
Robust LMI-Based Control of Wind Turbines with Parametric

Uncertainties

Christoffer Sloth, Thomas Esbensen, Michael O.K. Niss, Jakob Stoustrup, and Peter F. Odgaard

Abstract— This paper considers the design of robust LMI-
based controllers for a wind turbine along its entire nominal
operating trajectory. The proposed robust controller design
takes into account parametric uncertainties in the model using a
structured uncertainty description, which makes the controllers
less conservative than controllers designed using unstructured
uncertainty descriptions. The LMI-based approach enables
additional constraints to be included in the design, which is
exploited to include requirements for minimizing fatigue loads
and actuator usage.

Two different methods are adopted, of which the first method
assumes full state information and therefore requires a separate
observer. In contrast, the second method relies only on output
feedback, but introduces complications in the design procedure
in order to achieve feasibility in the solution of the control law.

Simulation results are obtained that show improved per-
formance of the robust controllers in a comparison with a
controller designed based on classical methods.

I. INTRODUCTION

Today, wind energy is the most competitive form of

renewable energy. In the past decade the size and capacity

of wind turbines have increased dramatically. Meanwhile,

the structural components have been made relatively lighter

to keep down costs. This has put higher demands on wind

turbine control schemes, and implementation of advanced

control systems is considered a promising way of decreasing

fatigue loads.

In this paper a three-bladed horizontal-axis variable-speed

variable-pitch wind turbine is considered, which works from

the principle that wind acts on the blades making the rotor

shaft rotate. The aerodynamic properties of the wind turbine

are affected by the pitch angle of the blades, the speed of

the rotor, and the effective wind speed. On this basis, an

aerodynamic torque is applied to the rotor and the tower is

affected by an aerodynamic thrust. The aerodynamic torque

is transferred to the generator through a drive train in order

to upscale the rotational speed of the rotor.

In terms of control, the wind turbine works in two distinct

regions. Below a certain wind speed, in the partial load

region, the turbine is controlled to generate as much power as

possible. In the full load region, the wind turbine is controlled

to produce a rated power output.

The traditional approach to wind turbine control is to

apply gain-scheduling between a large number of classical
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controllers, which are designed to be in the proximity of a

certain operating point [1]. A large number of controllers

may introduce instability issues due to extensive switching

between the controllers, which of cause must be avoided.

Various control approaches have been applied in relation

to wind turbine control, such as LQ control [2], where state

feedback is calculated based on a linearized plant model

at a selected operating point. Additionally, MPC has been

applied to include operational constraints in the design phase

[3], while [4] considers LPV controllers that cover the entire

nominal operating trajectory, but does not build upon a robust

design method. Robust control synthesis options have been

studied in [5] and [6], where uncertainties are represented

using sensitivity functions. Both LPV and robust controllers

take parameter variations into account, but in contrast to LPV

controllers, robust controllers use constant control laws.

In this paper a robust controller design is presented, which

covers the entire nominal operating trajectory and takes into

account requirements that are met in today’s operation of

wind turbines. Parameter uncertainties of the aerodynamics

are accounted for in the design, and robustness provides

guaranteed stability and performance against these variations.

The proposed robust controller design separates from the

previous referred robust designs by using a structured uncer-

tainty description, which generally makes the controllers less

conservative than controllers designed using unstructured

uncertainty descriptions. This makes it possible to control

the wind turbine along the entire nominal operating trajectory

using fewer controllers than ordinary robust design methods,

while maintaining the required performance.

Two LMI-based methods from [7] and [8] were adopted by

this paper. The first method assumes full state information

and therefore requires a separate observer to be designed

(with challenges involved due to the lack of a robust sep-

aration theorem), whereas the second method is based on

output feedback. One advantage of LMI-based methods is

that additional constraints can be directly inserted, which

makes the description adoptable to new constraints.

This paper is organized as follows. Section II describes

the model of the wind turbine. In Section III a reference

controller based on classical methods is presented to establish

a frame of reference for the designed robust controllers.

Section IV presents two different LMI-based methods for

designing robust controllers taking parametric uncertainties

into account. In Section V simulation results are presented,

which compare the performance of the robust controllers to

that of the reference controller. The paper is finalized by a

conclusion in Section VI.
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II. WIND TURBINE MODEL

A non-linear model of a wind turbine acts as a simulation

model for the proposed control algorithms. The model is

based on a static model of the aerodynamics, a two-mass

model of the drive train, an electromechanical model of

the generator, actuator models, and zero-mean Gaussian

distributed measurement noises.

A. Aerodynamic Model

The rotor of the wind turbine converts energy from the

wind to the rotor shaft, rotating at the speed ωr(t). The power

from the wind depends on the wind speed, the air density, ρ,

and the swept area, A. From the available power in the swept

area, the power on the rotor is given based on the power

coefficient, Cp (λ(t), β(t)), which depends on the pitch angle

of the blades, β(t), and the ratio between the speed of the

blade tip and the wind speed, denoted tip-speed ratio, λ(t).
The aerodynamic torque applied to the rotor by the effective

wind speed passing through the rotor, vr(t), is given as:

Ta(t) =
1

2ωr(t)
ρAv3

r (t)Cp (λ(t), β(t)) [Nm] (1)

The coefficient Cp describes the aerodynamic efficiency

of the rotor by a nonlinear mapping as illustrated in Fig. 1.
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Fig. 1. Illustration of the power coefficient, Cp.

B. Drive Train Model

The drive train model consists of a low-speed shaft and

a high-speed shaft having inertias Jr and Jg. The shafts are

interconnected by a gear ratio, Ng, combined with torsion

stiffness, Kdt, and torsion damping, Bdt, which result in a

torsion angle θ∆(t). The drive train has efficiency ηdt and

drives the loading torque from the generator, Tg(t), at a speed

ωg(t). The linear model is given as:

Jrω̇r(t) = Ta(t) − Kdtθ∆(t) − Bdtθ̇∆(t) [Nm] (2)

Jgω̇g(t) =
ηdtKdt

Ng

θ∆(t) +
ηdtBdt

Ng

θ̇∆(t) − Tg(t) [Nm] (3)

θ̇∆(t) = ωr(t) −
1

Ng

ωg(t) [rad/s] (4)

C. Pitch System Model

The pitch system tracks a reference, βref(t), and is modeled

as a first order system. Its time constant is τ , and includes

also a communication delay, td.

β̇(t) = -
1

τ
β(t) +

1

τ
βref(t − td) [◦/s] (5)

Besides the linear dynamics described by (5), the model also

includes constraints on the slew rate and operational range.

D. Generator and Converter Models

Electric power is generated by the generator, while a power

converter interfaces the wind turbine generator output with

the utility grid and controls the currents in the generator. The

generator torque in (6) is adjusted by the reference Tg,ref(t).
The dynamics of the converter is approximated by a first

order system with time constant τg and communication delay

tg,d. Just as for the model of the pitch system, the slew rate

and operational range of the converter are limited.

Ṫg(t) = -
1

τg

Tg(t) +
1

τg

Tg,ref(t − tg,d) [Nm/s] (6)

The power produced by the generator can be approximated

from the mechanical power calculated below, where ηg

denotes the efficiency of the generator, which is assumed

constant.

Pg(t) = ηgωg(t)Tg(t) [W] (7)

E. Assembled Model

The interconnection of the wind turbine sub-models is

illustrated in Fig. 2. The input to the model is provided by

a modified version of the wind model SB-2 in [9], to which

the swaying of the tower is added.
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Fig. 2. Block diagram of the wind turbine model.

Available measurements are: generator torque, pitch angle,

generator speed, and rotor speed; all sampled at a rate of

100 Hz. The output power is not available as an actual

measurement, but is evaluated as the product of the mea-

surements of the generator speed and generator torque. To

present the quality of the measurements, these are emulated

as deterministic values with addition of zero-mean Gaussian

noises with the following standard deviations: σT g = 90 Nm,

σβ = 0.2◦, σωg = 0.05 rad/s, and σωr = 0.025 rad/s.

F. Model Parameters

The following parameters are chosen such that they rep-

resent a realistic but fictitious turbine: A = 10,387 m2,

ρ = 1.225 kg/m3, Bdt = 9.45 MNm/(rad/s),

Jr = 55 · 106 kgm2, Jg = 390 kgm2, Kdt = 2.7 GNm/rad,

Ng = 95, ηdt = 0.97, td = 10 ms, τ = 50 ms, tg,d = 20 ms,

τg = 10 ms, ηg = 0.92.
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III. REFERENCE CONTROLLER

The purpose of the reference controller is to enable perfor-

mance comparison of the robust controllers with a controller,

which is designed using classical principles and corresponds

to a simplified wind turbine controller.

In partial load operation the controller should maximize

the power output of the wind turbine by tracking the max-

imum of the Cp-surface, Cp,max at λopt. This was accom-

plished by applying a generator torque that maximizes the

power output in steady-state, as in [10]. This is based on (1)

and is shown below.

Tg(t) =
1

2
ρA

ηdtR
3

N3
g λ3

opt

Cp,maxω
2

g (t) [Nm] (8)

In full load operation two PI-controllers were used to

track constant generator speed and output power references:

a speed controller controls the pitch angle of the blades

while a power controller controls the generator torque. Both

controllers can be expressed on this general form:

D(s) = K

(

1 +
1

Ti · s

)

(9)

The speed controller consisted of two controllers operating

at wind speeds of 12-15 m/s and 15-25 m/s respectively. The

controller parameters are:

Speed Controller 1: K = 8◦/(rad/s), Ti = 8 s

Speed Controller 2: K = 4◦/(rad/s), Ti = 4 s

Power Controller: K = 0.0067 Nm/W, Ti = 0.15 s

IV. CONTROLLER DESIGN

This section presents two different LMI-based methods for

designing a robust controller taking parametric uncertainties

into account. The wind turbine model has parametric uncer-

tainties, as it relies on the Cp-surface. This introduces three

partial derivatives in the system description, which all depend

on the point of operation. The robust design methods handle

the uncertainties and provide both stability and performance

guarantees.

The two methods were chosen as they are based on a struc-

tured uncertainty description, which makes the controllers

less conservative than an unstructured uncertainty descrip-

tion, making this description favorable. In both methods the

uncertainties in the system are assumed to be polytopic. This

means that the system having varying parameters can be

expressed as:

ẋ(t) = A∆x(t) + B1∆w(t) + B2∆u(t) (10a)

z(t) = C1∆x(t) + D11∆w(t) + D12∆u(t) (10b)

y(t) = C2∆x(t) + D21∆w(t) (10c)

The matrices of the uncertain system must be represented

as polytopic functions of the uncertain parameters, ∆, as

shown below, to be able to utilize the design methods.




A∆ B1∆ B2∆

C1∆ D11∆ D12∆

C2∆ D21∆ 0



 =





A B1 B2

C1 D11 D12

C2 D21 0





+





B0

D10

D20



∆
[

C0 D01 D02

]

(11)

In the uncertainty description, the dimension of ∆ should

be as low as possible to decrease the size of the uncertainty

space, since a larger uncertainty space results in a more

conservative controller.
The first method assumes full state information and there-

fore requires a separate observer to be designed, introducing

some challenges due to the lack of a robust separation

theorem. Conversely, the second method relies on the mea-

sured variables, eliminating the issue of the first method.

The different assumptions have some consequences for the

solvability of the LMIs used in the controller designs. The

search for a solution to the LMIs in the first method is

convex, while the search is non-convex in the second method

making it necessary to solve these LMIs in two steps. The

optimization problems were set up in YALMIP and solved

with SeDuMi, based on balanced state-space realizations.
In order to achieve the objectives of wind turbine con-

trol, additional constraints were introduced in the LMIs.

As performance criteria, the design must maximize the

efficiency of the wind turbine at partial load and minimize

power fluctuations and variations in generator speed at full

load. Furthermore, fatigue loads in the drive train must be

minimized with minimal actuator usage.

A. Robust State Feedback Control

In [7] a robust state feedback design method is described

based on a structured uncertainty description. This method

was used to calculate a full state feedback control law.

This implied that an observer had to be designed, since full

state information was not available. The observer utilized to

provide full state information was an optimal observer, but

this will not be described in this paper. It should be noted

that, as there is no general separation theorem for robust

controllers, the actual robustness obtained by this approach

will have to be evaluated by a subsequent analysis. Due to

space limitations, we have not included this analysis.
The LMI that must be solved in order to obtain a

robust state feedback controller is shown below, where

R∆ = I − DT
11∆

D11∆. Notice that ’∗’ is inferred by sym-

metry and that the bold symbols are unknown matrices.





A∆X + B2∆W + (∗) ∗ ∗

BT
1∆

+ DT
11∆

C1∆X + DT
11∆

D12∆W -R∆ ∗

C1∆X + D12∆W 0 -I



 ≺ 0

(12)

The solution of this LMI is a convex search for a matrix W

and a matrix X = X
T
≻ 0. The LMI must be satisfied for all

∆ ∈ ∆vex, where ∆vex denotes the vertex points of ∆.
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After finding X and W the state feedback controller for

the control law u(t) = Fx(t) can be calculated as shown

below.

F = WX
-1 (13)

B. Robust Output Feedback Control

In [8] a method for designing a robust output feedback

controller is proposed. This method also relies on a structured

uncertainty description, but uses output feedback. Therefore,

both methods share an identical uncertainty description. In

[8] a two-step design procedure is proposed, where under

certain constraints the search in the second step is guaranteed

to be feasible.

The purpose of this design method is to calculate a robust

dynamic output feedback controller on the following form:

ẋc(t) = Acxc(t) + Bcy(t) (14a)

u(t) = Ccxc(t) (14b)

The BMI description which must be solved to obtain robust

output feedback are shown below, where A∆ = A+∆A etc.
[

Y I

I X

]

≻ 0 (15)









φ11 ∗ ∗ ∗

φT
12 φ22 ∗ ∗

C1 C1X + D12Wc -γI ∗

BT
1Y + DT

21W
T
o BT

1 DT
11 -γI









≺ 0 (16)

φ11 = Y(A + ∆A) + Wo(C2 + ∆C2) + (∗)

φ12 = L + Y∆AX + Y∆B2Wc + Wo∆C2X + ∆AT

φ22 = (A + ∆A)X + (B2 + ∆B2)Wc + (∗)

When the BMI description is solved, the controller can be

synthesized using:

Ac = -
(

Y − X
-1

) -1
(L − YAX − YB2Wc

− WoC2X − AT)X -1 (17)

Bc = -
(

Y − X
-1

) -1
Wo, Cc = WcX

-1 (18)

The search for the unknown variables is not convex due to

the term φ12, where two unknown quantities are multiplied.

Therefore, a two-step procedure, based on solving LMIs, is

proposed using the two necessary conditions shown below.




(A + ∆A)X + (B2 + ∆B2)Wc + (∗) ∗ ∗

C1X + D12Wc -γI ∗

BT
1 DT

11 -γI



 ≺ 0

(19)




Y(A + ∆A) + Wo(C2 + ∆C2) + (∗) ∗ ∗

C1 -γI ∗

BT
1Y + DT

21W
T
o DT

11 -γI



 ≺ 0

(20)

The idea is to find a solution to the non-convex problem by

finding a feasible point in one of the necessary conditions,

(19) or (20), which should be inserted into (16).

If it is chosen to solve (19), the convex search for the

remaining variables, Y, Wo, and L is guaranteed only if

∆C2 = 0 and (A, [B1, B0, B0], C2, [D21 0 0]) are both left

invertible and minimum phase.

To test if the system is left invertible the following

equation is utilized, where u ∈ R
m:

rank
(

C (sI − A)
-1

B
)

= m (21)

The above equation shows that the number of measure-

ments must be greater than or equal to the number of

disturbance inputs to the system plus the number of uncertain

parameters. This condition is not satisfied in the considered

wind turbine control system; hence, the second search is not

guaranteed to be feasible. Therefore, it is difficult to use

the two-step procedure, since the unknown parameters found

in the first search are included in the second search. The

approach utilized in the non-convex design, for the partial

load region, was to compute a feasible point for (19) and (20)

in the first search, to determine the one that was hardest to

fulfill. In this case (20) was the hardest to fulfill, since this

LMI was very sensitive to the measurement noise, as the

matrix D21 appears only in (20).

C. Controller Design

Before designing controllers using the two methods de-

scribed above, it was decided to design an effective wind

speed estimator for both setups. This was chosen, since only

a measurement of a point wind speed is usually available.

Wind Speed Estimator: The wind speed estimator was

based on a design proposed in [11], where the aerodynamic

torque is estimated using a PI-controller having the error

of the estimated generator speed as input. This torque is

combined with the pitch angle and rotor speed to calculate

the wind speed.

By rewriting (1) the Cp-value and tip-speed ratio can be

isolated as shown below.

2Ta(t)

ρπR5ω2
r (t)

=
Cp (λ(t), β(t))

λ3(t)
[·] (22)

The left hand side of the equation consists of known quanti-

ties, while the right hand side is dependent on the unknown

wind speed. The right hand side can be reformulated into a

new lookup table, which then gives the tip-speed ratio. From

this value the wind speed can be estimated using ωr(t).
The remaining controller design for the wind turbine

consists of two separate parts; designing an uncertainty

model and setting up a performance specification, which can

be included in the LMIs.

Uncertainty Model: It was assumed that the main uncer-

tain part of the model is caused by the non-linear nature

of the aerodynamics. The instantaneous partial derivatives

of the aerodynamic torque are part of the linearized model;

hence, these were described in an uncertain manner.

It was discovered by plotting the partial derivatives of the

aerodynamic torque, along the nominal operating trajectory,

that these are all approximately affine functions of the wind

speed, when divided into four regions. This made it possi-

ble to describe the uncertainties using only one uncertain

parameter, i.e. ∆ = vr.
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The designed system was divided into four regions, de-

noted Region 1, Region 2 etc., for three reasons: mini-

mize the magnitude of the uncertain parameter to maximize

performance in the considered region, justify the affine

approximation of the uncertain parameters, and minimize the

number of regions to avoid extensive switching. To illustrate

this division, the partial derivative of Ta(t) with respect to

ωr along the operating trajectory is shown in Fig. 3.
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Fig. 3. Partial derivative of Ta(t) with respect to ωr along the nominal
operating trajectory. The vertical dotted line represents the rated wind speed,
while the overlapping straight lines are affine approximations in the four
regions.

Introduction of multiple regions creates an additional de-

sign challenge, as bumpless transfer has to be designed. The

method used was based on a Youla-Kucera parameterization,

and is described in [12] for the considered system.

Performance Specification: In both of the presented meth-

ods, the performance specification provided the opportunity

for tuning the controllers. The specification was based on a

mixed sensitivity description, where it was chosen to specify

sensitivity and control sensitivity. This type of description

makes it possible to specify performance requirements in

the frequency domain.

The mixed sensitivity description was implemented as

shown in Fig. 4, where WS(s) is the sensitivity filter and

WM(s) is the control sensitivity filter.

K(s)

G(s)

W (s)M

W (s)S?  

u(s) y(s)

w(s)
z (s)S

z (s)M

+

+

W (s)N

W (s)D

}z(s)

}

Fig. 4. Block diagram of the mixed sensitivity description.

In addition to the sensitivity filters, the input disturbance

filter, WD(s), and the filter adding measurement noise to the

measurements, WN(s), were also added to the description.

The performance measures are z(t), and the vector going

to the mixed sensitivity filters is denoted ξ(t). The specifi-

cation specified the maximum tracking errors, the integral of

these, and the actuator usage, as shown in the vector below.

ξ(t) =
[

ωg,e(t) Pg,e(t)
∫

ωg,e(t)dt
∫

Pg,e(t)dt β̇(t)

Tg,ref(t) βref(t)
]T

(23)

In the design of the controllers the performance vector,

ξ(t), became part of the state vector of the system; hence, it

was used in the feedback controllers, but in the implemen-

tation this part of the system became part of the controllers

and was implemented using the ordinary state vector of the

system.

V. SIMULATION RESULTS

Simulations were performed in MATLAB Simulink using

the non-linear model provided in Section II. In this section

two different simulations are presented, since the robust

output feedback controller was implemented for partial load

operation only.
The first simulation compares the performance of the

reference controller and robust state feedback controller at

wind speeds covering the entire operating range of the wind

turbine. The second simulation compares the performance of

the reference controller, robust state feedback controller, and

robust output feedback controller at partial load operation.
The performance of the controllers was compared by cal-

culating the actuator usage, drive train stress, and produced

power.

Evaluation of the Robust State Feedback Controller

A simulation was performed for the robust state feedback

controller, where the wind turbine operated in both partial

and full load operation. The mean wind speed signal used in

the simulations was a measurement from a real wind turbine.

The duration of the simulation was 3,540 s, from which a

sequence of 60 s is plotted in Fig. 5.
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Fig. 5. Simulation result of the reference controller (red) and the robust
state feedback controller (blue).

From the figure it is clear that the output power and

the usage of the generator torque were less fluctuating for
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the robust state feedback controller than for the reference

controller. The performance measures for the wind turbine

are set up in Table I, where the results are normalized to the

performance of the reference controller.

TABLE I

Evaluated performance measures for partial and full load operation.

Partial Load Operation

Reference Robust
∫

θ̇2

∆
(t)dt 1.00 0.95

-
∫

Pg(t)dt 1.00 1.00
∫

|Ṫg(t)|dt 1.00 1.59

Full Load Operation

Reference Robust
∫

θ̇2

∆
(t)dt 1.00 0.88

∫ (

Pg,N − Pg(t)
)2

dt 1.00 0.43

max
(

Pg,N − Pg(t)
)

1.00 0.77
∫

|β̇(t)|dt 1.00 0.82
∫

|Ṫg(t)|dt 1.00 0.63

The table shows that the performance of the two con-

trollers was similar in partial load operation, but that the

robust controller performed better in full load operation.

Evaluation of the Robust Output Feedback Controller

A simulation was performed for comparing the perfor-

mance of the robust output feedback controller to the per-

formance of both the robust state feedback controller and

the reference controller. The wind turbine operated in partial

load operation for 350 s.

The results of the simulation are shown in Table II, where

Robust 1 denotes the robust state feedback controller and

Robust 2 refers to the robust output feedback controller.

TABLE II

Evaluated performance measures in partial load operation for the three

designed controllers.

Reference Robust 1 Robust 2
∫

θ̇2

∆
(t)dt 1.00 0.93 0.49

-
∫

Pg(t)dt 1.00 1.00 1.00

The table shows that the power output using the three

controllers was the same, but that the stress on the drive train

was significantly decreased by the robust output feedback

controller.

The results indicate that the robust controllers may lead

to an improved control in the sense of minimizing the

performance measures, since the robust design method takes

the varying parameters into account.

VI. CONCLUSION

This paper addresses the design of LMI-based robust

controllers to control a variable-speed variable-pitch wind

turbine, while taking into account parametric uncertainties in

the aerodynamic model. Two different methods are adopted,

of which the first method assumes full state information

and therefore requires a separate observer to be designed,

whereas the second method relies only on measured vari-

ables.
The performance of the robust state feedback controller

is compared to that of a controller designed using classical

methods. The comparison shows that the two controllers

have similar performance in partial load operation, while

the robust controller shows improved performance in terms

of stress on the drive train and actuator usage in full load

operation. The robust output feedback controller is compared

to the other two controllers in partial load operation and

shows improved performance in terms of stress on the drive

train.
The disadvantages of the utilized methods are the lack

of a robust separation theorem in the first method and the

increased complexity in the design procedure in order to

achieve feasibility in both methods. Especially the robust out-

put feedback method introduces feasibility problems, since

it is based on a two-step procedure, where no guarantees of

feasibility necessarily exist for solving the second step.
In general, the advantage of the two design methods,

compared to classical design methods, is that parameter

variations can be included in the design procedure, providing

stability and performance guarantees along the entire oper-

ating trajectory of the wind turbine system.
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