p� 
We canthenchangethenetwork coordinatesin sucha way thatinsteadof thearbitrary
equilibriumpoint k gh�¬¦m gon¬�p we have

® i«�I�#�n¯�k ® p ( �n¯ is a new neuronfunctionmapping
which will be definedshortly). Let the new coordinatesbe givenas hNi gh`° gh ¬ m�oxigo�° go
¬ . Then(6.19)canbewrittenasfhei��I�#� � �I��k%ha� gh ¬ pU�x�I�XkCo�� go ¬ p_� g�H� �  
Herewe will definea new biasvector �H�Hi©�I� gh�¬¢�F�I� gon¬±� g�H� andthenew neuron
function �n¯�kC¥¦p , where¥ is definedasin (6.20):� ¯ k?¥¦p²i � � ¥\�x� � gh ¬ ��� � go ¬ � g� ��� °���k�� � pi � � �I��k%ha� gh ¬ p_�x�I�XkCo�� go ¬ pª� g�H� � °���k^�H�³pX 
Addingandsubtracting�I����k��H��p in (6.19)thengivesfh i �I�������I� gha�x�I� go�� g�H�8�����I����k^�H�³pl°v�I�#��k^�H�³pi � �¢� � � � � gh��x� � go�� g� �8� °z��k�� � p � ��� � ��k^� � pi �I��� ¯ k��I�/ha���I�¦onp´i��I�#� ¯ kC¥¦p� �I�#��k^�H��p´i ® , becausethis is in facttheequilibriumpoint.

Remark6.4 Note that, apart from providing a way to shift the operatingpoint to
the origin, the main purposeof the stepsgiven above is to remove the bias from� insteadof having to considerit as a constantdisturbanceinput, as suggestedin
[Suykensetal., 1995b].

Remark6.5 It shouldfurthermorebenotedthatthemethodgivenaboveappliesequally
well to sampled-datasystems

ghXµ�¶U·¢iFjlk ghXµ¸m gonµ/p . In thiscasetheMLP equilibriumpoint
is of theform

gh ¬µ�¶U· i�jlk gh ¬µ m go ¬µ p�m´¹nº , but thedefinitionof � ¯ k+|(p turnsout to bethesame.

Now wecanfind theeffectiverangeof theinputargumentsto theneuronfunctions.This
is simply doneby calculating¥�»³¼ y¾½ � i ¿�À�ÁÂÄÃ�Å�Ã
Æ]Ç � » � hUk?È+p_��� » � olk?È+p�É\m¥�»³¼ y¾ÊËw i ÌÎÍ2ÏÂÄÃ�Å�Ã
Æ Ç � » � hUk?È+p_��� » � olk?È+p É
for ÐbÑNÒ�Ñs� , where È\tvÓ ®�Ô�Õ±Ö is thetime interval in which thetrainingdatahavebeen
acquiredand � » � m#� » � denotethe Ò ’ th rows in thehiddenlayerweightmatrices.Thenwe
havethefollowing boundson theactive input rangeof the Ò ’ th neuron:¥�»×i�� » � ha�x� » � o�t�Ó ¥�»�¼ y¾ÊËw Ô ¥�»³¼ yØ½ � Ö  
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Hencetheneuronfunctionresponseto theactive input rangebelongsto thesector�n¯» tÓ ºÙ»³¼ y¾ÊËw mÚº�»�¼ y¾½ � Ö whereº�»�¼ y¾Ê}w i Ì}Í�ÏÛLÜ�Ý2Þ ÛLÜ^ß àªáãâ¦ä ÛLÜ^ß à_å8æ#çãè�é Â#ê�ë �n¯» k?¥�»Ùp¥�» ì (6.21)

and º�»�¼ y¾½ �]i ¿8À�ÁÛ Ü Ý2Þ Û Ü%ß àªáËâ ä Û Ü%ß à_å�æ çãè�é Â�ê ë �n¯» kC¥�»�p¥ » ì   (6.22)

In otherwords,thesectorboundsaredeterminedsuchthatº »�¼ y¾Ê}w ¥/í» Ñ � ¯ k?¥ » pL¥ » Ñ º »�¼ y¾½ � ¥/í»   (6.23)

Theactualexpressionsfor thesesectorboundsmustbefoundfor eachneuronfunction
individually andwill in generaldependon thebias,but theboundsobviously exist and
arethe leastconservative easilyachievablebounds. A procedurefor finding theseforî�ï Í�ð_k+|(p neuronfunctionsis givenbelow in Section6.3.2.

Oncethesectorboundsarefound,we returnto vectornotationanddefinethenonlinear
function ñ kL|~pØ�bu�w ¶ yò�óulw asñ kC¥¦p!is� ¯ kC¥¦pl° Ðô k%õ yØÊ}w �võ y¾½ � p.¥ (6.24)

where õ y¾Ê}w i diagö º »�¼ y¾Ê}w °x÷#ø and õ y¾½ � i diagö º »�¼ y¾½ � �s÷#ø.m Ð�Ñ«ÒxÑW� . ÷ is a
smallpositivequantityincludedto makethesectorboundsstrict. It is observedthat ñ kL|~p
belongsto thesector k+° Ðô k%õ y¾½ � °�õ y¾ÊËw pØm Ðô k?õ y¾½ � °�õ y¾ÊËw p�p� 
We cannow write theequationfor

fh asfh i � � � ¯ k�� � ha��� � o
pi �I�úù ñ kC¥¦pª� Ðô k?õ yØÊ}w �Nõ yØ½ �¦p.¥�ûi ¡×ha�N£bo��N£×�2¤Hk?¥¦p�m
in which ¡úm�£�m�£×� and ¤ aregivenby¡ i Ðô �I��k?õ y¾Ê}w �Nõ y¾½ �¦p��I� (6.25)£ i Ðô �I��k?õ y¾Ê}w �Nõ y¾½ �¦p��I� (6.26)£ � i Ðô � � k?õ y¾½ � °�õ y¾ÊËw p (6.27)¤Hk?¥¦p²i ô k%õ y¾½ � °zõ yØÊ}w p�ü · ñ k?¥¦p�  (6.28)

Note that the diagonalscalingby
·í k?õ y¾½ ��°�õ y¾Ê}w p is includedin order to make the

diagonalstaticnonlinearity ¤ belongto thesector k+° Ð m Ð p .
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Remark6.6 When designingLPV or quasi-LPVcontrollers,we are interestedin the
tightestpossibleboundsõ y¾½ ��°�õ y¾ÊËw in orderto avoid conservatism. Although the
LPV synthesismethoddescribedin Section5.3is essentiallynon-conservative,it is usu-
ally necessaryto usesimplifiedmultipliers, for instanceby disregardingknowledgeon
the rateof changeof the gainsof the residualfunction, to make the synthesisimple-
mentableandto avoid controllerswitching. A quasi-LPVrepresentationpotentiallyin-
troducesfurtherconservatismdueto non-uniquenessof thenonlinearfunctionrepresen-
tation. For the sake of the controllersynthesiswe are thereforeinterestedin keeping
thesegainsfrom varyingtoo much.

6.3.2 Sector bounds for tangent hyperbolic neuron functions
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Figure6.4: Extractionof linearcontentfrom ahyperbolictangentneuron.

In order to illustratethe procedureabove we will provide an expressionfor the sector
bounds(6.21)and(6.22) for the

î³ï Í�ð_kL|~p neuronfunction, which is probablythe most
popularneuronfunctionemployedin MLPs. Considertheneuron�.»¨kC¥�»Ùp´i î�ï Í�ðUkC¥�»¦�Hý/�8p
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whereý/� is thescalarbiason theinput ¥�» . Referto Figure6.4,wherethetop plot shows
theparalleltranslationof theoriginalneuronfunctionwith bias ý�� to theorigin. Wewill
without lossof generalityassumethat ý/�Hþ ® . Only thesectionof theneuronfunction,
whichcorrespondsto theinput interval Ó ¥�»³¼ y¾ÊËw Ô ¥�»�¼ y¾½ � Ö , is considered.

On the middle plot the straight lines º�»�¼ y¾Ê}w ¥�» and º�»�¼ y¾½ �¦¥�» have beenadded. Sinceÿ��������	��

���ÿ�� � � ®
for � þ ® it is immediatelyconcludedthat ºÙ»³¼ yØÊ}w is givenby

º�»�¼ y¾ÊËw i �n¯» k?¥�»�¼ y¾½ �¸p¥ »�¼ y¾½ �  
º�»�¼ y¾½ � , on theotherhand,caneitherbegivenby

���Ü 
 ÛLÜ^ß àªáËâ �Û Ü^ß àªáËâ if theendpointof theinput
rangeis sufficiently closeto zero,or by theslopeof the tangentto theneuronfunction
which intersects

®
. Therelationshipbetweenthebiasandtheargument¥Ä� for whichsaid

tangentcoincideswith theneuronfunctionhasbeenfoundnumericallyas¥ � i ° ®   ®¨®������ ý��� � ®   ®��¦ô���� ý¦í� ° Ð   � Ð ��! ý �  
A closedform mostlikely doesnot exist. Thepolynomialgivenhereprovidesvaluesofº »�¼ y¾½ � with errorsof theorderof magnitudeÐ ® ü#" .

Hencewehave

º�»�¼ y¾½ �]i $% & ���Ü 
 Û(' �Û(' m for ¥ � þ�¥ »�¼ y¾Ê}w� �Ü 
 Û Ü^ß à_áãâ �Û Ü^ß à_áãâ m for ¥Ä� Ñ ¥�»�¼ y¾Ê}w  
Note that thereis no loss of generalityin the assumptioný � þ ®

sincethe fact that
the (original) neuronfunction is odd ensuresthat the expressionsgivenabove hold for
negativebiasesaswell, with a few simplesignchangesandswappingof minimumand
maximumvalues.

To summarise,this sectionhaspresenteda systematicmethodfor transforminganMLP
statespacemodelof a nonlinearinto a quasi-LPVmodelon theLFT form with a static
anddiagonalresidualgain function. Thetransformationis performedin a way making
themodelsuitablefor LPV controllersynthesis.

6.3.3 Uncertainty on the residual gains

Oncethe sectorboundsfor thenonlinearityhave beendeterminedwe alsohave anex-
plicit, smoothexpressionfor thenew setof neuronfunctions(givenby eqns.(6.24)and
(6.28)).If thereis any uncertaintyin theknowledgeof h ando , thenthiswill of coursere-
sult in anuncertaintyontheknowledgeof ¤HkL|~p . However, if weassumethatsomebound
on theuncertaintyof the inputsto thenonlinearityis known, thentheabove expression
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canbeexploitedto providea boundon theuncertaintyof thegainof thenonlinearity:)¤!»¨k?¥�»­p¥ » i ¤!»¨k?¥�»Ùp¥ » ����*.»/m,+ ��*2»�+ �.-��*2»
where ¤!» is the Ò ’ th diagonalelementof ¤ . Sucha boundcanfor instancebe found
by conductinga numericalsearchover the rangeof all permissiblevaluesof ¥ . The
boundon themeasurementnoisecanbeusedtogetherwith � � and � � to estimatethe
uncertaintyon ¥ ; thenthisuncertaintycanbeusedto calculateanupperboundon � * .

6.4 Quasi-LPV speed controller

In Section6.2a statorcurrentcontrollerwasdesignedbasedon a physicalmodelof the
inductionmotor. It is not alwayspossibleto constructa goodmodelof a systembased
on physicalconsiderations.In that casea nonlinearblack-boxmodelapproachcanbe
used,for instanceusinganMLP asa model.As discussedin Section2.5,undercertain
assumptionsit is possibleto trainanMLP asanonlinearstatespacemodelwith thesame
behaviour asthesystemusingonly input andoutputmeasurements.

Whendesigningaspeedcontrollerthedynamicsareheavily affectedby theprofileof the
load torque. Thusa controllerdesignedby linear methodsin oneoperatingpoint may
notwork in anotheroperatingpoint. Thiskind of problemcanbeovercomeby obtaining
a nonlinearmodelcapturingthebehaviour in theentirerangeof operation,andthenuse
anonlinearcontroldesignmethod.

In thissectionwe will designa speedcontrollerby thefollowing steps:/ Thesystemto becontrolledis modelledby anMLP statespacemodel./ Theobtainedmodelis transformedinto a quasi-LPVmodelon theLFT form by
themethodpresentedin Section6.3./ A controlleris designedby themethoddescribedin Section5.4.3.

6.4.1 Strategy

Theoverallaimin thissectionis to designacontrollerfor therotationalspeedñ10 andthe
magnetisingcurrent - 2 y . Thecontrollershouldwork in thecascadecouplingdiscussed
in Section4.2. This is illustratedin Figure6.5. Theentireblock on theright containing
thestatorcurrentcontroller, thepowerdevice,theinductionmotorsystem,aswell asthe
speedandflux observersis consideredasthesystemto becontrolled.
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Figure6.5: Speedandmagnetisingcurrentcontrolscheme.

Ideally, by usinga black-boxmodellingstrategy of theentireblock, thespeedandmag-
netisingcurrentcontroller shouldbe able to compensatefor errorsintroducedby the
modelusedfor thestatorcurrentcontrolandto someextentfor thoseintroducedby the
observers. This of courserequiresthat the systembehaviour canbe modelledby the
black-boxmodel,andthatanaccuratemodelis indeedobtained.

Theaim is to modelthesystemby anMLP, andtransformthis into a quasi-LPVmodel
on theLFT form asdiscussedin Section6.3.Thismodelwill thenby usedfor designing
anLPV controller.

In orderto simplify thecontroller, it is decidedto assumethatonly theestimatesof the
rotor speedñ 0 andthe magnitude- 2 y43 of the magnetisingcurrentareneededin order
to obtaina goodmodelof the system.An estimateof the angularvelocity of the fluxñ y53 could for instancehave beenusedasan input to themodel. In thefinal controller
designthis would thenhave enteredasa parameterwhencalculatingtheresidualgains.
Similarly, measurementsof thestatorvoltagecouldhavebeenused.

A mainfactorin choosingthesamplingfrequency is thecomputationalcomplexity of an
LPV controller. Thestatorcurrentcontrolleraswell asthe observersareimplemented
at a samplingfrequency of

� º7698 , but the complexity of the LPV controller and the
limitationsof the availablehardwaremakesit necessaryto implementthe controllerat
a samplingfrequency of just

!¦®¨® 698 . Sincethe magnetisingcurrent is governedby
relatively slow dynamics,this is no problemfor this partof thecontroller. On theother
handit maylimit theachievableperformancefor thespeedcontrollerslightly.

Two differenttypesof modelstructuresfor MLPs werediscussedin Section2.5. The
NARX modelstructureassumesthat theoutputcanbeaccuratelypredictedbasedonly
on old outputsandinputs. This limits the typesof noisethancanbemodelled.On the
otherhand,the NARMAX allows for a very generalmodelstructure.However dueto
thepossibilityof convergenceproblemswith theNARMAX modelstructureit is chosen
to work with aNARX modelhere.For thisproblem,thismeansthattheloadtorque:<;
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mustbechosenasa functionof thespeedñ 0 only. Providing measurementsof theshaft
positionto the modelwould allow for a positiondependenceaswell, but it would still
notbepossibleto let theloadtorquedependdynamicallyonsomeunknown disturbance.

It is chosento let theloadtorquebeanonlinearfunctionof thespeed::=; i?>�k Ð ° ôÐ �A@ ÂCB Â ·�D�E p�m
where ñ 0 is in radiansper secondand :<; is in Newton meter. Notice that this infor-
mationis only usedto control theDC motorsimulatingthe loadtorqueandis assumed
unknown in themodelling.

It is furthermorechosento let theflux observer bethesimpleobserver (4.15)basedon
the currentmodel. In rotor flux coordinatesthe part concerningthe magnitude2 y53 of
themagnetisingcurrent- 2 y is simplyf)2 y43 iGF 0H 0 k 2 �Lÿ ° )2 y43 p�  (6.29)

If we assumethat 2 �Lÿ is equalto 2 �Lÿ ¼ 0�I(J thenthis estimateis a known function of the
input, andthereis no needto attemptto model it with the MLP. This is a reasonable
assumption,sincethe magnetisingcurrentdynamicsare much slower than the stator
currentdynamics.ThustheMLP is to predict ñ10 basedon old measurementsof ñK0 and
estimatesof 2 y53 .

6.4.2 MLP model

Thefirst stepin thecontroldesignprocedureis to obtainanMLP modelof thesystem.
Thisconsistsof thefollowing steps:/ Createdatasetsfor trainingandvalidation./ Choosethemodeltypeandparameters,for instancethemodelorder./ Train theMLP./ Validatetheachievedmodel.

Thereasonthatwe needbotha trainingsetanda validationsetis theinherentdangerin
trainingneuralnetworksof overtraining. If theMLP hasa largenumberof neuronsand
thereforea large numberof adjustableparameters,it may happenthat the MLP learns
thebehaviour of thetrainingsetincludingnoiseratherthanthatof theactualunderlying
system.It is thereforenecessaryto testthebehaviour of theMLP ona validationset.
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Training set

Whenblack-boxmodellinga nonlinearsystem,it is not sufficient for thedatato contain
a largenumberof frequenciesin therangeof interest.Sincethedynamicbehaviour can
varybetweenoperatingpointsandevenwith themagnitudeof thesignals,it is necessary
for thetrainingsetto covera largenumberof operatingpointsandsignalamplitudesas
well. This canbe achieved by letting the input signalsbe pseudo-randomsignals,for
instancestepsof varyingamplitudeandlengthat variousoperatingpoints.

It is chosento createthe datain partial closed-loopoperationwith a looselytunedPI-
controllerfor thefollowing reasons.Firstly, thesignalsobtainedfrom closed-loopexper-
imentswill mimic anenvironmentwhichis closerto theone,in whichthefinal controller
will operate.Secondly, therangeof operationwill typically bespecifiedin termsof the
outputsratherthanthe inputs. Closed-loopoperationallows us to make surethat data
from theentirerangeareobtained.Finally, it maynot bedesirableto imposeopen-loop
inputsignalswhichcouldcausethesystemto leavesomeallowedregionof operation.

Therearetwo problemswith theclosed-loopapproach.Firstly, it is necessaryto already
have a functioningcontrolleravailable.On theotherhand,this controllerdoesnot have
to achievea goodperformance,soany looselytunedcontrollerwhich just stabilisesthe
systemin the entireoperatingrangeis all that is needed.The secondproblemis that
themeasuredbehaviour will bethatof theclosed-loopsystemratherthantheopen-loop
systemto becontrolled.Thisproblemcanbealleviatedby addingsmallpseudo-random
signalsto theoutputof thecontroller[Billings etal., 1992].

A sectionof the training set is shown in Figure6.6. The referencefor the speedwas
varied in stepsof randomlength and amplitudein the rangefrom -250 rad/s to 250
rad/s.Thespeedwascontrolledby a looselytunedPI-controllerof thetypediscussedin
Section4.2.1generatinga referencefor 2 �ML . The referencefor the magnetisingcurrent
wasgeneratedin a similar mannerin the rangefrom 0.8 A to 2.8 A. The magnetising
currentwascontrolledby a P-controllergeneratinga referencefor 2 �Lÿ asdiscussedin
Section4.2.2. Randomsignalswith an amplitudeof 0.8 A were addedto the stator
currentreferencesgeneratedby thesecontrollers.
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Figure6.6: 6000samplesof thetrainingset.First (top)figure: measuredspeed.Second
figure:estimatedmagnitudeof magnetisingcurrent.Third andfourthfigures:references
for thestatorcurrentcontroller.

Thecontrolloopgeneratingthedatasetoperatedatasamplingfrequency of 3 kHz. The
datawassampledat 600Hz afterbeingfilteredby first orderfilters with bandwidthsof
100Hz.

A validationsetwasgeneratedin exactly thesameway. Both thetrainingandthevali-
dationsetconsistof 22000samples.Thedatawasscaledbeforethetraining:gñ10 ] � ü ·D k ñK0 ° ñK0 ¼ Â p�mg )2 y43 ] � ü ·Ê k )2 y43 ° )2 y43 ¼ Â p�mg 2 �Lÿ ¼ 0�I(J ] � ü ·ÿ k 2 �Lÿ ¼ 0�I(J ° 2 �Lÿ ¼ 0YIYJ ¼ Â p�mg 2 ��L ¼ 0�I(J ] � ü ·L k 2 �ML ¼ 0YI(J ° 2 �ML ¼ 0YIYJ ¼ Â p�m
wherethe � ’sdenotestandarddeviancesof therespectivesignals,andthezerosubscripts
denotea known operatingpoint.
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Model type

Ratherthanusing 2 �ML ¼ 0YI(J asaninput to themodel,wewill attemptto precompensatefor
theknown nonlinearityin (4.6)by insteadusingtheinput2M^ ] 2 ��L ¼ 0�I(J )2 y43  
As mentionedabovewewill attemptto modelthesystemby aNARX MLP modelasthe
onediscussedin Section2.5.2,i.e.,we wish to predictthenext valueof ñ 0 basedonold
valuesof ñ 0 ,

)2 y43 , 2 �Lÿ ¼ 0�I(J , and 2 �ML ¼ 0YIYJ . More specificallywe wish to find weights � · ,� í , and �H� suchthat )gñ 0 ¼ µ ]`_ y k�8 µ m�� · m�� í m#�H��p�m�a gñ 0 ¼ µ
where_ y is definedasin (2.21),and

8 µ ]
bcccccccccccccccccccccccccd

gñ10 ¼ µ ü ·
...gñ 0 ¼ µ ü wg )2 y53 ¼ µ ü ·
...g )2 y43 ¼ µ ü w ág 2 �Lÿ ¼ 0�I(J ¼ µ ü ·
...g 2 �+ÿ ¼ 0YI(J ¼ µ ü w�eg 2 ^ ¼ µ ü ·
...g 2M^ ¼ µ ü w e

fSgggggggggggggggggggggggggh
m

with
g 2 ^ ] � ü ·^ k 2 ^ ° 2 ��L ¼ 0�I(J ¼ Â )2 y43 ¼ Â p , where� ^ is thestandarddeviationof 2 ^ .

We choosetheneuronfunctionsto betangenthyperbolic.Alternatively we couldhave
chosenacombinationof tangenthyperbolicandlinearneuronfunctions,but thetangent
hyperbolicneuroncanyield almostlinearbehaviour simplyby makingtheinputweights
small and the output weights large. The only thing remainingis now to specify the
numberof neurons,the order of the model i , and the numberof delayedinputs i �
and i Ê . Thesechoicesare left for the training, sincesomeexperimentationis usually
necessary.

Training

Sincethetrainingof anMLP is nonconvex problem,theinitial valuesof theparameters
areimportant.This wasfoundto beevenmoreimportant,whenthemodelis to beused
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for designinga quasi-LPVcontroller. It wasfoundthatmany differentmodelsgave the
sameperformancein termsof summedsquaredpredictionerrors,but that in order to
constructa controlleryielding a goodclosed-loopperformanceit wasnecessaryfor the
sectorbounds(asdiscussedin Section6.3.1)to besmall. This is partially dueto some
conservatismdiscussedbelow in Section6.4.3.

Definethe input matrix _ Ê ]kj 8 � 8 � ü ·  � � l8 w ¶U·Ym
andthe targetmatrix _ � ]nj gñK0 ¼ � gñK0 ¼ � ü ·  � Ä  gñ10 ¼ w ¶�·Ym m
where� is thenumberof samplesin thetrainingset.

Thelinear(ARX) modelminimisingtheleast-squarespredictionerrorperformanceindexo � ] Ð� ° i �pÊPqªw ¶U· ÷ Æ� ¼ Ê ÷ � ¼ Ê m
wherethepredictionerror ÷ � is definedas÷ � ¼ µ ] gñ10 ¼ µ×° )gñr0 ¼ � ¼ µ¨m
is givenby )gñ 0 ¼ � ¼ µ�¶�· i _ � 8 µ m
with thelineargain _ � definedas[Elbert,1984]_ � ]`_ � _tsÊ  
Onecould train the MLP to only learnthe nonlinearpart, i.e. definingthe targetsfor
theMLP asthepredictionerrorsof theARX model. This couldpotentiallyreducethe
numberof neuronsneededaswell asimproving the chancesof converging to a global
minimum,but it wasfoundthatthis leadto unpleasantlylargesectorbounds.

InsteadtheARX modelisusedtogeneratetheinitial weightsfor theMLP training.Welet
theinitial MLP modelapproximatetheARX modelby letting � � i ® and � í �ú·±i _ � .
Weperformthefactorisationof _ � suchthat � í is very largeand �ú· is verysmall.Then_ y ku8¸pva _ � 8 .

A numberof MLPs were trainedwith variousnumbersof neuronsand model orders
usingtheLevenberg-Marquardt trainingalgorithmto minimisethepredictionerroro y ] Ð� ° i �pÊPq_w ¶U· ÷ Æy ¼ Ê ÷ y ¼ Ê m
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wherethepredictionerror ÷ y is definedas÷ y ¼ µ ] gñK0 ¼ µ×° )gñr0 ¼ µ¨ 
A reasonablepredictionerrorfor boththetrainingandvalidationsetswasobtainedwith
4 neurons,a fourth ordermodel( i i �

), i Ê i Ð , and i �ai ô .
Model validation

Figure6.7shows thepredictionerrorfor 500samplesof thetrainingset.Thetop figure
shows the predictionerror for the MLP model,the bottomfigure shows the prediction
error for the ARX model. Figure6.8 shows the samefor the validationset. It may be
difficult to seeany significantdifferencein the plots but the unscaledpredictionerror
performancesshow that the MLP predictsthe systembehaviour betterthan the ARX
model:

Model Trainingset Validationset
MLP, �wD o y i Ð   ®�� Ð   ®¨ô
ARX, � D o � i Ð   � Ð Ð   > ô

The performancesindicatethat the MLP modelhascapturedat leastsomeof the non-
linearbehaviour of the system,andthat, sincethe validationsetpredictionerror is not
largerthanfor thetrainingset,it hasnot beenovertrained.
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Figure6.7: Predictionerrorfor 500samplesof thetrainingset.Thetopfigureshowsthe
predictionerrorfor theMLP model,thebottomfigureshows thepredictionerrorfor the
ARX model.
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Figure6.8: Predictionerror for 500samplesof thevalidationset.Thetop figureshows
thepredictionerrorfor theMLP model,thebottomfigureshows thepredictionerrorfor
theARX model.

An alternativewayof validatingthemodelis to testtheauto-correlationof theprediction
error. Ideally thereshouldbe no correlationbetweenthe predictionerrors. Figure6.9
shows thescaledauto-correlationof thepredictionerror for thevalidationset.Theplot
indicatesthat thepredictionerrorof theMLP modelis not entirelyuncorrelated,but on
theotherhandit is muchbetterthanfor thelinearmodel.
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Figure6.9: Scaledauto-correlationof thepredictionerrorfor thevalidationset.Thetop
figureshows theauto-correlationof thepredictionerrorfor theMLP model,thebottom
figureshows thesamefor theARX model.

Anotherway of testingthe obtainedmodel is to useit asan open-loopsimulator, i.e.
replacingthedelayedmeasurementsof ñ 0 with thevaluespredictedby themodel.This
is shown in Figure 6.10 for the training set and in Figure 6.11 for the validationset.
Thetopfiguresshow thesimulationusingtheMLP model.Themiddlefiguresshow the
simulationusingtheARX model.Thebottomfiguresshow thesimulationerror for the
MLP model.
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Figure6.10:Open-loopsimulationof thespeedusingtheMLP model(topfigure)andthe
ARX model(middlefigure)for 6000samplesof thetrainingset.Thesolidlinesshow the
simulatedspeed,thedottedlinesshow theactual(measured)speed.Thebottomfigure
shows thesimulationerrorfor theMLP model.
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Figure6.11: Open-loopsimulationof the speedusingthe MLP model(top figure)and
theARX model(middlefigure) for 6000samplesof the validationset. Thesolid lines
show thesimulatedspeed,thedottedlinesshow theactual(measured)speed.Thebottom
figureshows thesimulationerrorfor theMLP model.

Thesimulationsshow thattheMLP modelis amuchbetteropen-loopsimulatorthanthe
ARX model.On theotherhand,it doesstill show somesystematicerrors.

Theoverall conclusionof thevalidationprocedureis thatanMLP modelof thesystem
hasbeenobtainedwhich yields satisfactoryperformanceboth asa predictorandasan
open-loopsimulator.

6.4.3 Controller design

Theaim is now to transformtheMLP modelinto a quasi-LPVmodelon theLFT form
suitablefor LPV controldesign.Thefirst stepis to performthetransformationdiscussed
in Section6.3.1.Thesectorboundswerefoundby themethodpresentedin Section6.3.2
as
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Ò º »�¼ y¾½ � °�º »�¼ y¾ÊËw
1 0.0114
2 0.0092
3 0.0062
4 0.0035

Thetransformationprovideda modelon theformxzy µ�¶U·8Ù�¨¼ µ#{ i x ¡ Â £×� £ Ê £ · £ írÚ� ® | Ê | � · | � í {
bcccccd

y µ} �¦¼ µg )2 y53 ¼ µo µo µ ü ·
f gggggh m

where y µ ] bccd gñ 0 ¼ µgñ 0 ¼ µ ü ·gñ 0 ¼ µ ü ígñK0 ¼ µ ü �
f ggh and o
µ ] x g 2 �Lÿ ¼ 0�I(J ¼ µg 2M^ ¼ µn{ m

and }±�¦¼ µ i�¤Hk�8Ù�¨¼ µ p , where ¤HkL|~p is astaticnonlinearity. This is alsoillustratedin Figure
6.12,where~ ü · denotesthedelayoperator.

M
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g )2 y43

Figure6.12:MLP modelon LFT form.

In orderto designthe controllerthis systemwasexpandedinto theonein Figure6.13.
The 2 y53 observer block containsthediscretetime versionof equation(6.29)replacing2 �Lÿ with 2 �+ÿ ¼ 0YI(J . A referencesignal

gñ 0 ¼ 0YIYJ for the speedis subtractedfrom the actual
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speedyielding a control error @ . This control error is low-passfiltered by the filterj { yielding part of the performanceoutput. The performancefilter j { is a first order
filter with a bandwidthof 5 Hz. Beforefeedingthe control error to the controller õ ,
measurementnoiseñ w with variance

®  S�/� ü ·D is added.Thecontrolleroutputsthecontrol
signals

g 2 �Lÿ ¼ 0�I(J and
g 2�^ .

K

i

M

mR

observer

e

PSfragreplacements

8 { ·
8 { í
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8Ù� }¾�
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g 2 ^
8��}4�

g )2 y43

Figure6.13:Setupfor LPV speedcontrollersynthesis.

Thefinal thing to noticeaboutthesetupis that thereis no referencesignalto or perfor-
mancesignalfrom themagnetisingcurrent.Insteadapenaltyhasbeenput on

g 2 �Lÿ ¼ 0�I(J by
outputtingit astheperformancesignal 8 { í . This is dueto thefact thatanearlyattempt

to designa controller for both
gñ10 and

g ) 2 y43 resultedin a controller relying heavily ong 2 �Lÿ ¼ 0YIYJ for speedcontrol. Fromour knowledgeof thenonlinearities,we know that this
is not desirable,but this informationis hiddenin the residualgains ¤ , andthe control
designprocedureonly employsknowledgeof theboundson thegains,thusignoringthis
knowledgeof thenonlinearities.Thesetupin Figure6.13resultsin a controllersetting
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. This controlsignalis thenreplacedby thecontrolsignalfrom a traditional

magnetisingcurrentcontroller. This methodis anadhocapproachandmostlikely not
thebestapproach.Oneproblemis that thespeedcontrollerassumes

g 2 �Lÿ ¼ 0YIYJ a ®
, where

it would probablybe a betterideato include
g 2 �Lÿ ¼ 0YIYJ asa measurabledisturbance.This

shouldcertainlybeattemptedin futureversions.

Theoverall resultis aneighthordermodel: four ordersfrom theMLP model,two from
theinputdelays,onefrom theobserver, andonefrom theperformancefilter. A controllerõ andaschedulingfunction ¤5� weredesignedusingthemethoddescribedin Section5.4
attemptingto minimisethe � í -gainfrom

gñ 0 ¼ 0�I(J and ñ w to 8 { · and 8 { í . In orderto obtain
a controllerwhich couldbe implementedin real-timeit wasnecessaryto disregardthe
two residualgainswith thesmallestsectorbounds.It waspossibleto solvetheLMI with
an � í -gainlessthan

®   ® Ð ! . However, dueto numericalproblemsin solvingthequadratic
matrix inequalityit wasnecessaryto increasetheboundto � ½ i ®   ® Ð > in orderto obtain
a controller. For comparison,designinga controllerdisregardingthe residualgains,an� í -gainlessthan � � i ®   ® Ð¦Ð couldbeachieved.

Therearetwo sourcesof conservatismto themethodemployedhere.First we consider
the residualgainsasa diagonalgain with no correlationbetweenthe individual gains.
Finding a way to first obtaininformationof the correlationandsecondlyusingthis in
a finite-dimensionalschemewould be a lot more troublesome.Secondly, the rate of
variation in the residualgainsare not taken into account. It would seema relatively
straight-forwardtaskto expandtheprocedurediscussedin Section6.3in orderto obtain
boundson therateof variation. However, this is amatterfor furtherresearch.

Theobtainedcontrolleris on theform (5.57)-(5.58),wheretheschedulingsubspace� �
dependson � µ , which is adiagonalgainmatrix suchthat� µ�8 �¨¼ µHiF¤Hku8 �¨¼ µ/p� 
This posesan algebraicloop problem,since 8­�¨¼ µ dependson o µ . Thus, in order to
compute� � at samplek it is necessaryto know o µ , and in order to computeo µ it is
necessaryto know � � . If thesamplingfrequency is sufficiently high, andthecontroller
hasa reasonablylow high-frequency gain, then the control signal canbe expectedto
changeonly slightly from sampleto sample,and o µ ü · canbeusedasanestimateof o µ
in computing� µ . Alternatively, aniterativeschemecouldbeusedto alternatelycomputeonµ and � µ in analgebraicloop until theresults(hopefully)converge.Sincethesample
rateis mainly limited by the computationalpower of the PC, this latter approachdoes
not seemviable.

Thecontrollerwasimplementedusingthefirst of theseapproaches,i.e.assumingonµ�¶U·�aonµ whencomputingtheschedulingsubspace.



6.4Quasi-LPVspeedcontroller 141

6.4.4 Closed-loop experiments

A closed-loopexperimentwasperformedusing the LPV speedcontroller. The result
is shown in Figure6.14,wherethe measuredspeedis shown by the solid line andthe
speedreferenceis shown by the dottedline. The referencemovesin small stepsfrom° ô � ®�������� � to

ô¦®¦®������7� � andthenbackto ° ô � ®������7� � in onelargestep.
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Figure 6.14: Closed-loopexperimentusing the LPV speedcontroller. The speed
referenceis shown by the dotted line. The three figures show the behaviour with
threedifferent settingsfor the magnetisingcurrent. Top: 2 y43 ¼ 0�I(J i ô   >¦¡ . Middle:2 y53 ¼ 0�I(J i ô   ô ¡ . Bottom: 2 y43 ¼ 0�I(J i Ð   ® ¡ .

The experimentis performedfor threedifferentdegreesof magnetisation,2 y43 ¼ 0�I(J iô   >¦¡ , 2 y43 ¼ 0�I(J i ô   ô ¡ , and 2 y43 ¼ 0YI(J i Ð   ® ¡ respectively. The behaviour is satisfac-
tory for all threesituations,althoughfor 2 y53 ¼ 0�I(J i Ð   ® ¡ theperformanceis somewhat
degradedfor large(positiveandnegative)speeds.Thisis to beexpectedsincetheachiev-
abletorqueis limited by theallowablestatorcurrent.

For comparisonsanexperimentis performedwith a PI-controllertunedby theZiegler-
Nicholls relaymethodaroundñ 0 i ®�������� � . Theresultsareshown in Figure6.15.
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Figure6.15: Closed-loopexperimentusinga PI speedcontroller. The speedreference
is shown by the dottedline. The threefiguresshow the behaviour with threedifferent
settingsfor themagnetisingcurrent.Top: 2 y43 ¼ 0YIYJ i ô   >¦¡ . Middle: 2 y43 ¼ 0YIYJ i ô   ô ¡ .
Bottom: 2 y53 ¼ 0�I(J i Ð   ® ¡ .

As seenthe performanceof the PI-controlleris somewhat betterthanthat of the LPV
controller. This is partially dueto thePI-controllerbeingimplementedat a samplerate
of

� º7698 , whereasthe LPV controller was implementedat a samplerate of
!¦®¨® 698 ,

althoughthis cannotexplain the entiredifference. However, the main purposeof this
sectionwasto demonstratehow a controllercould be designedfor a nonlinearsystem
usinga systematicapproachfrom MLP modellingto LPV controllerdesign.

6.5 Summary

In this chapterthequasi-LPVapproachwasusedto constructbotha statorcurrentcon-
troller anda speedcontroller. The quasi-LPVapproachmakesit possibleto useLPV
controlmethodson verygeneralnonlinearsystems.
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A statorcurrentcontrollerwasdesignedbasedon themodelobtainedin Chapter3 anda
satisfactoryperformancewasachieved.

Thespeedcontrollerwasbasedon anMLP model. TheMLP wasusedto form a non-
linear statespacemodelof a systemincluding the inductionmotor, the statorcurrent
controller, and the flux observer. It wasshown that the MLP modelhadcapturedthe
behaviour of thesystem.TheMLP modelwastransformedinto a quasi-LPVmodelon
theLFT form, anda speedcontrollerwasdesignedyieldinga reasonableperformance.
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Chapter 7

ROBUST LPV
SPEED

CONTROLLER

TheLPV controllerdesignmethodsdescribedin Chapter5 assumedthatthetime-varying
parameterswerefully known. However, very oftentheparametersareonly known with
somesmalluncertainty. This would for instancebe thecaseif theparametersaremea-
suredunderthe influenceof measurementnoise. In the caseof quasi-LPVcontrol the
parameterscandependon thesystemstates,andthenany uncertaintyin theknowledge
of thestatesgivesriseto anuncertaintyon theparameters.

Very little researchhasbeendoneon the subjectof synthesisingcontrollersfor LPV
systemswith smalluncertaintiesonthetime-varyingparameters.In [Helmersson,1995]
a methodis given for the situationwheresomeparametersare fully known andoth-
ers are completelyunknown except for somebounds. The unknown parameterslead
to non-convex rank constraintson the multipliers, i.e. we have to enforcefor instance� i g� ü · . Such constraintscan in lucky casesbe solved, for instance,using al-
ternatingprojections,asdiscussedin for instance[GrigoriadisandSkelton,1996] and
[BeranandGrigoriadis,1996]. Thisapproachwasusedfor arobustflux observerdesign
in [Trangbæk,2000]. This approachcanalsobeusedfor thesituation,wherethetime-
varyingparametersareknown exceptfor somesmalluncertainty, simplyby splitting the
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time-varyingparameterinto a known partanda small unknown part. It is however be-
lieved that the methodpresentedbelow is simplerandwill yield betterresult,possibly
afterfurtherdevelopments.

In theapproachdescribedin Chapter5 we canachieve robustnessby ensuringthat the
schedulingfunction is void. Considerthe schedulingfunction in (5.36). If � ü hasno
rowsor if � ¶ hasnocolumnsthentheschedulingfunction � � is void, andthecontroller
is actuallyrobustto theparametervariations.Theseconstraintscorrespondto : �¾i ® orº��Øi ® , respectively. Theseareagainequivalentto

�.� g� ü · or
� Ñ g� ü · , respectively.

Unfortunatelythis will rarelybethecasewhenjust solvingthesynthesisLMIs. Again
somenon-convex approachwouldhave to beapplied.

In Section7.1 we will give an alternative approachfor the casewhen the parameters
areknown exceptfor someuncertainty, which is smallcomparedto theactualparameter
variations.Wewill endupwith constraintsonthemultipliers,whicharealsonon-convex,
but are,howeversomewhateasierto satisfythantherankconstraints.

In order to simplify matters,we shall restrictourselvesto diagonalresidualgainsand
diagonalmultipliers. Diagonalresidualgainsarise,for instance,whenusingthe trans-
formationmethodfor MLPs presentedin Section6.3. Restrictingourselvesto diagonal
multipliers restoresthe conservatism, which was removed by using the full block S-
procedureratherthanmoretraditionalLPV controlmethodsasdiscussedin Section5.1.
It is howeverhopedthatthiscanserveasafirst steptowardsa lessconservativemethod.

In Section7.2 themethodis appliedto thesamespeedcontrollerproblemasin Section
6.4but this time takinguncertaintyon theresidualgainsinto account.

7.1 Robust LPV control of systems with diagonal vari-
ation

In thisSectionwewill considertheproblemof designingLPV controllersfor thesystem
(5.11),with }±�
k?È+p´i � k?È+p(8­�
k%È+p�m
where� isadiagonalmatrix,whichisknownin real-timeexceptfor somesmalldiagonal
uncertainty. We shallassumethatall matricesarereal.

If for instance� k?È+p dependson parameterswhich canbe measuredin real-time,then
noiseon thesemeasurementsresult in uncertaintyon � k?È+p , i.e. insteadof using � to
form theschedulingfunction,wehave to useanestimate

)� .

Due to the LFT representationachievedthroughthe full block S-procedure,the uncer-
tainty only affects(5.9) in theanalysisLMIs.
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Hence,assumingboth the systemandthe controller to be on the standardLFT form,
insteadof ensuring(5.9),we needto fulfillbcccd � ®® � � k )� p� ®® �

f gggh Æ � I bcccd � ®® � � k )� p� ®® �
f gggh þ ®   (7.1)

If this canbe fulfilled for all k � m )� p , then the quasi-LPVcontrollerwill stabilisethe
systemandachievetherequiredrobustquadraticperformance.

Theproblemthatwill be addressedin this sectionis thusto find additionalconstraints
on the multipliers

�
and

g�
suchthat we cansatisfy (7.1) even in the presenceof un-

certaintyon � k?È+p . To simplify thederivations,we will only considerconstant,diagonal
multipliers.

Theorem7.1 (RobustdiagonalLPV control)

ConsidertheLPV system(5.11)with}±��i � k?È+p(8Ù��m � k?È+p±t -� m
where -�.]�ö�� � � i?��Ì ï�� ·�� Ê � w�e ö�� Ê ø.m�+ � Ê + � Ð ø¸ 
Assumethat � k?È+p is knownin real-timeexceptfor somesmalldiagonaluncertainty� ,
i.e. )� k%È+p!i � k%È+p_� � k?È+p�m � i��2Ì ï�� ·�� Ê � w�e ö @ Ê ø.m�+ @ Ê + ��-@ Ê  
If there exist � m�� and   i �2Ì ï�� ·�� Ê � w e ö�~ Ê ø � ®

(7.2)F i �2Ì ï�� ·�� Ê � w�e ö � Ê øaþ ® (7.3)g  i �2Ì ï�� ·�� Ê � w e ö g~ Ê ø � ®
(7.4)gF i �2Ì ï�� ·�� Ê � w e ö g� Ê øaþ ® (7.5)

satisfyingtheinequalities(5.21)–(5.23)with� i ® m g� i ® (7.6)~ Ê k Ð � -@ Ê p í � � Ê þ ® m ÐHÑ 2 Ñ¡i � (7.7)g~ ü ·Ê k Ð � -@ Ê p í � g� ü ·Ê þ ® m ÐHÑ 2 Ñ¢i ��  (7.8)

andfor each 2 i Ð  Ë  i � oneof thefollowing threeconditionsholds
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1. k ~ Ê ° g~ ü ·Ê p#k � Ê ° g� ü ·Ê pØþ ® (7.9)

2. k ~ Ê þ g~ ü ·Ê p and k � Ê � g� ü ·Ê p (7.10)

andk�k Ð � -@ Ê p í ~ Ê � g� ü ·Ê p í k g~ ü ·Ê � g� ü ·Ê p�k ~ Ê � � Ê pØþk8k Ð � -@ Ê p ~ Ê ° g� ü ·Ê p í -@ íÊ k g� ü ·Ê ° � Ê p�k ~ Ê ° g~ ü ·Ê p (7.11)

3. k ~ Ê � g~ ü ·Ê p and k � Ê þ g� ü ·Ê p (7.12)

andk�k Ð � -@ Ê p í g~ ü ·Ê � � Ê p í k ~ Ê � � Ê p#k g~ ü ·Ê � g� ü ·Ê pØþk�k Ð � -@ Ê p g~ ü ·Ê ° � Ê p í -@ íÊ k � Ê ° g� ü ·Ê p�k g~ ü ·Ê ° ~ Ê p (7.13)

thenthere existsa controller õNk )� p on the form (5.13)with } � i � � k )� k?È+p�p�8 � k?È+p that
yieldsrobustquadratic performancewith performanceindex

� { .
Proof: It is first of all notedthat the inequalitiesin (5.20)are implied by (7.2)–(7.8),
and that the estimatedresidualgains

)� only appearin the inequalitiesinvolving the
extendedmultiplier

� I . In orderto prove the result,we henceneedto show that with
the extra requirementsgiven above, (7.1) canbe fulfilled. If that canbe shown, then
Theorem5.10ensurestheexistenceof thedesiredcontroller õNk )� p . We construct� m � I
and � � k � p asin theproofof Theorem5.10,though£ mustbeconstructedin aparticular
way, which will beaddressedbelow. Then(5.9) is satisfied,which is equivalenttobcd x � � { Æ � x � � { � ü � ��� � ¶� Æ� � Æü � � Æ¶ � Æ� � ü ·ü � �l� � ü ·¶ f gh þ ®  
By a Schurargument,this is equivalenttobcccd x � � { Æ � x � � { � ü � ��� � ¶ ®� Æ� � Æü � � Æ¶ � ü ·¶ � Æ�® � � ° � ü

f gggh þ ®  
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Via acongruencetransformation,this expressioncanberewrittenasbcccd x � � { Æ � x � � { ° � ü � ü � Æü � ¶ � ü � ü� Æ¶ � ü ·¶ � Æ�� ü � Æü � � ° � ü
f gggh þ ®   (7.14)

Furthermore,since
�

fulfills (5.20)or equivalentlyx � � { Æ � x � � { i x � � { Æ � x � � { ° � ü � ü � Æü � � ü � ü � Æü þ ®
wehaveby Schurcomplementthatbcd x � � { Æ � x � � { ° � ü � ü � Æü � ü � ü� ü � Æü ° � ü f gh þ ®  
This impliesthatwecanapplytheSchurcomplementto (7.14)andobtaintheequivalent
inequality x � ü ·¶ � Æ�� � ° � ü { °¥¤.¦ x � � { Æ � x � � { ° � ü � ü � Æü¨§ ü · ¤ Æ þ ® (7.15)

where¤Fi j � ¶ � ü � ü m Æ . With thediagonalstructureof themultiplier, wecandefine
thematrix | ]©�   � � F ° � ü � ü � Æü
andwrite (7.15)as x � ü ·¶ � Æ�� � ° � ü { °ª¤ | ü · ¤ Æ þ ® m
and (5.36) as � �Ùk � p�i � ü � Æü | ü · � ¶ , respectively. We will now choose£ in the
following way. Let £ i j Õ · Õ í m suchthat � ü i j � � m Õ · and � ¶ i j � � m Õ í . If

necessarywe canperturb
g�

suchthatit is nonsingular. Sincethecolumnsof £ form an
orthogonalbasisof theimageof

� ° g� ü · (if this matrixhappensto besingular, we can
againperturb

g�
suchthatit is nonsingularaswell), it is possibleto partitionit suchthat£ i j Õ · Õ í m i¬« Õ · � ® Õ í � ®® Õ · � ® Õ í �®­

in which thenumberof rows of £ is
ô � andtheupperandlower partseachhave � rows,

andwhereeachcolumncontainsexactly one1 and
ô � ° Ð zeros.If

H · is some
ô � � ô �
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diagonalmatrix thenthe product
Õ Æ· H · Õ · is a diagonalmatrix with the elementsof

H
correspondingto thenegativeentriesin

� ° g� ü · in its maindiagonal.Similarly, if
H í is

somediagonalmatrixof appropriatedimensionsthentheproduct
Õ · H í Õ Æ· is a diagonalô � � ô � matrix with zeroentrieseverywhereexceptfor theentriescorrespondingto the

negativeentriesin
� ° g� ü · . Õ í hasthecorrespondingeffect for thepositive entriesin� ° g� ü · .

Tediouscalculationsbasedon equations(5.27)and(5.29)show that
|

is of theform| i`�2Ì ï�� ·�� Ê � � Ç � íÊ1¯ ï�° ö�~ Ê m g~ ü ·Ê ø±� ¯ ï�° ö � Ê m g� ü ·Ê ø É (7.16)

since £ rearrangesthenegativeandpositivediagonalelementsof
� ° g� ü · into � ü and� ¶ , respectively, whichmeansthat � ü containsexactlythoseelementswhere~ Ê ° g~ ü ·Ê �® m � Ê ° g� ü ·Ê � ®

. With perfectknowledgeabout � it is theneasyto choose� �Ùk � p such
that (7.15)is fulfilled, for instanceasin (5.36)wheretheoff-diagonalblocksaremade
to vanish,leaving a positivedefiniteblockdiagonalmatrixon theleft handside.

However, asstatedabove we arenot schedulingthe controllerbasedon the exact � ,
but ratheron the estimate

)� . This promptsus to definethe diagonalmatrices
)| m )� ü

and
)� ¶ analogouslywith (7.16)and(5.29)(replacing� Ê with

)� Ê ) andrewrite (7.15)with� �Ùk )� p!i � ü )� ü k )� p Æ )| k )� p ü ·K)� ¶ k )� p insteadof � ü � ü k � p Æ | k � p ü · � ¶ k � p :« � ü ·¶ )� Æ¶ )| ü · )� ü � ü� ü )� Æü )| ü ·K)� ¶ ° � ü ­ °x � Æ¶ | ü · � ¶ � Æ¶ | ü · � ü � ü� ü � Æü | ü · � ¶ � ü � Æü | ü · � ü � ü { þ ®   (7.17)

Let
g|

denotethematrixg| ] x )� � { )| ü · x )� � { Æ ° x � � { | ü · x � � { Æ  
Thisallowsusto rewrite (7.17)asbcd Õ Æí k � ü · ° x � � { | ü · x � � { Æ p Õ í Õ Æí g|�Õ · Õ Æ· � Õ ·Õ Æ· � Õ · Õ Æ· g|�Õ í ° � ü k � ü ·ü � � Æü | ü · � ü p � ü f gh þ ®  
Somestraightforwardcomputationsrevealthat

g|
consistsof diagonalsubmatricesg| i x g| ·³· g| · íg| · í g| í�í {
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givenby g| ·³· i ��Ì ï�� ·�� Ê � �²± k )� íÊ ° � íÊ p � yØÊk )� íÊ ~ yØÊ � � yØÊ p#k � íÊ ~ y¾Ê � � y¾Ê p´³ mg| · í i ��Ì ï�� ·�� Ê � � ± k )� Ê � íÊ ° )� íÊ � Ê p ~ yØÊ �sk )� Ê ° � Ê p � yØÊk )� íÊ ~ y¾Ê � � y¾Ê p�k � íÊ ~ y¾Ê � � y¾Ê p ³ mg| í³í i ��Ì ï�� ·�� Ê � � ± k � íÊ ° )� íÊ p ~ yØÊk )� íÊ ~ yØÊ � � yØÊ p#k � íÊ ~ y¾Ê � � y¾Ê p ³ m
where ~ yØÊ ] ¯ ï�° ö�~ Ê m g~ ü ·Ê ø and

� y¾Ê ] ¯ ï�° ö � Ê m g� ü ·Ê ø¸m ÐIÑ 2 Ñ��   (7.18)

Applying the Schurcomplementlemmato the inequalityabove andsimplifying gives
thefollowing equivalentmatrix inequality:

Õ Æí ¦ � ü · ° x � � { | ü · x � � { Æ § Õ í� Õ Æí g|�Õ ·5µ � ü ·ü � � Æü | ü · � ü·¶ ü · Õ Æ· g|�Õ í þ ®   (7.19)

Let ¸
ü ]`� ü · ° x � � { | ü · x � � { Æ and

¸ ¶ ]�� ü · � x � � { | ü · x � � { Æ m
suchthat(7.19)canbewrittenasÕ Æí

¸
ü Õ í � Õ Æí g|�Õ ·�k Õ Æ· ¸ ¶ Õ ·#p ü · Õ Æ· g|�Õ í þ ® (7.20)

in which,using(7.16),it is seenthat

¸
ü and

¸ ¶ mustbeof theform¸
ü i x ¸ ü ·³· ¸

ü · í¸
ü · í

¸
ü í³í { and

¸ ¶ i x ¸ ¶U·³· ¸ ¶U· í¸ ¶U· í ¸ ¶ í³í { m
where ¸º¹ ·³·Pi �2Ì ï�� ·�� Ê � � ë Ð~ Ê ° g~ ü ·Ê,» � íÊ� íÊ ~ y¾Ê � � y¾Ê ì m (7.21)¸ ¹ · í i �2Ì ï�� ·�� Ê � � ë » � Ê� íÊ ~ y¾Ê � � y¾Ê ì m (7.22)¸º¹

í³í i �2Ì ï�� ·�� Ê � � ë Ð� Ê ° g� ü ·Ê¼» Ð� íÊ ~ y¾Ê � � y¾Ê ì   (7.23)



152 RobustLPV SpeedController

Now LemmaB.4 (in theAppendix)impliesthatÕ Æí g|�Õ ·�k Õ Æ· ¸ ¶ Õ ·�p ü · Õ Æ· g|�Õ í i Õ Æí¾½ Õ í m
where ½ i x ½ · ®® ½ í { m
whichmeansthat(7.20)is equivalenttoÕ Æí k

¸
ü � ½ p Õ í þ ®   (7.24)½ is diagonaland ¿ · ¼ Ê i ¿ í ¼ Ê i ®

for the 2 ’s for which ~ Ê þ g~ ü ·Ê and
� Ê þ g� ü ·Ê . We

alsoknow from LemmaB.4 that ½ · ¼ Ê i g� í · í ¼ Ê �ÁÀ ¶ í³í ¼ Ê for the 2 ’s for which ~ Ê þ g~ ü ·Ê
and

� Ê � g� ü ·Ê and ½ Ê ¶ � ¼ Ê ¶ � i g� í · í ¼ Ê ��À ¶U·³· ¼ Ê for the 2 ’s for which ~ Ê þ g~ ü ·Ê and
� Ê � g� ü ·Ê

(lower-caseletterswith subscript2 referto the 2 ’ thdiagonalelementof thematrixdenoted
by thecorrespondingupper-caseletter).Furthermore,thepre-andpostmultiplicationbyÕ Æí and

Õ í , respectively, eliminatestheelementsfor which ~ Ê � g~ ü ·Ê and
� Ê � g� ü ·Ê .

By a permutation(7.24)canthenbeseento beequivalentto thefulfilment of a number
of Ð � Ð or

ô � ô matrix inequalitiesof theform~ Ê þ g~ ü ·Ê m � Ê þ g� ü ·Ê � x À ü ·³· ¼ Ê À ü · í ¼ ÊÀ ü · í ¼ Ê À ü í³í ¼ Ê { � x ¿ · ¼ Ê ®® ¿ í ¼ Ê { þ ® (7.25)~ Ê þ g~ ü ·Ê m � Ê � g� ü ·Ê � À ü ·�· ¼ Ê � ¿ · ¼ Ê þ ® (7.26)~ Ê � g~ ü ·Ê m � Ê þ g� ü ·Ê � À ü í�í ¼ Ê � ¿ í ¼ Ê þ ®   (7.27)

As mentionedabovewe have ¿ · ¼ Ê i ¿ í ¼ Ê i ® for the 2 ’s for which ~ Ê þ g~ ü ·Ê m � Ê þ g� ü ·Ê .
Furthermore,the submatrixof

¸
ü can be seento be positive definite by combining

equations(7.21)–(7.23)with thebasicassumptions(7.8),which imply that � í ~ Ê � � Ê þ® m � í g~ ü ·Ê � g� ü ·Ê � ®
. Hence,(7.25)is automaticallysatisfied.

This leavesus with (7.26)and(7.27),which representa setof simplescalarinequali-
ties. By combining(7.21) and(7.23) with the definition of

g| · í we canrewrite these
inequalitiesasÐ~ Ê ° g~ ü ·Ê ° � íÊ� íÊ ~ Ê � g� ü ·Ê �AÂU·Hù Ð� Ê ° g� ü ·Ê � Ð� íÊ ~ Ê � g� ü ·Ê û ü · þ ®
for ~ Ê þ g~ ü ·Ê m � Ê � g� ü ·Ê , andÐ� Ê ° g� ü ·Ê ° � íÊ� íÊ g~ ü ·Ê � � Ê �AÂ í ù Ð~ Ê ° g~ ü ·Ê � Ð� íÊ g~ ü ·Ê � � Ê û ü · þ ®
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for ~ Ê � g~ ü ·Ê m � Ê þ g� ü ·Ê , in whichÂ · ] � Ê )� Ê k � Ê ° )� Ê p ~ Ê �Fk )� Ê ° � Ê p g� ü ·Êk )� íÊ ~ Ê � g� ü ·Ê p#k � íÊ ~ Ê � g� ü ·Ê p mÂ í ] � Ê )� Ê k � Ê ° )� Ê p g~ ü ·Ê �Fk )� Ê ° � Ê p � Êk )� íÊ g~ ü ·Ê � � Ê p#k � íÊ g~ ü ·Ê � � Ê p  
Finally, applyingLemmaB.5 to eachof theseinequalitiesshowsthatthey aresatisfiedifk�k Ð � -@ Ê p í ~ Ê � g� ü ·Ê p í k g~ ü ·Ê � g� ü ·Ê p�k ~ Ê � � Ê p�°k8k Ð � -@ Ê p ~ Ê ° g� ü ·Ê p í -@ íÊ k g� ü ·Ê ° � Ê p#k ~ Ê ° g~ ü ·Ê pØþ ®
if ~ Ê þ g~ ü ·Ê and

� Ê � g� ü ·Ê ork�k Ð � -@ Ê p í g~ ü ·Ê � � Ê p í k ~ Ê � � Ê p#k g~ ü ·Ê � g� ü ·Ê p¾þk�k Ð � -@ Ê p g~ ü ·Ê ° � Ê p í -@ íÊ k � Ê ° g� ü ·Ê p�k g~ ü ·Ê ° ~ Ê p
if ~ Ê � g~ ü ·Ê and

� Ê þ g� ü ·Ê . Hence,(7.24)will befulfilled if for each2 i Ð  Ë  i � oneof the
threeconditionsin equations(7.9)-(7.13)is satisfied,which is whatwe wantedto show.Ã
Remark7.2 Normally, if

� ° g� ü · losesrank,i.e. k ~ Ê ° g~ ü ·Ê p#k � Ê ° g� ü ·Ê p¾i ® for some2 , it would be more efficient to constructan extendedmultiplier of lower dimension.
However, to keeptheproof simple,it waschosento ignorethis possibility, sincethere
is no lossof generalityin assumingthat

� ° g� ü · is indeedinvertible. If necessary, it
is alwayspossible(dueto thestrictnessof thematrix inequalities)to perturb

� ° g� ü ·
in the right direction,suchthat thereis no needto scheduleaccordingto theparticular
diagonalelementswhich are the causeof lossof rank, i.e. � � will be independentof
theseelements.

The conditionswill usuallynot hold automaticallywhenjust solving the LMI (5.21)–
(5.23)soit is necessaryto find someadditionalconvex constraintswhich will guarantee
thefulfilment of oneof thethreeconditions.

Of coursetheconvex constraintsx F �� gF { þ ® m   � g  þ�° ô �
(7.28)

wouldguarantee(7.9),but wouldalsobefar too conservative.

Thethreeconditionsin (7.9),(7.10),and(7.12)discriminatebetweenthesignsof ~ Ê ° g~ ü ·Ê
and

� Ê ° g� ü ·Ê . If thesehavethesamesignfor all 2 , thentherewill benoschedulingfunction
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andthe controllerwill be robust. To assure(7.11)or (7.13) in the othercases,convex
constraintsof theform F �Fk � �AÄUp   þ ® (7.29)g  �Fk � �ÅÄUp gF � ®

(7.30)Ä i`�2Ì ï�� ·�� Ê � w�e ÷ Ê m ÷ Ê þ ô -@ Ê � -@ íÊ (7.31)

canbeused.

Thebestway to synthesisetherobustcontrolleris probablyto keepincreasingtherele-
vantelementsof Ä until thesolutionof theLMI leadsto a solutionfulfilling thecondi-
tions(7.11)or (7.13).At eachiteration,themultipliersshouldbekeptsmall,for instance
by minimising the traceof F ° g 

. This is a linearobjective minimisationproblemas
discussedin Section2.3.1. Alternatively the following lemmascanbe usedto provide
sufficient conditionbeforehand,therebyonly requiringonesolutionof theLMI.

Lemma7.3 Assumethat
��� � g� ü · þ � þ ® and

g~ ü · � ~ � ®
, andlet ÷ belarger than

thelargestreal root of thepolynomial� ½ k%÷ { p´i � í ÷ �{ �Æµ -@ í k � í ° � � ° � pª� � í ° � ° ô�� -@ ¶ ÷ í{ �ô -@Ùí/k � ° � �Äp8÷ { � -@Ùí¨k � ° � �¾° � íØ� Ð p (7.32)

in ÷ { andassumealso Ð �v÷\þ�k Ð � -@�p í .
Then � �sk Ð �v÷�p ~ þ ® m g� ü · �sk Ð �v÷�p g~ ü · þ ® (7.33)

impliesk8k Ð � -@�p+í ~ � g� ü · p+í¸k g~ ü · � g� ü · p�k ~ � � p\þk8k Ð � -@­p ~ ° g� ü · p í -@ í k g� ü · ° � p�k ~ ° g~ ü · p (7.34)

Proof: Givenin theappendixon page177. Ã
Lemma7.3 can be usedto assure(7.11). The convex constraint

� Ê � Ê þ g� ü ·Ê can be
implementedas x F ¸¸ gF { þ ® m (7.35)

where
¸ i?�2Ì ï�� ·�� Ê � w e ö � ü ·YÇ íÊ ø¸  (7.36)

Lemma7.3 can of coursealso be usedfor guaranteeing(7.13) with the substitution~AÈ g~ ü ·Ê m g~ ü · ÈÉ~ Ê m � È g� ü ·Ê m g� ü · È � Ê . Unfortunatelythe constraint
� Ê g� ü ·Ê þ � Ê

is not jointly convex in
�

and
g�
. However, thereseemsto beno way aroundthis kind of

constraint.A convex conservativeconstraintis givenby thefollowing proposition
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Proposition7.4 Assume
� þ ® m�Ê¢þ ® m � þ ® , and Ë þ ® . ThenË í � � � Ê � ô Ë �ÍÌÎ� Ê � �

(7.37)

By this proposition
� Ê g� ü ·Ê þ � Ê is implied by Ë íÊ � Ê � � Ê g� Ê � Ë Ê � Ê .

Corollary7.5 Consider the system (5.11) with }±� i � k?È+p�8Ù� where � i�2Ì ï�� ·�� Ê � w�e ö�� Ê ø¸m�+ � Ê + � Ð . Assumethat � k?È+p is knownexceptfor somesmalluncertainty@ , i.e.
)� k?È+p!i � k?È+pU� � k%È+p�m � i`�2Ì ï�� ·�� Ê � w e ö @ Ê ø¸m�+ @ Ê + ��-@ Ê .

Choosesome ¡ J iÏ�2Ì ï�� ·�� Ê � w e ö � Ê ø þ ® m Ë ik��Ì ï�� ·�� Ê � w e ö�Ë Ê ø�þ ®
and Ä�i�2Ì ï�� ·�� Ê � w e ö ÷ Ê ø�þ ®

such that for each 2 i Ð  }  i � , ÷ Ê is larger than the largest real
root of thepolynomial� ½ á k%÷ { p´i � íÊ ÷ �{ � µ -@ í k � íÊ ° � �Ê ° � Ê pª� � íÊ ° � Ê ° ô�� Ê -@ ¶ ÷ í{ �ô -@ í k � Ê ° � �Ê p8÷ { � -@ í k � Ê ° � �Ê ° � íÊ � Ð p (7.38)

andlarger than -@ íÊ � ô -@ Ê .
If there exist � m�� and � i x   ��rÐ F { g� i x g  g�g�rÐ gF { (7.39)

satisfyingtheinequalities(5.21)–(5.23)with  i`�2Ì ï�� ·�� Ê � w e ö�~ Ê ø � ®F i`�2Ì ï�� ·�� Ê � w e ö � Ê ø]þ ® m � i ®F �Fk � �AÄUp   þ ®g  i`�2Ì ï�� ·�� Ê � w�e ö g~ Ê ø � ®gF i`�2Ì ï�� ·�� Ê � w�e ö g� Ê ø]þ ® m g� i ®gF ü · �Fk � �AÄUp g  ü · þ ®« F ¡ ü ·(Ç íJ¡ ü ·YÇ íJ gF ­ þ ®Ë í F �v¡ J gF � ô Ë ¡ J  
(7.40)

Thenthere existsa controller õxk )� p on the form (5.13)with } � i � � k )� k?È+p�p�8 � k?È+p that
yieldsrobustquadratic performancewith performanceindex

� { .
If ¡ J and Ë arechosenapriori thenweareleft with conditionsthatcaneasilybeimple-
mentedin anLMI solver. If the -@ Ê ’s aresmall thenany largechoiceof ¡ J shouldwork.
Noticethatif

� Ê is largeand -@ Ê is smallthentherootsof (7.38)areapproximatelyequal
to therootsof ÷ �{ �Fk Ð °¥@ ½ p8÷ í{ ° ô @ ½ ÷ { °ª@ ½ (7.41)

where@ ½ i � Ê -@ íÊ . Thiswould suggestchoosing
� Ê proportionalto -@ ü íÊ .
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Example7.6 With -@ Ê i ®   ® Ð and
� Ê i Ð ®¨® , ÷ Ê � ®   Ð¨Ð will suffice.

Remark7.7 In LMI problems,slackingon oneconditionwill often increasethe range
of the feasibility set drastically. So for instanceby allowing a small degradationof
performance,it will oftenby possibleto greatlyincreasetherobustness.

In [BendtsenandTrangbæk,2000a] anexampleis givenof acontroldesignfor asimple
system,wheretheabovemethodsignificantlyimprovestheperformance.

Remark7.8 Sincethe requirementsfor robustnessgiven above areonly relatedto the
multipliers,thetheoryworksequallywell for continuousanddiscretetime.

7.2 Robust speed controller

In this sectionwewill usetherobustLPV synthesispresentedin Section7.1to designa
robustversionof thespeedcontrollerpresentedin Section6.4.

Using theMLP modelobtainedin Section6.4, thefirst stepis to obtainanestimateof
the uncertaintyon the residualgains. As discussedin Section6.4.3we considertwo
residualgainswith sectorbounds

®   ® Ð¦Ð � and
®   ®¦®��¨ô

respectively. We will assumethatñ 0 is known exceptfor a measurementnoiseboundedby
®   � rad/s. Using the method

describedin Section6.3.3wefind thatthis resultsin uncertaintiesonthesegainsof
�   Ð�Ñ

and
ô   � Ñ respectively.

The samesynthesisas in Section6.4.3 was performedbut now the multipliers were
chosenas � i bccd °bk Ð �N÷ · p ü · � · ® ® ®® °bk Ð �N÷ í p ü · � í ® ®® ® � · ®® ® ® � í

f ggh
g� i bccd °bk Ð �v÷#·�p g� · ® ® ®® °bk Ð �v÷ í p � í ® ®® ® g� · ®® ® ® g� í

fSggh  
By iteratively performingthesynthesis,checkingfor robustnessusing(7.9)-(7.13),and
increasingthe corresponding÷ if robustnesswasnot achieved,a robust controllerwas
designed.It wasnecessaryto increasethe boundthe � í -gain, � , from

®   ® Ð > to
®   ®����

.
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The resultingmultipliers were given by
� · i �   > ,

� í i �   ® , g� · i �   ® , g� í i Ð ®   � ,÷ · i ®   Ð � , and ÷ í i ®   Ð ! .

The sameexperimentas in Section6.4.4 was performednow using the robust speed
controller. Theresultis shown in Figure7.1.
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Figure7.1: Closed-loopexperimentusingthe robustLPV speedcontroller. Thespeed
referenceis shown by the dottedline. The threefiguresshow the behaviour with three
differentsettingsfor themagnetisingcurrent.Top: 2 y43 ¼ 0�I(J i ô   >¨¡ . Middle: 2 y53 ¼ 0�I(J iô   ô ¡ . Bottom: 2 y43 ¼ 0�I(J i Ð   ® ¡ .

Comparingwith Figure6.14it is seenthatthereareonly smalldifferencesin theperfor-
mance.If anything, therobustLPV controlleris slightly hardertunedthanthenominal
LPV controller. This is dueto thefactthattheboundonthe � í -gainfor thenominalLPV
controllerhadto beincreaseddueto numericalproblemsin solvingthequadraticmatrix
inequality.Thiswasnotnecessaryfor therobustLPV controller, sinceincreasingthe ÷ ’s
improvedthenumerics.
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7.3 Summary

In this chaptera novel methodwaspresentedfor robustLPV designfor systemswhere
thetime-varyingparametersareuncertain.It wasassumedthatthetime-varyinggainwas
diagonalandthat thediagonalelementswereknown exceptfor somesmalluncertainty.
A theoremwaspresentedguaranteeingtheexistenceof anLPV controlleryieldingrobust
quadraticperformanceundertheconditionof anew typeof constraintsonthemultipliers.
Even thoughtheseconstraintswerenonconvex, it wasdemonstratedhow the theorem
couldbeusedasa basisfor controllersynthesis.

Themethodwasappliedto thedesignof aspeedcontroller, whichwasrobustto measure-
menterrorsof thespeed.Therewasnosignificantdifferencecomparedto thecontroller
designedin Chapter6.



Chapter 8

CONCLUSIONS

This thesisdemonstratedhow the theory of linear parametervarying (LPV) systems
couldbeappliedto severalsubproblemsin inductionmotorcontrol resultingin a novel
flux observerandnovel currentandspeedcontrollers.Variouscontributionsto thefield
of LPV control theorywerealsopresented.This chaptersummarisesandconcludeson
thework presentedin this thesisandgivesrecommendationsfor furtherwork. Section
8.1givesasummaryof thethesis.Section8.2concludesonthework in general.Finally,
Section8.3givessuggestionsfor furtherwork.

8.1 Summary of the thesis

Chapter3 describedthe dynamicmodel the induction motor. The part of the model
describingthe currentswaswritten asa complex secondorderstatespacemodelwith
theshaftspeedasa time-varyingparameter. Thelaboratorysetuponwhichexperiments
wereperformedwasalsodiscussed.

In Chapter4 therotorflux orientedcontrolschemefor theinductionmotorwasdescribed.
First it was discussedhow the dynamicalequationsof the motor could be simplified
by writing themin a referencesystemfollowing the angleof the rotor flux. Thenthe
rotor flux orientedcontrolmethodwasdescribed.A shortdiscussionof flux andspeed
observerswasalsogiven.

Chapter5 reviewedarecentlydevelopedLPV synthesismethodfoundin [Scherer, 2001],
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theso-calledfull block S-procedure.An equivalentdiscrete-timeversionof the theory
wasdeveloped. Then the specialsymmetryof the currentequationsof the induction
motor wasinvestigated.It wasshown that controllersandobserversfor LPV systems
with this typeof symmetrycanbeassumedto have thesametypeof symmetrywithout
lossof performance.Finally adiscrete-timeflux observerwasdesignedandtestedonthe
laboratorysetup.A goodperformancewasachievedwith very little needfor tuning.

In Chapter6 it wasdescribedhow thequasi-LPVapproachallowstheuseof LPV theory
for a very generalclassof nonlinearsystems.The approachwas then appliedto the
designof a statorcurrentcontroller. Again,agoodperformancewasachievedwith very
little needfor tuning.A new methodfor transforminganeuralnetwork statespacemodel
into aquasi-LPVmodelsuitablefor controldesignwasthenpresented.Thismethodwas
thenappliedto thedesignof a speedcontrollerbasedon a neuralnetwork model. The
mainpurposeof thespeedcontrollerdesignwasto demonstratehow a controllercould
be designedfor a nonlinearsystemusinga systematicapproachfrom neuralnetwork
modellingto LPV controllerdesign.

In Chapter7 anovel methodwaspresentedfor robustLPV designfor systemswherethe
time-varyingparametersareuncertain.Themethodwasappliedto thedesignof aspeed
controller, whichwasrobustto measurementerrorsof thespeed.

8.2 Conclusions

Thefollowing generalconclusionsonLPV controllerdesigncanbedrawn from thework
in this thesis:/ TheLPV control theoryprovidesa systematicway to approachcontrollerdesign

for nonlinearsystems.OnceanLPV modelof thesystemto becontrolledhasbeen
obtained,it is straightforwardtaskto designthecontroller./ Goodresultscouldbeachievedwithoutaddinga largenumberof filtersasis often
necessarywith robust c d techniquessuchas Â -synthesis. Consequentlythe
resultingcontrollerswereof low orderandvery little tuningwasneeded.

With respectto theapplicationof LPV control to inductionmotorcontrol thefollowing
conclusionscanbedrawn:/ LPV controllersarecomputationallyheavy consideringthefastdynamicsof small

andmediumsizedinductionmotors. Thusactualindustrialimplementationmay
still beprematureexceptfor largemotors.However, it is expectedthatthecoming
decadewill bring fasterandcheaperprocessorsmakingimplementationof LPV
controllersa viableoption.



8.3Recommendationsfor furtherwork 161/ Thedescribedsynthesismethodprovidesnumericalsolutionsto thecontroldesign
ratherthansolutionsgiven directly in termsof the motor parameters.This is a
disadvantageof LPV methodscomparedto for instancefeedbacklinearisationas
in [Rasmussenet al., 1997] or backsteppingdesignasin [Rasmussenet al., 1999]./ Goodresultscould be obtainedfor the flux observer andthe statorcurrentcon-
troller usingonly a minimumamountof trial anderror.

8.3 Recommendations for further work

Thefollowing topicswould benefitfrom furtherexaminations:

RobustnessTherobustnessof theproposedflux observer andstatorcurrentcontroller
to parametervariationsshouldbefurtherinvestigated,for instancethroughsimula-
tion studies.SincetheLPV methodsdonot rely on inversionor exactcancellation
of thenonlinearities,goodrobustnesspropertiesshouldbeexpected.

Numerics Constructingthe LPV controllersinvolved solving the quadraticmatrix in-
equalityin Lemma2.9.This canbenumericallyproblematicevenfor smallprob-
lems. A suggestionfor improving the numericswasgiven in Lemma5.12, but
evenbetterresultscouldprobablybeachievedby findinganalternativeto thecon-
structiongivenin theproof of Lemma2.9.

Saturation The statorvoltagesaturates,constitutingan input saturationfor the stator
currentcontroller. In additionthe statorcurrenthasto be limited to protectthe
motor. This constitutesaninput saturationfor thespeedcontroller. Thesesatura-
tionswerenot includedin theLPV models,mainlybecauseit is difficult to dothis
in a meaningfulway. In [ScorlettiandGhaoui,1998] it is suggestedto make the
controller robust to the differencebetweenthe commandedinput andthe actual
input. However, thiswill probablyyield veryconservativesolutions.

In additionthework couldbeextendedin thefollowing directions:

Ratesof change If boundson theratesof variationof thetime-varyingparametersare
known, then this can be exploited by making the Lyapunov matrix parameter-
dependent,see[RughandShamma,2000] andthereferencestherein.This canbe
usedto reduceconservatismandthusobtaina betterperformance.For the pre-
sentedflux observerandstatorcurrentcontroller, a boundon therateof variation
of theshaftspeedcouldbeachievedthroughassumptionson the loadtorqueand
by consideringthe boundon the statorcurrent. It would probablyalsobe fairly
simpleto obtainboundsontherateof variationsfor thequasi-LPVmodelobtained
from a neuralnetwork model,asdescribedin Section6.3, througha gridding of
theparameterspace.
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Multipliers for robust LPV It wouldprobablybeastraightforwardthoughtedioustask
to replacethe requirements(7.6) with requirementssimilar to (7.2)-(7.5),i.e. al-
lowing � to bediagonal.Thiswould in somecasesreduceconservatismgreatly.

Oneunified controller It maybepossibleto avoid thecascadedcontrollersandinstead
attemptto designonelargeLPV controllerfor theentiresystem.Thesuccessof
thisattemptwouldprobablydependonthechoiceof quasi-LPVrepresentationfor
thesystem.

Neural network implementation Themainsourceof computationalcomplexity of the
implementedLPV controllerswasthecomputationof theschedulingfunctionand
the subsequentinversiondueto

| � í�í beingnon-zero(seeSection5.4.4). As an
alternative a neuralnetwork couldbetrainedto mimic thesefunctions.If a suffi-
ciently smallnetwork yielding a goodapproximationin theentirerangeof oper-
ationcouldbeobtained,thenit would only benecessaryto implementthemulti-
plicationsandtangenthyperbolicfunctionsof theneuralnetwork, which in many
casescouldreducethecomputationalcomplexity.



Appendix A

EXPERIMENTAL

SETUP

In this thesisseveralexperimentswill beperformedona laboratoryinductionmotorsys-
temillustratedin FigureA.1. Thesystemwasdesignedin thestudentprojectdescribed
in detail in [SkougaardandWenzel,1997].

induction
motor

power
device
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FigureA.1: Laboratoryinductionmotorsystem.
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The PC runsthe control programto be testedproviding a referencevoltagefor the in-
ductionmotorpower device anda torquereferenceto theDC motorpower device. The
brushlessDC motorcanbeusedto simulatea loadtorqueon theshaft.SincethePCre-
ceivesmeasurementsof therotorangularpositionfrom theencoderthiscanfor instance
bea positionor speeddependentload.

A.1 Induction motor

Theinductionmotoris a BauknechtATB drivewith two polepairs( Ò { i ô ), asquirrel-
cagerotor, andthreestarconnectedstatorwindings.Its nominaldataare

Nominalpower 1.5kW
Nominalspeed 1420rpm
Nominaltorque 10 Nm
Nominalcurrentat 380V 3.6A

In [Rasmussen,1995] theparametersof theinductionmotorwereidentifiedatstandstill
at
ô¦® ¬Är undertheassumption

H � i H 0 asH � i H 0 i ®   � � ô 6�m H y i ®   ��� Ð 6`m F � i��2  ® ¤×m F 0 i �   � ¤×  (A.1)

A.2 Power device

The power device is of the VSI-type describedin Section3.5. It is a VLT5003 from
DanfossA/S. It hasbeencustomised,so that the voltagereferencescanbe setvia the
ISA busof thePC.Thevoltagesaregeneratedby pulse-widthmodulation(PWM) with
aswitchingfrequency of 15 kHz.

A.3 Current transducers

The threestatorcurrentsaremeasuredby LEM-modules,which areessentiallytrans-
formers. A currenttransduceris illustratedin FigureA.2. Thestatorcurrentinducesa
smallercurrentin theLEM-module,which is convertedto anequivalentvoltagethrough
aresistor. Thisvoltagecanthenbemeasuredby theAD-converterin thePC.
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FigureA.2: LEM modulefor statorcurrentmeasurement.

A.4 Voltage transducers

The statorvoltagesaremeasuredthrougha starconnectedresistorbridgeasshown in
FigureA.3. Eachleg of thebridgeconsistsof two resistorsproviding a voltagedivision.
The resistorsare chosenso large that no significantcurrentis drawn. The neutral is
isolatedandis thereforeequivalentto the statorneutral. Sincethe statorvoltagesare
generatedby PWM, it is necessaryto filter themeasurementsbeforefeedingthemto the
AD-converterin thePC.A second-orderanaloghardwarefilter with a cut-off frequency
of 1 kHz waschosen.
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FigureA.3: Resistorbridgefor statorvoltagemeasurement.

A.5 Encoder

An encoderfrom Heidenhahnis connectedto theshaftmakingit possibleto measurethe
positionor speed.Theencoderessentiallyconsistsof adiscwith alternatelyopaqueand
transparentsectorsandtwo pairsof light transmittersandreceivers.As thediscrotates,
the light from the transmitterswill eitherbe interruptedbe the disc or allowed to pass
thoughto thereceiverdependingon theposition.By measuringthelight at two slightly
offsetpositionsit is possiblenot only to know thenumberof sectorswhich have passed
but alsothe direction. Countingthe numberof sectorsthat have passedin a sampling
period gives an estimateof the speed. This particularencoderhas1024 transparent
sectors.At asamplingfrequency of 3kHzthisgivesaresolutionof themechanicalspeed
of approximately4.6rad/sateachsample.By low passfiltering amoreaccurateestimate
canbeobtained.

A.6 DC motor

TheDC motor usedto simulatea load torqueis an Indramatpermanentmagnetmotor
from Mannesmann/Rexroth. It is drivenby apowerdevicecontainingacurrentcontroller
receiving its referencesfrom a torquecontroller. The referenceload torqueis supplied
asananalogsignalfrom theDA-converterin thePC.
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A.7 PC

ThePC controlling theentiresystemis a Siemens-Nixdorff ScenicPro M6 with a 200
MHz PentiumProprocessorand32 MB of RAM. To allow measurementsof statorcur-
rentsandvoltages,aDataTranslationDT2829I/O-cardhasbeeninserted.Thesampling
frequency of thecontrolsystemhasbeenchosenas3 kHz.

Thecontrolsystemis designedin MatLabSimulink [MathWorks,Inc., 1993] with Real
Time Workshop[MathWorks,Inc., 1994] (RTW). TheRTW convertstheSimulink pro-
gramto aC-program,which is thencompiledto work with aVxWorkskernelanddown-
loadedover the internetto the PC using a Tornado/VxWorks software packagefrom
WindRiver [WindRiverSystems,1995]. Whenthe programis runningon the PC,data
canbecollectedover the internetusingtheStethoscopepackagefrom Real-Time Inno-
vations[Real-TimeInnovations,]. Thesystemallowsselectedparametersof thecontrol
systemto bechangedin real-timefrom within theSimulinkenvironment.
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Appendix B

LEMMAS AND

PROOFS

This appendixcontainslemmaswith no appropriateplacein themain thesisaswell as
proofswhichweredeemedtoo long andtediousfor themainthesis.

B.1 Lemmas

B.1.1 Lemma B.1: Matrix Inversion Lemma

LemmaB.1 (Matrix InversionLemma)e.g. [Helmersson,1995]

Let ¡ and
|

benon-singular. Thenk | �xrH¡¢£�p ü · i | ü · ° | ü · r�k?£ | ü · r��N¡ ü · p ü · £ | ü · (B.1)
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B.1.2 Lemma B.2: Partitioned matrix inversion

LemmaB.2 (Partitionedmatrix inversion)[Horn andJohnson,1985]

Let ¡ bea squarematrixpartitionedas¡Fi x ¡H·�·V¡H· í¡ í ·V¡ í�í { m
where ¡ ·³· and ¡ í�í aresquare. If ¡ ·³· is nonsingularthen ¡ is nonsingularif andonly if
theSchurcomplement�Ó] ¡ í³í °`¡ í · ¡ ü ··³· ¡ · í is nonsingular. Furthermoretheinverse
is then ¡ ü · i x ¡ ü ··³· �N¡ ü ··³· ¡H· í � ü · ¡ í ·�¡ ü ··³· °\¡ ü ··³· ¡H· í � ü ·° � ü · ¡ í ·#¡ ü ··³· � ü · {  
Dually, if ¡ í�í is nonsingularthen ¡ is nonsingularif andonly if theSchurcomplement)�Ó] ¡H·�·Ø°�¡I· í ¡ ü ·í�í ¡ í · is nonsingular. Furthermore theinverseis then¡ ü · iÔ« )� ü · ° )� ü · ¡H· í ¡ ü ·í³í°\¡ ü ·í³í ¡ í · )� ü · ¡ ü ·í�í �N¡ ü ·í³í ¡ í · )� ü · ¡ · í ¡ ü ·í³í ­  
B.1.3 Lemma B.3: Full rank multiplier extension

LemmaB.3 Let � m��!m Ò tÖÕ±w��2w andassumethat �!m Ò m and � °×� ü · arenon-singular
andchoose Ø i¬« � ÒÒÙÐ j
Ò ü · k � °¥� ü · p Ò ü Ð m ü · ­   (B.2)

Then

Ø
is non-singularand Ø ü · i x � ÚÚ ÚÁ{ (B.3)

Proof: It is seenthat � is the Schurcomplementof jPÒ ü · k � °¥� ü · p Ò ü Ð m ü · in

Ø
.

Thusthe nonsingularityof

Ø
is implied, andthe upperleft part of

Ø ü · is � asseen
from thePartitionedmatrix inversionlemma(B.2). Ã
B.1.4 Lemma B.4

LemmaB.4 ConsidertheindexsetsÛ ü m Û ¶ m�Ü ü and Ü ¶ withcardinalities iÞÝ m � ° iÞÝ m iÞß
and � ° iÞß , respectively, definedsuch that Û ü9à Û ¶ iGÜ ü<à Ü ¶ i ö2Ð mÄ � � 
m � øâá.ã .
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Let @ Ê m Ð�Ñ 2 ÑF� , denotethe 2 ’ th unit coordinatevectorof uU� . Let
Õ ·×i x Õ · � ®® Õ · � { tu í �^��w�ä ¶ w�å and

Õ í i x Õ í � ®® Õ í � { tzu í �^� í � ü 
 w�ä ¶ w�å �
, where thecolumnsof

Õ · and
Õ í

areunit coordinatevectorsof u í � , bedefinedbyÕ Æ· � @ Ê i ®çæ 2 t Û ¶ m Õ Æ· � @ Ê i ®®æ 2 t<Ü ¶ mÕ Æí � @ Ê i ®Ùæ 2 t Û ü m Õ Æí � @ Ê i ®®æ 2 t9Ü ü  
Furthermore, let

|
and

¸
beanytwo matricessuch that| i x | ·�· | · í| · í | í³í { t u í �^� í �

and ¸ i x ¸ ·³· ¸ · í¸ · í ¸
í�í { t�u í ��� í �

whereeach of thesubmatrices
| ·�·Ùm | · í m� Ä � ªm ¸ í�í t�u��^�2� arediagonal.

Then,assumingthat
Õ Æ·

¸ Õ · is invertible, wehaveÕ Æí |�Õ ·�k Õ Æ· ¸ Õ ·#p ü · Õ Æ· |�Õ í i Õ ÆíÙ½ Õ í
where ½ i x �2Ì ï�� ·�� Ê � � ö�¿ · Ê ø ®® �2Ì ï�� ·�� Ê � � ö�¿ í Ê ø {  
Furthermore, thoseelementsof ½ that do not vanishby thepre- andpostmultiplication
by
Õ í aregivenby 2 t Û ¶<è Ü ¶ Ì ¿ · Ê i ¿ í Ê i ® m2 t Û ¶=è Ü ü Ì ¿ · Ê i � íÊ ��À í Ê m (B.4)2 t Û ü è Ü ¶ Ì ¿ í Ê i � íÊ ��À · Ê m

in which
� Ê m À · Ê and

À í Ê arethe 2 ’ th diagonalelementsof
| · í m ¸ ·³· and

¸
í³í , respectively.

Proof: First of all it is noticedthat
Õ Æí |�Õ · i Õ Æí x ® | · í| · í ® { Õ · sincex Õ Æí � ®® Õ Æí � { x | ·³· | · í| · í | í³í { x Õ · � ®® Õ · � { ix Õ Æí � | ·�· Õ · � Õ Æí � | · í Õ · �Õ Æí � | · í Õ · � Õ Æí � | í³í Õ · � { i x ® Õ Æí � | · í Õ · �Õ Æí � | · í Õ · � ® { (B.5)
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because
Õ · and

Õ í do not have non-zeroentrieson thesamerows andhencethesepar-
ticular productsmustvanish.

Let usdefine é ] Õ · k Õ Æ·
¸ Õ · p ü · Õ Æ· i x é ·³· é · íé · í é

í³í { m
where

é ·�·�m é · í m é í�í t`u����.� . It is deducedthateachof thesubmatrices

é ·�·Ùm é · í and

é
í�í

arediagonalwith é ·�· ¼ Ê i À ü ··�· ¼ Ê for 2 t Û ü è Ü ¶ mé ·³· ¼ Ê i ® for 2 t Û ¶ mé
í�í ¼ Ê i À ü ·í�í ¼ Ê for 2 t Û ¶<è Ü ü m (B.6)

é
í³í ¼ Ê i ® for 2 t<Ü ¶ mé · í ¼ Ê i ® for 2 t Û ¶ à Ü ¶  

This is seenby noticing that
Õ Æ·

¸ Õ · is equivalent, via a permutation,to a block di-
agonalmatrix where eachsub-blockis either of dimension

ô � ô arising from ele-
mentscorrespondingto 2 t Û ü è Ü ü , or Ð � Ð arisingfrom elementscorresponding
to 2 t�k Û ¶ è Ü ü p à k Û ü è Ü´¶´p . Matrix inversionpreservesthisequivalence,andpre-and
postmultiplyingby

Õ · and
Õ Æ· thenproducesamatrixwherethenewly formedelements

arerearrangedbackto thecorrespondingpositionsin

¸
.

In light of (B.5) it canthenbeseenthatÕ Æí |�Õ ·/k Õ Æ· ¸ Õ ·#p ü · Õ Æ· |�Õ í i x Õ Æí � | · í é í³í | · í Õ í � Õ Æí � | · í é · í | · í Õ í �Õ Æí � | · í é · í | · í Õ í � Õ Æí � | · í é ·�· | · í Õ í � {  
Theoff-diagonalblocksin thismatrixcanfurthermorebeseento bezero,since

é · í ¼ Ê i ®
for 2 t Û ¶ à Ü ¶ andpre-andpostmultiplyingby

Õ Æí � and
Õ í � eliminatestheelements

correspondingto 2 t Û üêà Ü ü . ThatleavesuswithÕ Æí |�Õ ·/k Õ Æ· ¸ Õ ·�p ü · Õ Æ· |�Õ í i x Õ Æí � | · í é í³í | · í Õ í � ®® Õ Æí � | · í é ·³· | · í Õ í � { iÕ Æí x | · í é í�í | · í ®® | · í é ·�· | · í { Õ í i Õ Æí ½ Õ í  
Looking at thediagonalelements,we seethatpre-andpostmultiplyingby

Õ Æí � and
Õ í �

eliminatesthe elementscorrespondingto 2 t Û ü , while pre- andpostmultiplyingbyÕ Æí � and
Õ í � eliminatestheelementscorrespondingto Ü ü . This implies thatonly those

diagonalelementsin
| · í é ·³· | · í and

| · í é í³í | · í correspondingto 2 t<Ü ¶ and 2 t Û ¶ ,
respectively, will not vanishby this operation. Since

é ·³· and

é
í³í have the structures

givenin (B.6) wededucethatthenon-vanishingelementsin
Õ Æí ½ Õ í mustbeof theform

(B.4),which completestheproof. Ã
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B.1.5 Lemma B.5

LemmaB.5 ConsidertheinequalityÐ~ ° g~ ü · ° � í� í ~ � g� ü · �ÅÂ�ù Ð� ° g� ü · � Ð� í ~ � g� ü · û ü · þ ® m (B.7)

where Âziìë�íë 
 ë ü íë ��L ¶ 
 íë ü ë ��î0	ï�ð
 íë � L ¶ î0 ï�ð ��
 ë � L ¶ î0 ï�ð � . Assumingthat + � + � Ð m�+ � ° )� + � @¨m ® þ ~ þ g~ ü · mÙk Ð �@ í p ~ � � þ ® , and
g� ü · þ � þ ® , (B.7) is satisfiedifk8k Ð �ñ@Ùp8í ~ � g� ü · p8í¨k g~ ü · � g� ü · p#k ~ � � p¾þ�k�k Ð �ñ@�p ~ ° � p8íC@Ùí¦k g� ü · ° � p#k ~ ° g~ ü · p� 

Proof: Rewriting (B.7) asa singlefractiongivesÈ · �NÈ í �NÈ �k ~ ° g~ ü · p�k )� í ~ � g� ü · p í k � í ~ � g� ü · p#k � í ~ � � p þ ® m
where È · i k )� í ~ � g� ü · p í k � í ~ � g� ü · p�k � í ~ � � p�mÈ í i °bk ~ ° g~ ü · p#k )� í ~ � g� ü · p8í¨k � í ~ � � p � í/mÈ � i k � )� k � ° )� p ~ �sk )� ° � p � p í k � ° g� ü · p#k ~ ° g~ ü · p� 
It is seenthat thedenominatoris positive since ~ þ g~ ü · and ~ � g� ü · þ ~ � � þ ® by
assumption.Furthermoreit is obviousthattheinequalityis hardestto satisfyfor � � Ð ,
so we will let � i Ð . Similarly, the worst casefor

)� is for
)� � � ��@ , so we will let)� i Ð �ñ@ andexaminethenumeratorinequality È8·´�NÈ í þ�°\È � or:k�k Ð �ñ@�p+í ~ � g� ü · p+í¸k8k ~ � g� ü · p#k ~ � � pl°�k ~ ° g~ ü · p#k ~ � � p8pþ�k�k Ð �ñ@�p ~ ° � p í @ í k g� ü · ° � p#k ~ ° g~ ü · p�  (B.8)

In otherwords,if (B.8) is satisfied,then(B.7) will besatisfiedaswell. It is now easyto
seethat(B.8) canbesimplifiedtok�k Ð �ñ@�p+í ~ � g� ü · p+í¦k g~ ü · � g� ü · p#k ~ � � p¾þ k8k Ð �A@�p ~ ° � p8íC@Ùí¨k g� ü · ° � p#k ~ ° g~ ü · p
which waswhatwewantedto show. Ã
B.2 Proofs

B.2.1 Proof of Lemma 2.9

Proof: [Scherer, 2001].



174 LemmasandProofsk Ì p : First observe thatÌ ¯ x �¡ Ð	� £s�Nr {óò i�Ì ¯ x °bk%¡ Ð�� £F�xrúp Ð� { (B.9)

for any � . Usingthiswith Lemma2.7weseethat(2.11)is equivalenttox °bk%¡ Ð�� £F�Nrúp Ð� { Ð � ü · x °bk%¡ Ð�� £F�Nrúp Ð� { þ ®   (B.10)

Pre-andpostmultiplicationby £Íô in (2.11),andby ¡Ùô in (B.10)wearriveat (2.12)and
(2.13).k�õNp : First definethenonsingularmatricesõ and

H
sothat ¡×õ i j ¡I· ® m and £ H ij £ · ® m , where ¡ · and £ · havefull columnrank.With| i x | ·�· | · í| í · | í³í { ] õ Ð r H

(B.11)

(2.11)canbewrittenasö÷÷ø ù úú ùûºüý�þªÿ ý����êý�ý��êý������ý ���	�

���
 ü���� úú ��� ü	� ü�� ��� úú ��� ü��� ��� ��

ö÷÷ø ù úú ùûºüý	þªÿ ý����Öý�ý��Öý ����	ý �����

���
"! ú$#

With thedefinitionsF ] bccd � ®® ®® �| í · ®
fSggh m �ª] bccd ®�| · í| í�í

fSggh m Õ ] bccd ° | Ðí ·° | Ðí�í®� fSggh mÒ�] ¡ Ð· � £ú·�� | ·³·×t&% 0(' � � ' m
this canbewrittenas x F x �Ò { � { Ð ¤ x F x �Ò { � { � ®   (B.12)

Since ¡I· and £H· areof full columnrank,themapping� � ¡ Ð· � £ú·´� | ·³· is surjec-
tive, andwe cannow considerÒ in (B.12) asthe unrestrictedunknown. By observing£ HrH ü · £ ô i £]£ ô i ®

we concludethat
H ü · £ ô i x ® Ú { . Using this along withr isõ ü Ð | H ü · and

� i x H ü · ®® õ Ð { Ð ¤ x H ü · ®® õ Ð { wecanrewrite (2.12)as� Ð ¤ � � ®   (B.13)
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Similarly, (2.13)canbewrittenas Õ Ð ¤ ü · Õ þ ®   (B.14)

Performingthemultiplicationin (B.12)andusingaSchurcomplementargumentwefind
thatit is equivalenttox �Ò { Ð µ F Ð ¤ F ° F Ð ¤ � k � Ð ¤ � p ü · � Ð ¤ F ¶ x �Ò { � ®   (B.15)

We now only needto show thatthis hasa solutionin Ò . SinceÌ ¯ Õ isÌ ¯ j F � m ò m (B.16)

Lemma2.7givesÌÎÍ ü � j F � m Ð ¤ j F � m��`i ÌÎÍ ü ku¤×pl°zÌÎÍ ü k Õ Ð ¤ ü · Õ p´i ÌÎÍ ü k � p�° ® i :   (B.17)

Applying Lemma2.6thenyieldsÌÎÍ ü µ F Ð ¤ F ° F Ð ¤ � k � Ð ¤ � p ü · � Ð ¤ Ð F ¶ iÌÎÍ ü � j F � m Ð ¤ j F � m�� ° ÌÎÍ ü k � Ð ¤ � p´i : °�k : °*),+�p!i-),+!  (B.18)

It is thuspossibleto find anonsingularÒ ·×t.% � ' � � ' anda Ò í fulfillingx Ò ·Ò í { Ð µ F Ð ¤ F ° F Ð ¤ � k � Ð ¤ � p ü · � Ð ¤ F ¶ x Ò ·Ò í { � ®   (B.19)

A solutionto (B.15) is then Ò i Ò í Ò ü ·· . Ã
B.2.2 Proof of Lemma 5.17

Proof:

Denote/ as /1032 /54768/59/ 9 / 48:
andpartition /<;>= as / ;�= 0@?BA/ 4 = 6 A/ 9 =A/ 9DC A/ 4(CFE
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comformablyto thepartitioningof G . From GHG<;>=I0-J we haveG�4 AG54 = 6KG59 AG59DCL0 JNM (B.20)G�9 AG54 =PO G�4 AG59DCL0 Q$M (B.21)G�4 AG54�CR6KG59 AG59 = 0 JNM (B.22)68G59 AG54�CS6KG�4 AG59 = 0 Q$T (B.23)

Define UWV AG59XCS6 AG59 = M Y V AG�4 = 6 AG54�CZT
Subtracting(B.22) from (B.20)yields[ G 4 G 9]\^2 U Y : 0_Q`T (B.24)

Adding (B.21)and(B.23)yields[ G�4aG�9 \ 2 Y6 U : 0"Q$T (B.25)

Now (B.24)and(B.25) imply2 G54b68G59G59 G54F: 2 Y UU 68Yc: 0"Q`T
Since G is nonsingularthis implies

U 0dQ and Y<0dQ or equivalently AG 9DC 0 AG 9 = andAG 4 = 0 AG 4(C , which is exactlywhatwe neededto show. e
B.2.3 Proof of Lemma 5.20

Proof: Fromtheproofof Lemma5.17wehaveG ;>= 0f?^AG5476 AG59AG 9 AG 48E T
From GHG<;>=I0"J and G<;�=�Gg0_J wehaveG 4 AG 4 6*G 9 AG 9 0 JNM (B.26)G 9 AG 4 O G 4 AG 9 0 Q$M (B.27)AG 4 G 4 6 AG 9 G 9 0 JNM (B.28)AG 9 G 4 O AG 4 G 9 0 Q$T (B.29)
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Thenwe immediatelyhavehjiFk Gml hjion G ;�=�p 0 k G54 Orq G59sl k AG54 Otq AG�9�l�0G 4 AG 4 6*G 9 AG 9 Orq k G 9 AG 4 O G 4 AG 9 l�0_J O Q (B.30)

aswell ash i k Gml h i n G ;�=�p 0 k AG 4 Orq AG 9 l k G 4 Otq G 9 l�0AG 4 G 4 6 AG 9 G 9 Orq k AG 9 G 4 O AG 4 G 9 l�0_J O Q (B.31)

which areequivalentto (5.66). e
B.2.4 Proof of Lemma 7.3

Proof: Dueto (7.33),it is thenseenthatk(k u Owvx l Czy OH{| ;�= l C k y O | l~}u O } {| ;�=� k�k u Owvx l y 6 {| ;>= l C vx C k {| ;�= 6 | lI� y O uu O } {| ;�=�� (B.32)

implies(7.34).Sincek u O�vx l C y OH{| ;�=y O ==��>� {| ;>= 0 k u O } l k u Odvx l C y Ow{| ;�=k�u O } l y Od{| ;�= � u O }
weobservethat(B.32) is impliedbyk(k u Odvx l C y OH{| ;�= l k y O | l {| ;�= } � vx C k�k�u O�vx l y 6 {| ;�= l C k {| ;�= 6 | l (B.33)

which is againimpliedby (dueto (7.33))� k u O�vx l Cu O } k 6 | l Od{| ;>=	� } Cu O } | {| ;�=�� vx C � u Odvxu O } | OH{| ;�=�� C k {| ;>= 6 | l	T (B.34)

With � V {| ;�=z� | this is equivalentto� n � k�u O } l�6 k u Odvx l C p } C 6 vx C k � k�u O } l O u l C k ��6 u l � Q$T (B.35)

Theleft handsidecanbewrittenasa third orderpolynomialin } with thecoefficient for
thethird ordertermbeingpositive:���zk } l�0"� C }	� O [ vx C k � C 6�� � 6���l O � C 6���6���� vx p } CO � vx C k �R6�� � l } O�vx C k ��6�� � 65� C O u l	T (B.36)
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Then(B.35)is equivalentto
���zk } l � Q . Now choose} largerthanthelargestrealrootof���`k } l . Then

���,k } l is positive for ��0d� . All we have to show now is that
���zk } l � Q foru � � � � . With } fixed,

���
is a third degreepolynomialin ��� V �S6 u

with a negative
coefficient for the third orderterm anda positive constantterm. The only way that

���
canbenegative for someQ � ��� � �o6 u

is thenif all therootsof
���

in ��� arerealand
positive. This requiresthe coefficientsfor the secondorderandfirst ordertermsbeing
positiveandnegativerespectively. But thecoefficientof thefirst ordertermcanbeshown
to bepositive. e
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